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SETS OF INDEPENDENT POSTULATES FOR THE 
ARITHMETIC MEAN, THE GEOMETRIC 
MEAN, THE HARMONIC MEAN, AND 
THE ROOT-MEAN-SQUARE* 


BY 
EDWARD V. HUNTINGTON 


INTRODUCTION 
The four types of means, or averages, considered in this paper are the 
following: the arithmetic mean (A); the geometric mean (G); the harmonic 


mean (H); and the root-mean-square (S); the familiar definitions being as 
follows: 


1 
=~ (a+ m+---+ 


1 1/2 
S=(< (of +02 
nN 


The first three are the classical means, known to the Greeks, while the root- 
mean-square is of more modern origin. Of the four types, perhaps the most 
important are the arithmetic mean and the root-mean-square. Both of these 
averages are in constant use in mechanics (as in the definitions of center of 
gravity and radius of gyration), and in the modern theory of statistics (as in 
the theory of probability, the theory of least squares, and the definition of 
standard deviation). The geometric mean is important chiefly in the construc- 
tion of index numbers. The harmonic mean is little used, except in special 
investigations. 

Each of the four quantities A, G, H, S is a particular type of the general 
function of variables: f(x1, , %,); and the purpose of the present 


*Presented to the Society, December 29, 1925; received by the editors April 5, 1926. 

EDITOR’S NOTE. The typography in this paper and succeeding papers has been altered in various 
respects from the form originally proposed by the authors, in an effort to adapt mathematical 
composition to the monotype machine. 
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paper is to exhibit a number of sets of independent postulates by which each 
of these four types may be distinguished. 

Unless otherwise stated, the variables x1, x2, - - + , %, are supposed to be 
positive real numbers. 

The only similar set of postulates for any of these means, as far as is 
known to the present writer, is a set of postulates for the arithmetic mean 
given by R. Schimmack* in 1909; the “complete independence” of Schim- 
mack’s postulates was established by R. D. Beetle in 1915. 


PROPERTIES COMMON TO ALL FOUR MEANS 


It will be convenient to begin by stating the following general postulates, 
I-V, which are satisfied by all four of the types of mean here considered. 
Each of these postulates is a condition imposed upon the as yet undeter- 
mined function f(x1, #2, - ,%n) of the positive real numbers 2, Xn. 
Various selections from these postulates will be made below. 


IT. Say 5 Sty Bin » Sa) @ °° » Bip 


That is, the function “f” is independent of the order in which the m quan- 
tities X2,---,X, are taken. 


II. 3, = f(m, m, x3, , Xn) wherem = f(x1, %2). 


That is, in computing the “f” of m quantities, we may replace the first 
pair, x1, %2, by the “f” of that pair, entered twice. 


III. +++, Ren) = Xn) (k positive) . 


That is, multiplying each of the m quantities by a positive factor k has 
the effect of multiplying the “f” of those quantities by the same factor k. In 
other words, the function “f” is independent of the scale in which the quan- 
tities 41, X2,-- X, are measured. 


IV. f(a, 

That is, if the x quantities are all equal, then their “f” is equal to their 
common value. 
V. f(x1, x2, +++, Xn) is positive when all the x’s are positive. 

The postulates III and IV may sometimes be replaced, as we shall see, 
by the following weaker forms: 


*R. Schimmack, Der Satz vom arithmelischen Mittel in axiomatischer Begriindung, Mathematische 
Annalen, vol. 68 (1909), pp. 125-132, and p. 304. 

TR. D. Beetle, On the complete independence of Schimmack’s postulates for the arithmetic mean, 
Mathematische Annalen, vol. 76 (1915), pp. 444-446. 
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III’. f(kx1, kx2) = kf(x1, x2) (k positive). 


IV’. Ai. 1, et. 


It may be noted that Postulates I, II, III, and III’ have the form of 
“functional equations,” in which the function “f” appears on both sides of 
the equality sign; while Postulates IV, V, and IV’ are analogous to the 
“boundary conditions” of a problem in differential equations, since they tell 
us something about the actual value of the function in certain cases. 

We now turn to properties which are peculiar to the several types of mean. 
(It will be observed that in each of the following four groups, the first postu- 
late is a “boundary condition,” while the other three postulates are “func- 
tional equations.”) Various selections from these postulates will be made 
below. 


POSTULATES PECULIAR TO THE ARITHMETIC MEAN (POSITIVE QUANTITIES" ) 


Al. f(a, = (a+). 

A2. f(i-—a,1—b) =1 f(a, d) (a<1,5b< 1). 
A3. — m1, 1— x2, 1— a) = 1 — f(a, x2, , Xn) <1). 
A4. =A—f(mi, Xn) for all 


values of A for which A—x;>0. 


POSTULATES PECULIAR TO THE GEOMETRIC MEAN 


G1. fla, 6) = (ab)"2, 
1 1 1 
G2. -) = 
a fle, 
1 1 1 1 
G3. ~) = 
X2 Xn f(x, Xn) 
A A A A 


where A is positive. Here (ab)!/? means +(ab)'/? not — (ab). 
POSTULATES PECULIAR TO THE HARMONIC MEAN 
2ab 


Hi. f(a, 


*For further postulates A8, A8’, A9, intended for use in the domain of all real or all complex 
quantities, see Appendix I and Appendix II. 
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a b a, b 
H2. ( ) = 
f(a, b) —1 
x Xe Xn (4a, a, °** » Se 
1 1 = 1 f(m, wis **% Xn) — 1 


H4 Xe Xn ) f(x, °** » Xn) 


for all values of A for which Ax;—1>0. 


POSTULATES PECULIAR TO THE ROOT-MEAN-SQUARE 


Si. f(a, b) = { (a? + 
$2. — (1 — = {1 — [f(a, (a <1,b <1). 
S3.  f{(1 — (1 — (1 — a2) 12} 

={1—[f(xi, x2, an) < 1). 
S4. fi f(A — (A — (A — 


={A — [f(xi, x2, ---, Xn) ]2} 1/2, 


for all values of A for which A—x?>0. Here again, x!/? means +2x!/? not 


— x! 2. 
SETS OF INDEPENDENT POSTULATES FOR EACH TYPE OF MEAN 


Among these general and special properties there are, of course, many 
redundancies. The purpose of the present paper is to select, for each type 
of mean, sets of independent postulates; that is, sets of postulates which, 
while sufficient to determine uniquely the type of mean in question, shall at 
the same time be free from all redundancies. Such sets can be selected in a 
variety of ways, as in the following tables. These tables give the postulates 
belonging to each set, and also the list of examples which will later be used 
to prove the independence of the postulates in that set. 

It will be observed that in each group the fifth and sixth sets are obtained 
from the second set by replacing either III or IV by the weaker form III’ or 
IV’; while the seventh set is obtained from the first by replacing IV by IV’ 
and then adding III. No further replacements of III or IV by III’ or IV’ are 
possible, as we shall see by Examples A III 7, G III 7, H III 7, and S III 7. 

Thus, a set of postulates comprising A1, A2, A3, I, II, III’, IV’, V would 
not be sufficient to determine the arithmetic mean; G1, G2, G3, I, II, III’, 
IV’, V would not be sufficient for the geometric mean; nor H1, H2, H3, I, 
II, III’, IV’, V for the harmonic mean; nor S1, S2, $3, I, II, III’, IV’, V for 
the root-mean-square. 


at 
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For the Arithmetic Mean (positive quantities*) 


Set Postulates Examples Used 

Al Al I II IV 0 AI AT! AIV 
A2 A2 I II III IV 0 AI ATI AIll AIV 
43 AS II Ill 0 AI ATI 

44 A4 I II 0 AI ATI 

A5 A2 I II III’ IV 0 AI AIl All AIV 
A6 A2 I II III IV’ 0 AI AII AIll AIV 
A7 Al I II IV’ 0 AI AII7AIV 


For the Geometric Mean 


Set Postulates Examples Used 

G1 Gi I II IV 0 GI GII GIV 

G2 G2 II IV V 0 GI GII GIll GIV GV 
G3 II III V © GI Gill GV 
G4 G4 I II V v GI GI GIV GV 
G5 G2 iI II Ww 0 GI GIll GIV GV 
G6 I II III IV’ V 0 GI Gil GIV GV 
G7 Gi I II IV’ 0 GI GII GIV 


For the Harmonic Mean 


Set Postulates Examples Used 

Hi II IV 0 AI Hil HIV 

H2 H2 II II IV V HI AY 
H3 H3 I II III V 0 AL AY Aill HV 
H4 H4 1 II V 0 AI HII HV 
H6 H2 I II 0 HI All All HIV AV 
H7 II IV’ AI AY 


*For further Sets A6’’, A7’’, A8, AY, intended for use in the real or complex domain, see Appen- 
dices I and II. 
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For the Root-Mean-Square 


Set Postulates Examples Used 

S1 S1 I II IV 0 SI SI SIV 
S2 52 iI II III IV 0 SI SI SW SIV 
S3 S3 I Ii III 0 SI SII 

S4 S4 I iI 0 SI 


S5 II Ill’ IV 0 SI SI SM SIV 
S6 II III IV’ 0 SI SH SMW SIV 


S7 S1 I II Ilr IV’ 0 SI SW SIV 


EXAMPLES USED IN PROOFS OF INDEPENDENCE 


To establish the independence of the postulates of each set, we exhibit, 
in the usual way, a list of examples of functions f(x1, 22,--+ , %n) which 
satisfy some but not all of the postulates. In the following table the postu- 
lates satisfied by each example are stated explicitly, opposite the number of 
that example. (A dash, —, indicates that the postulate is not satisfied.) The 
list of examples is given immediately below the table.* 

As an illustration of the use of these examples, consider Postulate III in 
Set G3. Example G III satisfies Postulates G3, I, II, and V, but fails on 
Postulate III. Hence III is not a consequence of G3, I, II, V; that is, Postu- 
late III is not a redundancy in Set G3. Similarly for each of the other 
postulates in this set and in each of the other sets. 


Ex. 0. = { (a8 + + 


This example satisfies all the general postulates I-V, but none of the special 
postulates A1—A4, Gi-G4, Hi-—H4, Si—S4. To see that II is satisfied, note 
that 


m=f (x1, X2) { (x3 +a8)/2} 13, 
so that 


Xi + + 3x3 + + Kx, 
1+it3+4+---+n 


Ex. AI. {0 = 


*For further Examples: 0’, AII’, A III’, AIV’, AIV”’; AII’’, A IX, and AX, for the arithmetic 
mean in the real or complex domain, see Appendices I and II. 
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Al A2 A3 A4 I II IV III’ ¥ 
Ex. 0 - - I II IV III’ V 
Ex. Al 41 A2 A3 A4 — II Il IV ITI’ IV’ V 
Ex. A Il AZ 3 Ad I — IV V 
Ex. A III 2 AS — I II — IV Iv’ V 
Ex. A IV 411 AZ —- — I III’ V 
Ex. A III 7 11 A2 A3 — I Irir—_—- — III’ IV’ V 
Gl G2 G3 G4 I II Il IV IIT’ IV’ 
Ex. 0 - I II It IV III’ IV’ V 
Ex. GI Gi G2 G3 G4 — Il IW IV III’ IV’ V 
Ex. G II Gl G2 G3 G4 I — II IV III’ IV’ V 
Ex. G III — GG-— I II — IV — IV’ V 
Ex. GIV Gi — I — III’ V 
Ex. G II 7 G1 G2 G— I III’ IV’ V 
Ex.GV — G2 G3 G4 I Bw III’ 
Hi H2 H4 I W III’ V 
Ex. 0 - I ly III’ IV’ V 
Ex. HI Hi H2 H3 H4 — It Il IV III’ IV’ V 
Ex. H II Hi H2 H3 H4 I — Ii IV III’ IV’ V 
Ex. H Ill — H2 H3 — I II — IV — IV’ V 
Ex. H IV #2 — I Ii — IIT’ V 
Ex. H III 7 Hi H2 H3 — I Tr—_—- — III’ IV’ V 
Ex. H V — H2 H3 I Il IV III’ IV’ 
S1 S2 S3 S4 I Ir Ii IV III’ IV’ V 
Ex. 0 I II III IV III’ IV’ V 
Ex. SI Si S2 S3 SA — Il IW IV III’ IV’ V 
Ex. S$ Il S1 S2 S3 S4 I — Ii IV III’ iv" V 
Ex. S III — S2 S3 — I II — IV _ IV’ V 
Ex. SIV Si S2 — I III’ V 
Ex. S III 7 S2 S3 — I III’ IV’ V 
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Ex. A II. f() =the “median” of the quantities x1, x2, - - - , Xn, if m is odd, 
or the arithmetic mean of the “median-pair” if m is even.* To see that II 
fails note that f(5, 3, 7) =5, while /(4, 4, 7) =4. 

Ex. A III. f(x, x, - - - , *) =x when all the x’s are equal ; otherwise f() = 3. 
This example fails on III and III’, and on Al and A4; but it satisfies A2 and 
A3. 


Ex. A IV. = (ar + + + 


This example fails on IV and IV’, and on A3 and A4; but it satisfies A1 and 
A2. 

Ex. A III 7. f(a1, x2) = (x1 +%2)/2; but when f() =1 or 3, according 
as (%;+a2+ +--+ +2,)/n is equal to 1 or not equal to 1. This example is used 
only in Set A7, to prove the independence of Postulate III in that set. It 
fails on III and IV, but satisfies III’ and IV’. To see that it satisfies A2 and 
A3, note that if all the x’s are less than 1, the value of (wi tae+ +--+ +2,)/n 
must be less than 1, and hence f() =}. 

Ex. GI. f() = ?, where p=1+14+3+4+ --- +2. 

Ex. G II. f() =the median of the : quantities if 7 is odd, or the geometric 
mean of the median-pair if 7 is even. To see that II fails, note that /(4, 9, 5) 
=5, while /(6, 6, 5) =6. 

Ex. G III. f(x, x, - - - , *«) = when all the x’s are equal; otherwise f() =1. 

Ex. G IV. f() ={ Tosee that II holds, note that 
m =f (21, X2) = so that mm =x142. 

Ex. G III 7. f(x1, x2) = (x:¥2)'/?; but when n>2, f()=1. This example is 
used only in Set G7, to prove the independence of Postulate III in that set. 

Ex. G V. f(x, x,---+, x)=x when all the x’s are equal; otherwise 
f() = — |a.we - - - x, |'/", where the expression of which the mth root is taken 
is the absolute value of the product of the x’s without regard to sign. 


Es. & i. = ; 
X2 x3 X4 Xn 

Here when 
) 2x1X2 
x1, = 
+ 


Ex. H II. f() =the median of the m quantities if m is odd, or the harmonic 
mean of the median-pair if 2 is even. To see that II fails, note that f(3, 6, 2) 
= 3, while f(4, 4, 2) =4. 


*Here the median (or median-pair) of n positive quantities is defined by arranging the m quantities 
in a series in order of magnitude, and picking out the middle item (or mid-pair) in this series. 


| 
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Ex. H III. f(x, x, - - - , x)= if all the x’s are equal ; otherwise f() =2. 
1 1 1 
Ex. HIV. =(—+—+ +--+). 
x1 Xo Xn 
Ex. H III 7. f(x1, x2) = (41 +2); but when >2, f() =1 or 2, accord- 
ing as (1/n)[(1/x1)+(1/a2)+ --- +(1/x,)] is equal to 1 or not equal to 1. 
This example is used only in Set H7, to prove the independence of Postulate 
III in that set. 
Ex. H V. f(x, x, - ++, «x)= when all the x’s are equal; otherwise f() =0. 
= 


Bs. I. 


To see that this example satisfies II, note that m =f(x1, x2) =| (x? +x? )/2} re, 
so that m?+m?=x/7+2?. 

Ex. S II. f() =the median of the m quantities if 2 is odd, or the root-mean- 
square of the median-pair if x is even. To see that II fails, note that f(6, 8, 4) 
=6, while f(50'/2, 501/2, 4) =501/2, 

Ex. S III. f(x, x,--- , x)=x when all the x’s are equal; otherwise 

f(.) = (1/2)"?. 

Ex. SIV. f()={(w?+a2+ 

Ex. S III 7. f(x1, x2) = { (x? +42)/2} but when m>2, f() =1 or (1/2)*/, 
according as (x? +x?+ --- +2,2)/n is equal to 1 or not equal to 1. This 
example is used only in Set S7, to prove the independence of Postulate III 
in that set. 


PROOFS OF THEOREMS 


In the following paragraphs, we give the proof that each of the foregoing 
sets of postulates is sufficient to define the type of mean in question. 


THEOREM A (A). Proof of A from A1, I, II, and IV. 


Let ¢ be any positive quantity which is less than (1/)th of the smallest 


of the x’s. Then by II and A1, a 
X2, X3, » Za) =f(q, [x1 +%2—q], °° a), 
since each side equals +2), 3(ai+%2), %3,---,%n), and all the 


arguments are positive. 
By successive applications of this result, in view of I, we have 
x2, Xn) = f(g, + x2 + x3 — 2g], x4, Xn) 
= f(q, 9, 9, [x1 + x2 + 3 + 44 — 3g], x5, Xa) 
= [er + +a, — — 1)q)). 
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Now take a=(x,+%2.+----+2,)/m. Then, putting each x equal to a, 
f(a, a,---,a)=f(9,9,---,[na—(n—1)g])=a, by Postulate IV. But 
Xi +--+ so that 


f(m, Xn) = f(q, 9, -, [na (n 1) q)). 
Hence 


Hence any function f which satisfies the postulates of Set A1 must be iden- 
tical with the arithmetic mean, A. 


THEOREM A (B). Proof of Al from A2, I, and III or III’. 


a b 
, = b —— _]}, by III III’ ; 
f(a, 6) = (a+ y or 
= ( +04(1 ) 


b a 
= (a+b) — f(b, a), by III or III’; 
= (a+ b) — f(a, 6), by I. 
Hence f(a, b) =(a+b)/2, which is A1. 
This proof shows that any function which satisfies the postulates of Set 


A2 or Set A5 will also satisfy the postulates of Set A1, and hence be identical 
with the arithmetic mean. 


THEOREM A (c). Proof of IV from A3, III. 


From A3, putting =4, we have 
(3, 3, 3) =1—/(3, 3, -, 4), 
whence f(3, 3,---,4)=4%. Hence by III, f(a, a, - - - , a) =a, which is IV. 


This proof shows (since Postulate A2 foilows at once from Postulate A3) 
that any function which satisfies Set A3 will also satisfy Set A2. 


THEOREM A (D). Proof of Al and IV from A4, I. 


From A4, putting A =a+), x,=a, %.=b, and n=2, we have 
f(at+b—a, a+b—b)=a+b—-f(a, b); 
whence by I, f(a, b) =a+b—f(a,b). Therefore f(a, b) =(a+b)/2, which is A1. 
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Again, from A4, putting each x equal to a, and A = 2a, we have 
f(a, a, a) =2a—f(a, a), 


whence f(a, a, - - - , @)=a, which is IV. 
This proof shows that any function which satisfies Set A4 will also satisfy 
Set Al. 


THEOREM A (E). Since IV follows from III and IV’, we see that Set A6 
implies Set A2, and that Set A7 implies Set A1; so that any function which 
satisfies Set A6 or Set A7 will be identical with the arithmetic mean. 


THEOREM G (A). Proof of G from G1, I, II, IV. 
By II and G1, f(a1, x2, %3, Xn) =f(1, x3, since each 


By successive applications of this result, in view of I, we have 
f(x, *% Xn) = f(1, [xixexs], Xn) 
= 1, 1, Xn) 


= f(1,1,---, [xixe 
Now take a=(xi%2--- x,)!/". Then, putting each x equal to a, we see that 
f(a, by PostulateIV. But 
so that f(x, 2,---,%,)=f(1,1,---,a")=a. Hence 
This proof shows that Set G1 determines the geometric mean. 


THEOREM G (B). Proof of Gi from G2, I, III or III’, V. 


1 1 
f(a, ) = ab (5 -), by III or III’, 
a 


1 
by G2, 
f(, a) 


= ab » by I. 


f(a, 
Hence [f(a, b)]?=ab, so that f(a, b) =(ab)!/? or —(ab)'/*. But the negative 
value is impossible, by V. Hence f(a, b) = (ab)!/?, which is G1. 
This proof shows that Set G2 and Set G5 reduce to Set Gi, and hence 
determine the geometric mean. 


THEOREM G (c). Proof of IV from G3, III, V. 
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From G3, putting x2=1,--- , x,=1, we have f(1, 1,--- , 1) 
=1/f(1, 1,---, 1), whence f(1, 1,---, 1)=1 or —1. Hence by V, 
f(i,1,-+-,1)=1. Then by III, f(a, a, --- , @)=a, which is IV. 

This proof shows (since G2 follows at once from G3) that Set G3 reduces 
to Set G2, and hence determines the geometric mean. 


THEOREM G (D). Proof of G1 and IV from G4, I, V. 


From G4, putting a=ab, x,;=a, x.=b, and n=2, we have 


ab 
b) 


Hence by I, 


B ab 
f(a, 6) = ‘ 
f(a, b) 
Therefore f(a, b) =(ab)'/? or —(ab)'/*. But the negative value is excluded, 


by V. Hence f(a, b) =(ab)'/?, which is G1. 
Again, from G4, putting x equal to a, and A =a?, we have 
f(a, a) 
whence, by V, f(a, a, - - , a) =a, which is IV. 
This proof shows that Set G4 reduces to Set G1, and hence determines 
the geometric mean. 
THEOREM G (£). Since IV follows at once from III and IV’, we see that 
Set G6 reduces to Set G2, and that Set G7 reduces to Set G1; hence Set G6 
and Set G7 determine the geometric mean. 


THEOREM H (A). Proof of H from H1, I, I, IV. 


Let g be any positive quantity which is greater than » times the largest 
of the x’s. Then by II and //1, 


since each side is equal to 


2x1X2 2x1X2 


| 
1 
x1 Xe q 
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and all the arguments are positive. By successive applications of this result, 


using I, we have 


1 
/ 


1 
: ae 1 1 1 n—1 
x2 Xn 
Now take 
n 
a => 
1 1 1 
Xe La 
Then putting each x equal to a, 
1 
fle, a,---,a) = 
n 
a q 
by Postulate IV. But 
1 1 n 
Xo a 
so that 
1 
n n— 1 
a q 
Hence 
we 1 
n Xe Xn 


This proof shows that Set H1 determines the harmonic mean. 
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THEOREM H (B). Proof of H1 from H2, I, III or IIt’, V. 


fle, = (=, by III or III’ ; 
a+b a+b 
ab 
a 


(= 


» by H2. 
a+b a+b 
a 
Now by V, f(a, 5) is not zero. Hence 
1 1 1 
fla, b) ab ab 
a+b 1 
= » by III or III’ ; 
ab f(6, a) 
a+b 1 
ab f(a, 
Hence 
fa, b) 2ab 
a, 
a+b 


which is H1. 
This proof shows that Set H2 and Set H5 reduce to Set H1, and hence 
determine the harmonic mean. 


THEOREM H (c). Proof of IV from H3, Ill, V. 


From H3, putting =2, x.=2,---,2,=2, we have 
Fis, 
Hence f(2, 2,--- , 2)[f(2, 2,---,2)—2]=0. But by V, f(2, 2,---, 2) is 
not zero. Hence f(2, 2,---,2)=2. Hence by III, f(a, a, - - - , a) =a, which 


is IV. 


a 


1927] POSTULATES FOR VARIOUS MEANS 15 
This proof shows (since H2 follows at once from H3) that Set H3 reduces 
to Set H2, and hence determines the harmonic mean. 
THEOREM H (p). Proof of H1 and IV from H4. 
From H4, putting A =(a+b)/(ab), x:=a, x2 =a, and n=2, we have 
(ab) f(a, b) 
(a + b)f(a, b) — 
(ab) f(a, b) 
(a + d)f(a, — ab 
where by V, f(a, 6) is not zero; hence f(a, b) =2ab/(a+b), which is H1. 
Again, from 4, putting each x equal to a, and A =2/a, we have 
af(a, a) 


a) = 
whence by I, 


f(a, b) 


f(a, a) 


where by V, f(a, a, - - - , a) is not zero; hence f(a, a, - - - , @) =a, which is IV. 
This proof shows that Set H4 reduces to Set H1, and hence determines 
the harmonic mean. 


THEOREM H (E£). Since IV follows at once from III and IV’, we see that 
Set H6 and Set H7 reduce to Set H2 and Set H1 respectively, and hence 
determine the harmonic mean. 


THEOREM §S (A). Proof of S from S1, I, Il, IV. 


Let g be any positive quantity which is smaller than (1/2)th of the small- 
est of the x’s. Then by II and S1, 
since each side is equal to f}[(a? +a? )/2]'/2,[(a2 +a? x3, ---,a.},and 
all the arguments are positive. By successive applications of this result, in 
view of I, we have 


Su) fia, q; (x? + + 2q?)*/2, Xn} 


= gs (xf? 27 — (n 1)g?)1/2} 


Now take a= { (x?-+x?+ --- +x,2)/n}1/2. Then putting each x equal to a, 
f(a,a,---,a)=f}q,9,- (na?—(n—1)q?)"/?} =a, by IV. 
Butx?+a?+ --- +x, =na?, so that 
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f(x, *** 5 Zn) ( ) 


nN 
This proof shows that Set S1 determines the root-mean-square. 
THEOREM §S (B). Proof of S1 from S2, I, III or Ill’. 


b 
a? + 5?) 1/2 ( 
( ) tf (a2 + b?)1/2 (a? + b?) 1/2 


1/2 a2 1/2 
a? + b? a? + b? 


b a 2 1/2 
(a? p2yve(4— 
a + ) ( | (— + b?)1/2 (a? + an ) y 


{(a? + — [f(b, a)]?}2/2, by III or III’ ; 

{(a? + b*) — [f(a, 6) by I. 

Hence 2 [f(a, b) ]?=a?+b?, so that 

f(a, b) = { (a? + b?)/2} 1/2 or — { (a? + b2)/2} 1/2, 


f(a, b) ), by III or III’ ; 


It remains to exclude the negative value (without using V). By S2, f(a, b) 
is positive whenever a<1 and b<1; hence by III, f(a, 5) is positive for all 
positive values of a and b. Hence f(a, b) = | (a2+6?)/2}}/2. 

This proof shows that Set S2 and Set S5 reduce to Set S1, and hence 
determine the root-mean-square. 

THEOREM S (c). Proof of IV from S3, III. 

From S3, putting we have 

which by definition of the square root sign, is not negative. Hence 
(1/2)*/2, (1/2)8/2, (1/2)8/2f = (1/2) 1/2. 
Hence by III, 
f(a, a,---,a)=a. 

This proof shows (since S2 follows at once from S3) that Set S3 reduces 

to Set S2, and hence determines the root-mean-square. 


THEOREM S (D). Proof of S1 and IV from S4, I. 
From 54, putting A =a?+0?, x: =a, x2=b, and n=2, we have 
f(b, a) = (a? + b? — [f(a, 5) ]?)*/?. 
Hence, by I, f(a, 6) =(a?+b?— [f(a, b)]?)'/*, which is not negative. Hence 
f(a, b) =} (a? 1/2. 
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Again, from S4, putting x equal to a, and A = 2a’, we have 
f(a, a, +--+, a)={2a?— [f(a, a, - --, a) ]?} 2/2, 
which is not negative; hence f(a, a, - - - , a) =a, which is Postulate IV. 
This proof shows that Set S4 reduces to Set $1, and hence determines the 
root-mean-square. 


THEOREM §S (E). Since IV follows at once from III and IV’, we see that 
Set S6 and Set S7 reduce to Set S2 and Set S1 respectively, and hence de- 
termine the root-mean-square. 


APPENDIX I. THE ARITHMETIC MEAN IN THE DOMAIN OF ALL REAL NUMBERS 


In all the preceding sets of postulates, the x’s in the function f(x1, xe, 

- ,%n) have been assumed to be positive real quantities. In the case of the 
geometric mean, the harmonic mean, and the root-mean-square, this restric- 
tion is a customary one, in order to insure that the function shall always be 
finite and single-valued. In the case of the arithmetic mean, however, the 
restriction is not essential. 

This appendix, therefore,is devoted to a consideration of sets of postulates 
for the arithmetic mean in the domain of all real numbers. 

For this purpose, we introduce, in addition to the postulates I-V, III’, 
IV’, A1—A4, given above, the following postulates: 


PostutaTE IV”. f(—1, -—1,---, 
PosTtuLATE A8. f(A+%1, Xn). 
PostuLaTE A8’. f(—41, +, —X%n)=—f(a1, Xn). 


The results obtained may be summarized as follows: 

In the first place, Sets A1, A2, A3, A4, A5, given above tor the case of 
positive reals, are valid just as they stand for the case of all reals. (The 
necessary modifications in the proofs are given below.) 

In the second place, Sets A6 and A7 are not valid for the case of all reals 
(see Example A IV”’ below); but they can be made so by the addition of 
Postulate IV”’. 

In the third place, Postulates I, II, A8, A8’ form a set (due essentially to 
Schimmack*), which is valid for the case of all reals, but cannot be used in 
the case of positive reals; this we shall call Set A8. 


*Instead of our Postulate II, Schimmack (loc. cit.) uses the following postulate: 
S (x1, %2,°°* Xn-1, Xn)=f(m, m,+++, m, xn), where m=f(x1, X2,°°* , Xn-1)3 
and instead of our Example AI, the following example: 


$0) = + + (0/22) + (4/2) (00/2). 
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The complete list of sets of independent postulates for the arithmetic 
mean, for the case of all reals, is then as follows: 


Set Postulates Examples Used 

Al Al I II IV 0 AI ATI’ AIV 

A2 A2 I II Ill IV 0 AI AIV 

A3 II ITI 0 AI All’ ATill 

A4 A4 I II 0 AI ATI’ 

A5 A2 I II Ill’ IV 0 AI ATI’ AIll AIV 

ae" | 42 II Iv’ Iv” 0 AI ATI’ AI” AIV’ AIV” 
Ai” | Al _ II 0 AI ATI’ AI” AIV’ AIV” 
A8 A8 I II A8’ 0 AI ATI’ 0’ 


The new examples in the independence proofs are the following: 

Ex. A II’. The same as Ex. A II, for all reals, understanding “the order 
of magnitude” in the algebraic sense. 

Ex. A III’’. When n=2, f(x1, x2) =43(x1 +2); when n>2, 


(%1, or —1 
according as (%,;+a2.+ --- +2x,)/n is equal to 1 or not equal to 1. 
Ex. A IV’. When n=2, f(x1, x2) (a1 +22); when n>2, 
fQ=— + +++ +2,)/n], 


where the vertical bars mean “the absolute value of.” 
Ex. AIV’’. When n=2, f(x1, x2) =3(a41+%2); when n>2, 
+--+ 
Ex. 0’. f() =the maximum (in the algebraic sense) of the 7 real quantities 
The following table shows the properties of all the examples used in the 
case of the real domain. 


Al A2 A3 A8 A8’| I IT II IV 


Ex. 0 — 18’; I IL IV Il’ Iv’ Iv” 
Ex. A I 11 A2 A3 A4 18 A8’| — II III IV Il’ Iv’ Iv” 
Ex. A II’ 11 A2 A3 A4 18 A8’| I — II IV iv’) 
Ex. A III — A2 — I — IV — Iv’ Iv” 
Ex. A IV 41 A2 — — I WW — Ill’ — 

Ex. A III” Al A2Z—- — 
Ex. A IV’ 41 AZ —- — I — Ill’ — 


| | | 
| 

| 

| Ex.AIV’ |A1 A2 — — — — 
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The proofs of the theorems, adapted to the domain of all reals, are as 
follows: 


TuHeoreM A (A’). Proof of A from A1, I, II, IV. (Real domain.) 


Since there is now no necessity for keeping the arguments positive, the 
proof of Theorem A (A) can be simplified by putting g=0. Hence Set Al 
determines the arithmetic mean. 


THEOREM A (B’). Proof of A1 from A2, I, III or III’. (Real domain.) 


If a and bd are positive, f(a, b) =}(a+5), as in the proof of Theorem A (B). 
If a and b are any real numbers, let p=1/({a|+ |b|+1); then 1—pa and 
1— pb will be positive, so that 
f(1—pa, 1— pb) =4(1—pa+1— pb) =1—p (a+5)/2. 
But f(1—pa, 1—pb) =1—f(pa, pb), by A2; =1—Pf(a, b), by III or III’. 
Therefore f(a, 6) =(a+b)/2, for all real values of a and 6. Hence Set A2 and 
Set A5 reduce to Set A1. 


THEOREM A (c’). Proof of IV from A3, I, III. (Real domain.) 


By III, f(0, 0, - - - ,0)=2f(0, 0,---,0); hence f(0, 0,--- ,0)=0. 
From A3, f(1,1, ---,1)=1—/(0,0, ---,0)=1. Hence by ITI, 
f(a, a, a)=a, 


whenever a is positive. 

From A3, f(2,2,---,2)=1-—f(-—1, —1,---, —1), whence 

2=#1—f(—1,—1, 
whence f(—1, —1,---, —1)=—1. Hence by III, 
f(a, a, -,a)=a 

whenever a is negative. 

Since A2 follows immediately from A3, this proof shows that Set A3 
reduces to Set A2. 


THEOREM A (D’). Proof of Al and IV from A4, I, II. (Real domain.) 

If a and are positive, put A =a+), x, =a, x2=b, and n=2, in A4; then 
f(b, a)=a+b—f(a, b), whence by I, f(a, 6) =a+b—f(a, b), whence 

f(a, 6)=4(a+6), 

whenever a and 3 are positive. : 

If a and b are any reals, let p = a large positive quantity, so that p+a, 
p+b, and p+a+6 will certainly be positive. Putting A=p+a+6,"x1=a, 
*2=b, and n=2, in A4, we have 


f(a, d), 
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whence f(a, d), 
whence f(a, b) = (a+b)/2, which is Postulate A1 for all real values of a and b. 

If a is positive, put #::=a, x2=a,--- , X,=a, and A=2a, in A4; then 
f(a, a,--+,a)=2a—f(a, a,---, a), whence f(a, a,---,a)=a. 

Again, if a is positive, put +, =0, x2=0,--- , x,=0, A=a, in A4; then 
f(a, a,---,a)=a—f(0,0,---,0), whence f(0, 0,--- ,0)=0. 

If a is negative, put x:=a, x%.=a,---,x,=a, and A=0, in A4; then 
f(-—a, —a,---, —a)=—/f(a,a,---,a), whence, since —a is positive, 
—a=-—f(a,a,---,a); hence f(a, a,---,a)=a. 

Therefore f(a, a, - - - ,a@)=a for all real values of a, which is Postulate IV. 


This proof shows that Set A4 reduces to Set Al. 


TueoreEM A (£’). Since IV follows at once from III, IV’, IV’’, we see that 
Set A6’’ and Set A7”’ reduce to Sets A2 and A1 respectively, in the domain 
of all reals. 

THEOREM A (F’). Proof of A4 from A8, A8’. (Real domain.) 

whence, by A8’, f(A —x1, ++, This 
shows that Set A8 reduces to Set A4, and hence determines the arithmetic 
mean in the domain of reals. Unlike the other sets, however, this Set A8 
cannot be used if the quantities x;, x2, - - - , X, are restricted to the domain 
of positive values. 

APPENDIX II. POSTULATES FOR THE ARITHMETIC MEAN 
IN THE COMPLEX DOMAIN 

In the domain of complex quantities, Sets Al and A8 are sufficient to 
determine the arithmetic mean. (See proofs below.) Further, if we form a 
new postulate 

POSTULATE A9. f(A A—%2,--+ , A—%n)=A—f(x1, , Xn), 
then a Set A9, comprising Postulates I, II, A9, will also be sufficient, as 
proved below. (This postulate A9 is the same as A4 without the restriction 
1.) 

Hence, in the complex domain, we have three sets of independent postu- 
lates for the arithmetic mean, as follows: 


| Set | Postulates Examples Used 
| a | at Iv 0 AI AM” AIV 
A8& A& I II A8’ 0 Al 4u” ¢ 


AQ II 0 Al A II” 
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The new example here required is 

Ex. A II’’. f(aitiyi, =x+iy, where x is the median 
of the x’s if is odd (or the arithmetic mean of their median-pair if ” is even), 
and y is the median of the »’s if m is odd (or the arithmetic mean of their 
median-pair if is even). 

This example satisfies Postulates A1, A8, A8’, A9, I and IV, but fails on 
Postulate II. 

The properties of all these examples for the complex domain are shown 
in the following table: 


Al A8& A8’ A9 I II IV 
Ex.0 Al — Ai’ — I II IV 
Ex. 0’ Al A& — _ I II IV 
Ex. AI Al A8& A9 II IV 
Ex. A II’’ Al A8’ A9 I IV 
Ex. AIV Al — As’ — I II 


On the other hand, it is interesting to note that if the » quantities 
%1, X2, °° +, X, are allowed to take on complex values, then Sets A2, A3, A4, 
A5, A6, A7, A6"’, A7”’ are not sufficient to determine the arithmetic mean, as 
is shown by the following examples: 

Ex. A IX. 
+ ty, ty, +++, ty) = (ait tyt iyt---+ ant ty)/n 
when all the y’s are equal; otherwise, 

This example satisfies Postulates I, II, III, IV, III’, IV’, IV’’, V, A2, A3, 
A4, but it is not the arithmetic mean. (This example would still satisfy A2 
and A3, even if we removed the restrictions a<1, b<1, and x;<1.) 

Ex. A X. When n=2, f(x1, x2) = (#1 +%2)/2; when n>2, 

+4,)/n or | +2,)/n|, 
according as (41 --- +2,)/m is real or imaginary. 

This example satisfies Postulates A1, I, II, III, IV’, IV’’, V, but fails on 
Postulate IV. 

The proofs of the theorems in the complex domain, on account of their 
great simplicity, are here given in full, as follows: 


THEOREM A (A’’). Proof of A from A1, 1, II, IV. (Complex domain.) 


By II and A1, f(x1, x2, - - - , Xn) =f(0, x1 x3, - - , Xn), since each side 
equals f { (xi+%2)/2, Xn}. 
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By successive applications of this result, 


Now let a=(x:+%2.+ ----+2,)/m, and take each x equal to a. Then 
f(a, a,---,a)=f(0,0,---,0, ma)=a, by IV. 
But also f(x1, %2,-- +, Xn) =f(0,0,---, 0, na). 
Hence f(%1, +, +24,)/n. 


This proof shows that Set Al determines the arithmetic mean, for all 
complex values of the variables. 


THeorEM A (F’’). Proof of Al and IV from A8, A8’, I, II. (Complex 
domain.) 

Putting each x =0 in A8’, we have f(0, 0, - - - ,0)=0; hence putting each 
x=0 and A =a, in A8, we have f(a, a,--- , a@)=a, which is Postulate IV. 

Again, putting A =a+b, x,=—a, %,.=—b, and n=2, in A8, we have 
f(b, a) =a+b+f(—a, —b), whence, by I and A8’, f(a, b)=a+b—f(a, d), 
whence f(a, b) = (a+6)/2, which is Postulate A1. 

This proof shows that Set A8 reduces to Set A1, for all complex values. 


THEOREM A (G). Proof of Al and IV from A9,I, II. (Complex domain.) 


In A9, put each x equal to 0, and A =0; then 
0, , 0)=—f(0, 0, 0), 


whence f(0, 0,--- ,0)=0. 
Hence, putting each x equal to a, and A =a, we have 
whence f(a, a, - - - , @) =a, which is Postulate IV for all values of a. 


Again, put A =a+b, x,;=a, x2=b, and n=2, in A9; then 
f(b, a=a)+b—f(a, d), 
whence, by I, f(a, b)=a+b—f(a, b), whence f(a, b)=(a+b)/2, which is 
Postulate A1 for all values of a. 

This proof shows that Set A9 reduces to Set A1, for all complex values. 

The sufficiency of each of the Sets A1, A8, A9, is thus established. 

In conclusion, it may be noted that of all the known sets of postulates for the 
arithmetic mean, the only ones that are equally available in the positive domain, 
the real domain, and the complex domain, are Sets Al and A9. Of these, Set A9 
(consisting of Postulates A9, I, II) would appear to be the simplest. 
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IRREGULAR DIFFERENTIAL SYSTEMS OF 
ORDER TWO AND THE RELATED 
EXPANSION PROBLEMS* 


BY 
M. H. STONE 


We have prevously discussed the similarities between the series of 
Fourier and of Birkhoff.t Since a series of Birkhoff is defined by a linear 
homogeneous differential system of the mth order in which the boundary 
conditions are of regular type,{ it is natural to attempt an extension of the 
methods there employed to some systems with irregular boundary conditions. 
We shall discuss here the case n = 2, with the hope of giving a comparatively 
exhaustive treatment of the narrowed topic. From our point of view, it is 
not essential in this discussion that a series be treated with regard to its 
convergence: a sum by appropriate means we consider equally valuable. 
A treatment of the convergence of the formal expansions for a function 
restricted to have a certain number of derivatives and to satisfy certain 
boundary conditions has come to our attention since the completion of 
this paper.§ As Professor Jackson has suggested to the writer, the methods 
of Wilder in a similar problem could be applied to this end, as is obvious 
from a comparison of the formulas of this paper with his.|| It should be 
noted, however, that under our discussion of systems of type 1, Case I, the 
series for the function 1 can be seen to be divergent, so that such results are 
not so useful as it might appear. We note that the series discussed in this 
paper are entirely different from those discussed by Jackson and Hopkins in 
the case n 23.4 


* Presented to the Society, December 30, 1924; accepted in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy at Harvard University; received by the editors of 
these Transactions in October, 1925. 


t Stone, these Transactions, vol. 28 (1926), pp. 695-761. 

t Birkhoff, these Transactions, vol. 9 (1908), p. 383. 

§ Pollaczek-Geiringer, Mathematische Annalen, vol. 90 (1923), pp. 292-317. 
|| C. E. Wilder, these Transactions, vol. 18 (1917), pp. 415-442. 


{| Hopkins, these Transactions, vol. 20 (1919), pp. 245-259; Jackson, Proceedings of the Ameri- 
can Academy of Arts and Sciences, vol. 51 (1915-1916), pp. 383-417. 
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I. CLASSIFICATION OF THE BOUNDARY CONDITIONS 

Our first task is clearly that of separating all possible boundary condi- 
tions, #=2, into regular and irregular types. We shall refer to Birkhoff’s 
memoir, cited above, for the delinition of regularity, and for the fact that 
in the case where ” is even the several conditions of that definition reduce 
to one. We then prove 

THEOREM I. The only irregular boundary conditions for n=2 are of the 
form 

u'(O) + Au’(1) + Bu(i) = 0, 


(1) 
u(0) — Au(1) = 0, 


or of the form 


II 


Au'(O) — u’(1) + Bu(0) 
2 
Au(0O) + u(1) = 0, 


where A, B are real or complex constants.* The two differential systems ob- 


tained by adjoining lo the equation 
u’+(X\+g)u=0, g(x) summable, OS 
the boundary conditions (1) and (2) respectively, are adjoint syslems. 
The general boundary conditions, »=2, can be written 
ayu'(O) + byu’(1) + + dyu(1) = 0, 
a2u’(O) + bou’(1) + cou(O) + dau(1) = 0, 


where di, be, C2, dz are any real or complex constants such that 
the linear forms of which they are the coefficients remain linearly in- 
dependent. We must consider several cases. 

Case I. Employing the notation of Birkhofli’s definition 


of regularity, we write 


(a; + bis)i —{a,+—)i 
A AY 1 
66 + 43s + — = = (aybe — 
bs\ . 
(a2 + bes)i -(a +=); 


Since 6@,6,~0, the boundary conditions are regular. 


* Tamarkin, Rendiconti del Circolo Matematico di Palermo, vol. 34 (1912), pp. 360-361. 
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Case II. aybe—ayb,;=0; a; and b, not both zero. The boundary condi 
tions can be reduced by linear combination to the form 
ayu'(O) + byu’(1) + + diu(1) = 0, 
cou(Q) + dou(1) = (). 
Then 
i(ay -t. bys) i(a, + bi /s) 
+ + | | = 2(ayc2 + bide) 
| (¢2 + des) (cz + d2/s) | 
+ (a;d. + bice)(1/s +s). 
If aydo+b,c.40, the conditions are regular; on the other hand, if a,;d.+),c.=0, 
the conditions are irregular. In this latter case, since cs and d, cannot both 
vanish, we have left 
ayu'(O) + byu’(1) + cyu(0) + dyu(1) = 0, 
a,u(O) — byu(1) = O. 
If these boundary conditions have a;#0 they can be reduced to the form (1) ; 
if b} ~0, to the form (2). 
Case III. a,;=a,=b,=6,=0. Since the boundary conditions 
cu(O) + dyu(1) 
cou(O) + agu(1) 


0, 
0 


I] 


are linearly independent they reduce to u(0) =u(1) =0, a well known regular 
case. 

It is now a matter of simple computation to show that the two differential 
systems defined in the latter part of the theorem are actually adjoint. The 
method employed is sufficiently familiar that we omit details.* 


II. THE IRREGULAR BOUNDARY VALUE PROBLEM 


We are now prepared to consider the boundary value problem in the 
irregular cases of Theorem I; that is, to investigate the values of \ for which 
the differential systems have solutions not identically zero. As is well 
known, these characteristic values are the same for a system and its adjoint. 
On setting \=p?, the two systems are 


+ (p? + g)u = 0, + (p? + gu = 0, 
u’'(O) + Au’(1) + Bu(1) = 0, Au'(0) — u’(1) + Bu(O) = 0, 
u(O) — Au(1) = 0, Au(0) + u(1) = 


* Bocher, Legons sur les Méthodes de Sturm, Paris, 1917, Chapter II. 
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The characteristic values in p may be found as the roots of the equation 
u;'(0) + Am,’(1) + Bu,(1) + Ams’(1) + Bue(1) 
u; (0) — Am; (1) (0) — Ane (1) 


where 2%, “2 are any two linearly independent solutions of the differential 
equation defined for all values of p. The existence of such solutions has 
been demonstrated in our preceding paper. 
A number of outstanding facts are revealed at once if we choose %, U2 
as solutions satisfying the boundary conditions 
u,(0) = 1, = 0, u2(0) = 0, = 1. 
On expanding the determinant and making use of the fact that 
— = — = 1, 
we find the equation 
(A? — 1) + A(m(1) — — Buo(1) = 0. 
If A=B=0, there can be no characteristic values; henceforth this possibility 
shall be excluded. Again, if A?—1=0, B=0, the equation is u,(1) —u,’(1) =0, 
whence we conclude that a root in this case cannot be a root in the case 
A*—1 +0, B=0. If we consider the two differential systems when A*?—1=0, 
B=0, one of these is 
+ (p? + g)u = 0, 
u'(0) + u’(1) = 0, 
u(0) — u(1) = 0. 


If we suppose that the equation g(x) =g(1—x) is satisfied almost everywhere 
on (0,1), the function satisfying the differential system 


u’ + (p? + g)u = 0, 
=0, 


is a solution of the irregular system above for all values of p. Thus it is 
evident that under appropriate circumstances all values of p are character- 
istic values, while under others there is no characteristic value; in such cases 
there is no expansion problem. 

Having thus obtained a view of some of the peculiarities which can arise 
in the irregular boundary value problem, we can continue our discussion, 
under hypotheses which enable us to make more definite assertions. We 
shall require in all our succeeding work that g(x) be continuous together 


to 
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with its derivatives of all orders on the interval (0, 1), although we could 
in many instances lighten this restriction. Then, as we saw in Theorem III’ 
of our previous paper, there exist on the first quadrant of the p-plane solu- 
tions of u’’+(p?+g)u=0 with the asymptotic forms 


(pt)! 
f=" Aii(x Exx(x, 
pier( 1 4 ) 11( 
(pi)? 
( =" Aio(x)  LEao(x,p) 
Up = 1 + + ), 
(—pi)! 
Ai(x) Ex(x,p) 
= — pie-r( 1 + + ), 
(— pi)? pmti 


the functions E being uniformly bounded, 0<x <1, for p on the first quad- 
rant. In particular, Ajo(x)=Ay(x). Similarly, on the fourth quadrant 
there exist solutions 1, “2 whose asymptotic forms are given by replacing 
p by —p in the exponential terms and sums appearing in the forms given 
above for the first quadrant; the functions E are, of course, not necessarily 
the same. 


THEOREM II. If 1, ue are the functions defined above for the first quadrant, 
then for any positive integral m 


uy'(0) + + Bu,(1) u2'(0) + Aus’(1) + Bue(1) 
u; (0) — ue (0) — Aue(1) 


p 


l=m=1 l=m—-1( — 1 I+ly E3 
p 


Ill 


p! p p™ 
l=1 P p! gue 
Q1,°**, Qm—1, Bi, , Bm being constants, and the functions E being bounded 


and analytic on the first quadrant. On the fourth quadrant the substitution of the 
corresponding functions u, U2 gives an analogous formula involving the same 
numbers a, B. 
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We shall carry through the computations for the first quadrant; by 
replacing p by —p in the exponential terms and sums appearing in the ex- 
pression thus obtained we find the asymptotic form for the fourth quadrant. 
On expanding the determinant and recalling that 


we find as the result 
(1 — + A { + 
— + } 
+ — 
By direct substitution of the asymptotic forms for ™, u2, in which A(x) = 
A;,(x), as we noted above, we find 


Ex(p) 
uy'(0)u2(0) — = 1 +——-], 
p? 


l=m—ly E (p) 
l=1 p”™ 


imi p! gree 


If we neglect the E terms in 2, us, the replacement of p by —p interchanges 
Uy, 42. Hence by replacing p by —p in the second and third of the asymptotic 
forms just obtained, we show that 


uo’ (1) + 1) = + 


p™ 


p! 
Esl 
uz (1)2,(0) = + > ( ) 6 
l= 1 


p! 


When the five asymptotic forms are substituted in the expanded determi- 
nant, the theorem is obtained. 
As a consequence of Theorem II, we lay down 


DEFINITION I. The irregular differential system 


u’ + g)u 
u’(0) + Au’(1) + Bu(1) = 0, 
u(0) — Au(i) = 0, 
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where g(x) is continuous together with its derivatives of all orders, OS x <1, 
shall be termed of type 1 if B¥0; and a system of type M, M22, if B=0 


and ay. is the first of the a’s different from zero. If B=0, a,=0, a.=0, 
a3;=0,---, the system shall be termed of type Q. 


We have found no means of investigating systems of type 2; that they 
exist is shown by the examples given above. 

In the case of systems of type MM, M=1,2,---, we can give a com- 
plete discussion of the distribution of characteristic values. 


THEOREM III. The irregular differential systems of the second order of 
finite type M have infinitely many characteristic values in p when A?—1=0. 
They are distributed asymptotically near the roots of e'+(—1)@e-*'=0; for 
large |p| there is one simple characteristic value near each root of this equation. 

We recall that the asymptotic forms of #, w,. on a given quadrant are 
valid also in a sector including the quadrant and bounded by rays parallel 
to the two axes. Hence this is also true of the asymptotic forms derived 
from those for #, #2. Thus the characteristic values of p on the first quadrant 
and within a specified distance of it are found as roots of the equation 


B(ei[1] — e‘[1])=0, M=1, 
+ ( — 


0, M22, 


or of 
+ ( — 1)"e*i[1] = 0 (M =1,2,---). 


Similarly the characteristic values on the fourth quadrant and within a 
specified distance of it are found as the roots of 


e'[1] + ( 1)"e-*[1] = 0 (M = 1,2,--+). 


The characteristic values on the left half-plane are the negatives of those on 
the right. Now by methods employed in the discussion of the regular bound- 
ary value problem, »=2, the roots of the equations e*‘{1]+[—1]”e-*'=0 
on the two quadrants respectively have the asymptotic distribution de- 
scribed.* 


* Birkhoff, these Transactions, vol. 9 (1908), pp. 386-387; Tamarkin, Rendiconti del Circolo 
Matematico di Palermo, vol. 34 (1912), pp. 353-358; Birkhoff, Rendiconti del Circolo Matematico 
di Palermo, vol. 36 (1913), pp. 116-118. 
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THEOREM IV. The irregular differential systems of the second order of finite 
type M have infinitely many characteristic values in p when A?—10. If we 
write 4=2(A?—1)i/B, M =1, and p=2(A*—1)i/Aay_1, M 22, the asymptotic 
distribution of these roots on the right half-plane is as follows: 

(1) for |p, sufficiently large on the first quadrant, there is one simple 
characteristic value near each of the points p=r-+is, 


(= (—1)Mus 

+ Jur + 
= log + w= uit ine; 


(2) for |p| sufficiently large on the fourth quadrant, there is one simple 
characteristic value near each of the points 


‘ 
OFC COG & Arc 813 


s= — log + u?r™), w= wit ine. 


The characteristic values on the left half-plane are the negatives of those on 
the right. 


We shall limit our discussion to the characteristic values on the first 
quadrant; the treatment of those on the fourth quadrant is entirely ana- 
logous. 

By Theorem II the characteristic values on the first quadrant are found 
as the roots of 


pM-1 


or, after multiplication by (—1)”p¥-1, of 


+ 0, 


e~**[1] + — om ([1 = 0. 


This last equation takes the form 


= (= 1) 


on the first quadrant. 
If there are infinitely many roots p=r-+is on the first quadrant, then 
lim,}.«(s/r7) =0. To prove this statement it is sufficient to show that there 
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exists no positive e for which infinitely many roots satisfy s/r2e. If such 
an € exists, s>0 as |p| ; and for the roots in question 


e*(cosr — isinr) = ( — + is)” [1], 
whence 


i< | | |[1] | | re~*/M 4. jse-2/M | < | | |[1] | | (s/c) |M— 0 
as |p|. The contradiction shows that « does not exist. Hence 
wim (s/r) =0. 
Now we find 
[14 
——_ = us/r 
whence 
s — log (Vu? + = M log | 1+ i(s/r)| + log| [1] | = € ii 0 


as |p| +0. Using this relation we obtain 


+ (cosr — isinr) = ( — + i(s/r))™ [1 ( — 


as thus 


7 = arc COS + Ej}, 
Ver + u? 

= arc sin ——————_ + 
+ 


where e€’|,; 0 as |p| 00. In short, if there exist infinitely many character- 
istic values on the first quadrant, they necessarily lie asymptotically near 
the points described in (1). 

We shall now let p’ be one of the points described under (1). In the 
function e-"+(—1)"up”[1], analytic in p on the first quadrant, we re- 
place p by p’+£; we restrict & to the circle |f|<e«’<2z. There results a 
function analytic in &, 


+ ( — 1)Mu(o’ + [1] = ( — + ( — 1)Mu(o’ + [1]. 
If we divide by (—1)“ur’™ 0 we obtain a new function, 
ot + e(&,7’,s’) ’ 


where ¢(, 7’, s’) is analytic in &, |é| <e’, for all r’, s’, and lim),).,e€=0 
uniformly, |t|<e’. If & describes the circle |t|=e’’<e’ the argument of 
1—e-‘t changes by 27, while |1—e-‘|=’>0. If we choose |p’| so large 
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that le(E, s’)| <n'/2, the argument of the function 1—e~‘*+e(é, r’, s’) 
also changes by 27 when £ describes the circle |t|=e’’. In other words, 
1 —e~#+¢ has a simple zero in the circle || =e’’ for all p’ such that |p’| >R’. 
Thus for large |p|, there exists one and only one simple characteristic value 
near each of the points described in (1). 


III. THE IRREGULAR EXPANSION PROBLEMS 


We shall now make a comparative study of the differential systems 


u’+(A\+ =0, + ru = 0, 
u'(0) + Au'(1) + Bu(1) = 0, u'(0) — u’(1) = 0, 
u(0) — Au(1) = 0, u(0) — u(1) = 0. 


The other irregular differential system, adjoint to the first system given 
here, can be reduced to the form of the first by the substitution =1— 2 and 
therefore does not require separate consideration. We assume that the 
irregular differential system is of finite type. Then there exists for it a 
Green’s function G(x, y; \); the second differential system has a Green’s 
function G(x, y; \) and gives rise to the expansion problem of Fourier. 

We let =’ denote the right half-plane for the complex variable p, \=p’, 
from which the characteristic values of the irregular differential system and 
of the Fourier system have been removed, the interior of a small circle ¢ 
of radius e described about each such value as center being deleted. We 
denote by S/, Sfy the parts of =’ on the first and fourth quadrants re- 
spectively. We denote by I any circular arc with center at p=0 and central 
angle 7, lying on ©’. The image of I in the A-plane will be a circle C; the 
totality of such circles C forms an infinite set of concentric annular regions 
none of which contains a characteristic value of either differential system. 
From the behavior of the characteristic values for large |A|, the circles Co, 
Ci, Cz, - - - , as described in § II of our previous paper, can be selected from 
among the circles C; this is true simultaneously for the two differential 
systems we are discussing. Finally, we let y1, yrv be the portions of T on the 
first and fourth quadrants respectively, while their common radius is R. 

We shall study the behavior of 


1 1 etl 
1-— G(x,y ; A)dddy, 
Ox* fof ( =) 


where f(x) is summable on (0,1), /2>M, k=0,1,2,---,as v0. The 
meaning of this integral is discussed at length in our preceding paper, §§ III 
and IV. 


| 
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For this discussion we use Lemmas III, V’, VI’ of that paper, as well 
as Theorem IV. In addition we need two other lemmas. 


Lemma I. Jf A?—1=0 im an irregular differential system of order two 
and type M, 
1 


on S{ and Swy respectively, where and Cy=Aay_-. #0, M22. 
Furthermore, 


1 
<K, si, 


: 
| [1] +(- 1)“e-2i[1]| 


a; pon Sty. 


The first part of the lemma is virtually a restatement of Theorem II. 
The second part is proved in exactly the same way as the corresponding 
facts in the case of regular differential systems.* 


Lemma II. Jf A?—130 in an irregular differential system of order two 
and type M, 
1 
D  Cu(up™[1] + + (— 1)"e*[1]) 
where u=2(A?—1)i/Cy, on S¥ and Syy respectively. Furthermore, 
<K St 
=A, pond i, 
+ + ( 1)"(1]| 
1 
= 
| — 1) [1] + + [1] | 


K, pon Si. 


The first part of the lemma is a restatement of Theorem II. 

In order to prove that |e%*[1]+pyp™@er[1]+(—1)¥[1]|21/K>0 on S/ 
we show that the equality e”#[1]+ppMe'[1]+(—1)”[1]=n, where |n| is 
small, requires that p lie near one of the characteristic values on the first 
quadrant. We let p’ be a value of p satisfying this equation, which we can 
write 
(= = oft] 


0. 
up 


* Birkhoff, Rendiconti del Circolo Matematico di Palermo, vol. 36 (1913), p. 120. 


| 
| 
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In the function e”*[1] +yp™e**[1] + (—1)”[1] analytic 
in p on the first quadrant, we write p=p’+£, || <e, where ¢ is the radius of 
the circles o described above. We obtain the function 


(o’ + + ( — 1)¥[1], 


analytic in On multiplying it by |&|<e, the term 
[1] being the last such term in the preceding expression, we find a function 


i- ( — et + 


where ¢ is analytic in ~ for each pair of values p’, 7, and where also 
p’, uniformly, |E|<e, SH. For all <n’ where 7’ 
is sufficiently small 


— e#| >5>0, =e; 
and arg (1—(—1)”+'n—e-*t) changes by 27 when £& describes the circle 
=e. We determine R’ so that 


lal sn’, |e’ ler’. 
2 


Then arg (1—(—1)”+'n—e-*€+¢) changes by 27 when é describes the circle 
|¢| =e; and the function itself vanishes in the circle. In other words, there 
is a characteristic value within distance ¢ of p=p’ if |n| <n’, |p’|2R’; and 
p’ then lies in a circle ¢. Hence, for |p|=R’ on S/ we have 


| + upMert[1] + ( — 1)¥[1]| > 7’, 


as we were to show. The statement of the lemma follows at once. Similar 
reasoning applies on Syv. 
We now demonstrate 


THEOREM V. For an irregular differential system of the second order of 
type M 


8\ k+l a*G a*G 0 1 
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uniformly, 0<aSx<b <1, where k=0,1,2,---,12M, f(x) is summable 
on (0,1), and 
0 
Fy x(x, y,p)= + Agr(x)Ba(y), 
s=0 a+f=k—s 
1 
s=0 a+fpmk—s 
0 
Fry x(2,9,p)= — (— (x) Boy), 
s=0 
1 a=k 
Fry x(x, y,p)= + Aax(x)Ba(y). 


The functions A(x), B(y) are those defined in our preceding paper in Theorem 
III’ and Lemma XIV. The expression 


1 oF 1 MM k+l 
—_ — i-— G(x,y ; A)dAdy, 


k=0,1,2,---,12M, is therefore equivalent on any interval (a,b) to a 
linear combination with coefficients Aa(x) of means of order k+l, formed 
rom the Fourier series and their derived series up to order k for the functions 
f(x)Bo(x)=f(x), f(x)Bi(x), ---, f(x)Bi(x). On any interval (a, b) the ex- 
pansion problems associated with an irregular differential system of the second 
order of type M are thus phrased as problems in the theory of Fourier series. 
In particular 


1 r4 
lim fof (1 Glx,y ; d) — G(x,y = 0, 12M, 
0 


uniformly, 0<asxsb <1. 


On putting 
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W = w'(0) + Au’(1) + Bu(1), 
W2(u) = u (0) — Au (1), 
ue (y) 


T1 T2 


7101 + = 
121(y) v2(y) (9) 


uy'(y) ua’ (y) 


we can write 


(x) (x) 0 
+ + — u2’(0)02(y) 
W 2(11) W 2(u2) — Au = u2(0)v2(y) 


2 
W (us) 


W2(u1) 


Employing a familiar notation, we have on S/ 


2p{ ; — = {Fra 5 
+ ma(x,y,0)/o} , 
W (us) = pilt] + Apier [1] + Ber*[1] = pm(o), 
W 1(u2) = — pi[1] — Apie-*[1] + Be-**[1] = pm(p)e-**, 
W (us) = [1] — Aer*[1] = m(p), 
W2(u2) = [1] — = m(p)e~*, 


A Bi. 
Auy'(1)0:(y) + Bur(1)oi(y) — u2’(0)02(y) = 
— 3 eriv[1] = m(y,p), 
— Au; (1)01(y) — u2(0)v2(y) = m(y,p)/p, 
Au;'(1) f o:(y)dy + Bur(1) f — f oo(y)dy 
= m(x,p)/p, OS 
m( x, p) 


= A(t) vi(y)dy f v2(y)dy = 0 a 


p? 


— 
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The la - two results are consequent upon the fact that 


z —i — eri(l—z) — gpi(l—a) 
a 2p Ja 2p - 


+ [olay = 
p Ja 


f v2(y)dy = = m(x,p)/p?. 


Finally 
1 
= = tm(p)er* 
Wile) | + + (— 1)™[1]) 
W2(u1) W2(u2) 
by Lemmas I and II. Hence on Sy we find 


+ pi +kerizms(x,y,p) + 


p 
+ s(x, p) pM p). 


By Lemmas III, V’ of our antecedent paper, 


J axt I,k,“I,k P, = 


I 


is uniformly bounded, 0 <asx<b <1,0<y<1, for all y; on Sf. Lemmas V’ 
and VI’ show that 


z k+l 
lim f f (1 Fis} )dpdy =0, /2M, 


and also 


li (1 {~~ Fr } 0, 12M 


| 
| 
| 
| 
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uniformly, 0<as<x<b<1. An application of the theorem of Lebesgue* 
quoted as Theorem IV in our previous paper shows that 


k+l 


uniformly, 0<asx<s6b <1. 
Since and on are changed formally into u, and on Sty when p 
is replaced by —p, it is possible to obtain the asymptotic form for 


Ox* Ax* 


on S/ by replacing p by —p in that established for Syy. Thus we see almost 
immediately that 


k+l a*G arG 


- )dedy =0, /2M, 


uniformly, 0<asxsb <1. 
By Lemma XIII of our preceding paper we have 


f (1 ~~)" Gandy, 


and it is easy to complete the present theorem in a manner analogous to 
that used for Theorems XXXII and XXXII’ of that paper. For k=0, 


0 1 
= — Ase ~ 


0 1 
Free + = Five = + 


We know that 


im f 100) 1— —) (G — { — — = 0,1 2 0, 
0 R8 


lim J (1 - (G — ; \dpdy = 0, 120, 


* Lebesgue, Annales de la Faculté des Sciences de Toulouse, (3), vol. 1 (1909), pp. 52-55. 


| 
| 
| 
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uniformly, 0 <as<xsb <1, as the evaluation of these limits occurs in the 
proof sketched for Theorem IX’ in our paper on the regular expansion 
problems. It is immediately evident that 


tim f f (1 - ~\e- Gandy =0, 12M, 


uniformly, 0<a<x<b<1. This completes the proof of the theorem. 

From various known properties of Fourier series and the term-by-term 
derivative series of Fourier series, we deduce the theorems which follow. 
The details of proof are strictly analogous to those given under the cor- 
responding theorems of § VI of the paper on Birkhoff series. 


THEOREM VI. The expansions 


associated with an irregular differential system of the second order of type M 
are such that their behavior at x=, interior to (0,1) is independent of the 
nature of the summable function f(x) outside an arbitrarily small neighbor- 
hood of xo. 


THEOREM VII. [If f(x) is summable, 0Sx <1, 
k+l 
tim 100). (1-2) Mandy = 12) 
almost everywhere, 0<x <1, if l=M; if f(x) is continuous ihe convergence 


is untform, 0<asxsb <1. 


TueoreM VIII. If g (x) is a k-fold integral in the sense of Lebesgue, 
O0<x31, then 


x4 k+l 

(1 “ ~) G(x,y = 12M, 
ro 

almost everywhere, 0<x <1; and if g(x) is continuous the convergence is 


uniform, 0<asxsb <1. 


IV. THE IRREGULAR EXPANSION PROBLEMS OF TYPE 1 


If in our differential system we take g(x)=0, there results a special 
system which is of type 1 or of type 2. Hence it is only in the case of systems 
of type 1, B+0, that we can compare the systems 


| 
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u’ + (A+ =0, u’+ru=0, 
u'(0) + Au’(1) + Bu(1) = 0, u’(0) + Au’(1) + Bu(1) = 0, 
u(0) — Au(i) = 0, u(0) — Au(1) = 0. 


If we denote by G, G the Green’s functions for these two differential sys- 
tems respectively, it is our purpose to study the integral 


1 1 


It will be seen to have the limit zero uniformly, 0<asx<b <1, asym. 
We then make a special study of the second system, with interesting results. 
The notations p, >’, Si, Siv, T, v1, yrv, R, C, have meanings entirely 
analogous to those in § III. We do not go into details. 
We first prove 
Lemma III. On Sj, +upe*[1]+(—1)[1]) = 
[1], and on Sty, +[1]) = [1]. 
If «=O the lemma is Lemma VIII’ of our preceding paper. If 1¥0 we 
recall that in the term ype*‘[1], [1]=1+£,(p)/p*. Consequently 
e+ 1) _ + — [1]) + [0] 
+ + ( — 1)[1] e**[1] + + ( — 1)[1] 
[0] 


+ + ( — 1)[1] 
= [1], 


by Lemma II, for all p on S{. Similar reasoning applies to the expression 
on Sty. 
We can now obtain 


THEOREM IX. [If f(x) is swmmable on (0, 1), then 


1 x4 l = 
lim f (1 ~) G(x,y;) — G(x,y;A))dAdy =0, 120, 
Cy 


0 


uniformly, 0<asx<b <1. 


We first show that 


1 
lim 1——})(G—G)2pdpdy = 0, 120, 
pm ( )2pdpdy 


uniformly, 0<asx<b <1; the result holds if y; is replaced by y1v, by 
reasoning whose details are now familiar; the theorem follows immediately. 


: 
| 
| 


ep 
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We find by expanding the formula of Theorem V 


2pG(x,y ; = 2p{ui(x)oi(y) ; — } 


B + uper*[1] — [1] 


where 


= — — A + — 


2A*ip[1] — Ae*‘[c] — Ber‘[1] = 2ip[A?], 
612 A (1#2(1) (0) + Buz(0)u2(1) 


— 2Aipe*i[1] — = — 2ipei[A], 


= A(1;(1)u'(0) + uy'(1)1(0)) + Bu;(0)u;(1) 


| 


= 2A ipe**[1] + Bert[1] = 2iper*[A], 
= — + A + + 
= 2ip[1] + Ae**[c] + Ber*[1] = 2ip[1], 


for p on S{. Using the asymptotic forms for 1, us, 2,, v. and the result of 
Lemma III we find 


2pG(x,y = { ieri(2—v) [1] [1 ]} 


B + — 1 


» 


where the terms [A] in the numerator are of the forms 


pi p? 
and where 
Au(x,p) = 2p[A?], 
Ain(x,p) = — 2p[A ] 
An(x,p) = 2e[A] , 


Aoo(x,p) = — 2p[1] . 


| | 
| 
| 


42 M. H. STONE [January 


In particular we have 


2G (x,y p*) { — — } 
1 


B (= + — 1 


) + Aro( x, plerizeriv 


+ Ao(x, +. Aoo(x, erin) 
for p on Sj. 
We see immediately that for p on Sy 


2p(G(x, — G(x, y = y,p)/p ; a(x, y ; p)/p} 


+ + -=)m (x, y,p). 


Thus, by Lemmas III and V’ of our preceding paper, 


2G —G)dp, 120, 
R8 


is uniformly bounded, 0 <as<x<b <1, for all on 
To discuss the integral 


z p 
> 
we observe that 


z pi(i-—a) — gpi(i—z) 
f + Buy) +=) dy = 
a pt p? pt 


By(x)er*'-=) — By (a)erti-a) 


p? 


+ 
p? 

eri(l—a) — p) 


pt p? 


= 
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Thus we have 


f 2G — G)dy = f { ; y,0)/p} dy 


ert 
B + — 1 


- ) 


where the coefficients of e**”, e?*'-*) are of the form m;(x, a, p)/p, m4(x, a, p)/p 


respectively; we compute, for instance, 
a= eri(l—z) 


f [Au] = (Au(x,p) Au(z,)) 
a 


p* p? 


= m(x,a,p)/p. 


Hence we find 
f — G)dy (x, y,p)/p ; y,p)/p} dy 
+ + 


Lemmas V’ and VI’ of our antecedent paper show that 


z I 
f (1 2p(G(x,y ; p?) — G(x,y ; p?))dpdy— 0, 120, 
a vr 


as R->o, uniformly, 0<asx<bd<1. 
The reasoning then follows the usual channels until we have 


1 1 
im f (1 20(G(x,y ; — Gla,y; = 0, 120, 
R® 


uniformly, 0<a<x<b<1; and 


1 x4 
tim (1 ~) Glx,y ;) — G(x, y ; = 0, 120, 


uniformly, 0<a<x<b<1. The proof is thus completed. 
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Because of the result just obtained, it is of interest to study the dif- 
ferential system 


u’+ru=0, A = 0s2z381, 
u’(0) + Au’(1) + Bu(i) = 0, B#0, 
u(0) — Au(i) = 0. 
We find that there are three cases to consider according as A= —1, A= +1, 


A?—10; we shall call them Cases I, II, III, and take them up in order. 
In Case I the differential system and its adjoint are respectively 


+ pu = 0, v’ + = 0, 
u’'(0) — u’(1) + Bu(1) = 0, v’(0) + — Bo(0) = 
u(0) + u(1) = 0, — v(1) = 0. 


The characteristic values of p are found from the equation e**—e**=0; 
in fact, they are all simple and are given by p=kr, k= +1, +2,---. 
We need consider only positive values of k. The corresponding solutions 


of the differential system are then 


24/2 

= sin rx + COS Tx, = sin rx,, 
2/2 

= sin 2rx, ve = sin 2rx + 2m cos 2rx, 
2/2 

Uom = sin 2mrx, Vom = 4/2 sin + 2mr cos 2mrx, 


2/2 
Uome1 = V2 sin (2m + + (2m + cos (2m + 1)rx, 
Vomer = 0/2 sin (2m + 1)4x, 

as can be verified by direct substitution. For these solutions we find 

0,ixk 

0 1,7=k 
The expansion problem is therefore that of representing an arbitrary 
summable function in terms of the infinite series 


1 
0 


k=l 
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The sum of the first N terms of this series can be written 


k=N k=N 4 k=N 
= >, sin + — — (ax" cos krx + 5," sin 
kewl kel B dx 

where 


1 
a’ vif f(y) sin krydy, 
0 


1 
- cos 2mrydy, 
0 


= 0, 


ben = 0, 

Domi = fo sin (2m + 1)rydy. 
0 


If F(x) is defined for the interval (0, 2) by the equations 
Fi(xs) =0, OS 
f(x — 1) + f(2 — x) 


= 


its expansion in terms of Fourier series on the interval (0, 2) is given by 


Aot+ (Ax cos krx + By sin 


k=l 
where 


1 2 
Ao = Fi(y)dy, 
2J 0 


2 1 + f1-— 
A, = cos krydy Ky) cos kr(y + 1)dy = 
0 0 
Ky) +f - 
B,= sin krydy = f Ky) ») sin kr(y + 1)dy = by’, 
0 0 
by a series of obvious manipulations. In other words, the expression 
k=N d 
0+ — (a,” cos krx + b,” sin krx) 
kel GX 


is the sum of the first 2N+1 terms of the term-by-term derived series of 
the Fourier series for F:(x), a function identically zero, O<$”%<1. We recall 
at this point some of the theorems concerning the derived series of Fourier 


— 
| 
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series. In particular the Cesaro mean of order />0 for the present series 
converges uniformly to zero, 0<aSx<b<1.* The term a,'V/2 sin krx is 
the ordinary sine series on (0, 1). 

Thus from Theorem VI of our preceding paper and Theorem IX of the 
present one we have 


THEOREM X. If G(x, y;) is the Green’s function for an irregular dzf- 
ferential system of the sound order of type 1, Case I, and if f (x) is summable 
on (0, 1), then the expression 


1 r4 l 
(1 ~) G(x,y A)drdy, 2 0, 
1 0 Cy A, 


is equivalent on any interval (a, b) completely interior to (0,1) to a sum of 
means of order | formed from the sine series on (0,1) for f(x) and from the 
derived series of the Fourier series on (0, 2) for Fi(x), where Fy(x) is the function 
defined above. In consequence, 


lim fof (1 ~) G(x,y ; = f(x), 0, 


almost everywhere, 0<x<1; the convergence is uniform on (a, b) if f(x) is 
continuous on (0, 1). 


This theorem is stronger in the case M=1, A =—1, than Theorem V; 
it has also the advantage of revealing clearly the precise nature of the ir- 
regularity in the expansion problem. 

In Case II, A = +1, we obtain entirely similar results. The differential 
system can be solved and the formal series set up as before. It is found that 
the expansion of an arbitrary summable function f(x) is representable as 
the sum of the sine series on (0, 1) for f(x) and the term-by-term derived 
series of the Fourier series on (0, 2) for F2(x), where 


F,(x) = 0, 


f(2 — x) — f(x — 1) 
2 ? 


Il 


F,(x) = 


It is therefore possible to state the following theorem. 


* W. H. Young, Proceedings of the London Mathematical Society, (2), vol. 13 (1914), pp. 
13-28; also § VI of our preceding paper. 


= 
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TuHeoreM XI. If G(x, y;X) is the Green’s function for an irregular 
differential system of the second order of type 1, Case II, then the expression 


(: -~) Gu, y ;A)dddy, 120, 


formed for any summable function f(x), 1s equivalent on any interval (a, b) 
completely interior to (0, 1) to a sum of means of order | formed from the sine 
series for f(x) on (0, 1) and from the derived series of the Fourier series for F,(x) 
on (0, 2), where F2(x) is the function defined above. In consequence 


tim fi ~) G(x,y ; = f(2), 0, 


almost everywhere, 0<x<1; the convergence is uniform on (a, b) if f(x) is 
continuous on (0, 1). 
To discuss Case III, A?—1+0, we first prove 
Lemma IV. If p=r+is, 0<C<|yl, then 
1 
upert — 1 


s Ke'/r, OssslogCr, r20, 


for |p| sufficiently large; and 
1 


Ke-*/r, —logCrsss0, r20, 


for |p| sufficiently large. 


We take up the first inequality only, the other being treated similarly. 
We have 


+ uperi — 1 = pper*[1] — 1. 
Hence 


| + upert — 1| = |uper*[1] 


e* 
+ =) + isinr) [1] —— 
r 


is 
= »OSsS logCr,r20, 
r 


for |p| sufficiently large, since the term in the last parenthesis has the 
positive limit |u]—C as |p|, uniformly for the range of s considered. 
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We can now prove 


THEOREM XII. If G(x, y;X) is the Green’s function for an irregular 
differential system of the second order of type 1, Case III; G(x, y; X) is the 
Green’s function for the Fourier differential system of the second order 


+ ru = 0, 
u'(0) — uw’(1) = 0, 
u(0) — u(1) = 0; 
and g(x) is of bounded variation on (0, 1); then 
1 
Cy A,4 
uniformly, 0<asx<sb<1. Thus 
x +0) + —0 
0 Cy 


O<x<1; the convergence is uniform on (a,b) if g(x) 1s continuous on 
(0, 1). 

It suffices to prove the theorem for a monotone function g(x) and, by 
Theorem IX, the Green’s function for the system 


u’+ru=0, 
u’(0) + Au’(1) + Bu(1) = 0, 
u(0) — Au(1) = 0, B(1 — A?) #0. 


We apply the second law of the mean for integrals to the expressions 


1 m/(p) 
ff = o(+ 0) f + 9(1—0) = ——, 
0 0 p 
m(p) 
f = o( + f eriudy + o(1—0) = 
0 p 


On substituting these results in the expression for G given in Theorem IX, 
we find 


ff (1 G(x,y p*)dy { — jeri(z—v) 
0 


& 1 iz i(1—z) 


1—-— 


R8 


+ — 1 
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We now show that 


lim d, 
YI 


= 0 
+. pert — 1 


uniformly, 0<asx<b<1. To do this we write p=Re®, 0<0<7/2, on 1, 
and then investigate the integrals for 0,505 7/4, 7/4505 7/2, 
where 6; satisfies the equation R sin log CRsin6,. That exists 
and is unique is seen very readily; it is the argument of the point of inter- 
section of y; and the curve Cr=e*. Then we have, if 6>0 is the lesser of a, 
1—b, and if |m|<M/2, |m:|<M/2, because of Lemma IV, 


A 
0 


Re‘*do 
cos 6d6 


0 + ppe’* —1 


MK — 
cos, R(1 — 4) 


MK 


61 
f (1—-8)sin? cos = 
0 


MK —1 
= 0, 0, 
R(i — 6) 


as Ro. Again, by Lemma II, 


| MK e~ Rdg 


+ per? — J 


5Rsiné R cos 6d8 = eRésin(x/4) _ e~ $Rsin 61) 
cos (1/4) Jo, 5cos (2/4) 
MK 


= _ (CR cos + 0 
5cos(71/4) 


as Finally 


| < MK 0 


ria ++ per? — 


as Roo. We have established the desired result. 


It follows at once that 


1 1 
lim f (1 “) (2pG — { — 5 — } y =0,/20, 
% 


0 
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uniformly, 0<a<x<b<1. We know that we can replace G by G, the 
Green’s function for the differential system 


u’ + ru =0, 
u’(0) — w’(1) = 0, 


u(O) — u(1) = 0, 


in this expression. Thus 


1 l = 
lim e(y) (1 20G—G)dpdy=0, 1 
0 N 


Ro 


IIV 


0, 


and 


1 4 l 
lim { e(y) f (1 (G(x,y — G(x,y ;A))dAdy = 0, l 
0 Cy 


uniformly, 0<@sx*<)<1. The remainder of the theorem follows at once. 


IV 


The differential system 


u’ + ru = 0, 0Os2x381, 
u’(O) + Au’(1) + Bu(1) = 0, 
u(O) — Au(1) = O, B#0, 


was so considered in Cases I and II that knowledge concerning the behavior 
at x =0 and at «=1 of the expansions associated with them was contained 
in the theorems proved; these two points are obviously points at which the 
irregularity of the differential system renders the expansions especially 
peculiar. In Case III we must study the expansions at these points sep- 
arately. We take the characteristic equation in the form sin p= gp instead 
of e?'+pup—e-*'=0. For large |p| the characteristic values corresponding 
to roots of this equation are all simple. We denote them by pk, px41, 
pKs2,- Where R=A, A+1,---. Since A?—1+0, the 
functions 

U,=sin sin 
and 

V,=A sin —sin p,(1—2x) (k=K, K+1,---), 


satisfy the differential system and its adjoint for p=p,. 


- 
— 
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Then 
1 
0 


1 1 
f U,Vidy = af (sin? pxy — sin? px(1 — y))dy 
0 0 


1 
+(A? — 1) f sin prey sin px(1 — y)dy 
0 


A?—1 1 
= (os pr(2y — 1) — cos px) dy 
0 


= COS pk — = COS pk — mM). 


The expansion of an arbitrary summable function thus takes the form 


k=K 1 k=o 2 U 
| + f May. 
0 


kel J0 kek 1— A? cospe—p 


In the case that A =0, the boundary condition u(0)=0 shows us that for 
x =0 this expansion converges to zero; hence we consider the case x =0 only 
when A #0. We shall discuss the convergence at x=0, x=1 of the above 
series for a function f(x) continuous with its first three derivatives on (0, 1). 
It is unnecessary to treat the first A—1 terms for our purpose. We have 


at once 
1 y=! 
f = — f(y)(A cos pry + cos — y))/px 
0 yv=0 
y=) 
+ f'(y)(A sin — sin — y))/px? 
y=0 
y=1 
+ f’"(y)(A cos pry + cos px(1 — y))/p8 
y=0 


1 1 
pe 0 


The first two terms combine as (@ cos px +8)/p,; where a, 8 are constants; 
a, in particular, is the expression f(0)—Af(1). Since we have 
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erg ( cosh?s,¢ cos?v,é + sinh?s,é sin?r,£)*/* 
Pk | Pk | 
= (cosh*s,¢ — sin®r,¢)/? < cosh | | 
| Pk | 
cosh s;/ | px | < Q 
for OS ES1, by the results of Theorem IV, 
we can write the sum of the last two terms as m;/p2 where m, is bounded, 
k=K, K+1,---. We have, then, to consider the series 
2 U(x) + M icf k ) 
kak 1— A? px cos — pi? (Cos 


at x=0, x=1. Since sin p,=fip, these series are 


acosp~re+ M KP k 
COS Pk — Px (COS 


+8 M k ) 
COS pk — pi’ 


Since cos p, = + Vi-—sin = + V1— we have 


and the series cos (cos is divergent. Similarly, we ind 


M 
< —- (k= K,K+1,--:). 


MkPk 


px*(COs — 


Since by Theorem IV }5°1/|p;,|? is comparable to 5°1/k?, the series 
> mips pz (cos is convergent. Lastly we show that }>1/(cos p:—@) 
converges. If C; is a simple closed contour on D’ surrounding px, - - - , pK+1, 
then 


i f dp 
kek COSpr—fi Jc; sinp — pp 
by the theory of residues. We shall take C; as being the contour made up 
of two concentric semi-circles on =’, namely To and y1+7rv, joined by 
segments of the imaginary axis which we shall call y; and 4 respectively. 
We find 


7,sin p — 7, Sin p — 


k=o@ 
1—A? 
COS px 
lien inf | > 0, 
COS pr — 
| 
f dp [ dp 
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by replacing p by —p in either integral. By work like that of Theorem XI] 


dp 2ie?*dp dp 
“sin p — pp va + — I ‘iv sin p — pp 


as Rx. By the use of these facts we find 


we have 


k=K+1 1 dp 
lim 2, | 


and the desired result is proved. 

In short, if a=f(0)—Af(1) is different from zero, the expansions for 
f(x), continuous together with its first three derivatives on (0, 1), in Case III 
diverge at x=0 and x=1, except when A =0, x=0; if a=0 they converge, 
In Case III, therefore, the expansions present special irregularities at the 
end points of the interval of definition. 

CotuMBIA UNIVERSITY, 
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SOME PROBLEMS IN THE THEORY OF INTERPOLA- 
TION BY STURM-LIOUVILLE FUNCTIONS* 
BY 
CAREY M. JENSEN 

A problem which receives a large share of attention in modern analysis 
consists in the determination of the properties of linear combinations of 
orthogonal functions, particularly with reference to the possibility of obtain- 
ing, by these combinations, approximate representations of certain classes of 
functions. Let go(x), gi(x), - , denote a sequence of functions ortho- 
gonal in the interval a < x < b, and let f(x) represent an arbitrary function. 
The linear combination 


(1) aogo( +aigi(x)+ 


where the coefficients are defined thus: 


(n=0,1,---,p), 


f (x)dx 


is studied with reference to the question of its convergence toward f(x), as p 
is allowed to increase without limit. The classical example of such series is 
the Fourier cosine series. 

The value of the coefficient a,, as defined above, depends upon the 
behavior of f(x) everywhere throughout the interval a < x < b. Another 
class of problems arises if the coefficient is defined so that its value shall 
depend upon the values of f(x) only at discrete points of the interval. In 
particular, let the interval a < x < b be subdivided into p equal parts by the 


a 


points % = @, %1, %2,+-°+,x*, = b, and consider the sum 
(2) x) +appyp(x), 
where 
Pp 
Do’ xe) 
k=0 
anp = (n=0,1,---,), 


* Presented to the Society, April 19, 1924; received by the editors in January, 1926. 
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(xx) 

k=0 
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the symbol >)’ being used in the following sense: 


Pp 
= 
k=0 


1 
vot 
2 


The expression given in (2) will be referred to as the interpolating formula, 
of order , for f(«) with respect to the orthogonal system ¢(x), ¢i(*),---, 
in the sense that it is a formula of approximation determined by the values 
of f(x) at a finite number of points, not that it necessarily takes on the values 
of f(x) at these points. The classical example of such a formula is found in 
the cosine interpolating formula, which, as we shall presently indicate, may 
be regarded as a special case of the ordinary formula for trigonometric 
interpolation. Investigations into the properties of the latter, by de la Vallée 
Poussin,* Faber,t Jackson,t and others, have yielded results which are note- 
worthy because of their close parallelism, both in substance and mode of 
attainment, to those obtaining in the case of Fourier series. Further problems 
suggested by a consideration of (2) are quite similar to those studied in 
connection with (1), but in the case of (2) the solutions have not, in general, 
been so extensively worked out. 

The particular orthogonal function system with which we shall deal in 
this paper is formed by the characteristic functions of the so-called Sturm- 
Liouville differential system 


u!"(x) + [p2—d(x) =0, 
(I) u’(0)— hu(0) =0, 
+Hu(r) =0, 


where / and H are real, but unrestricted as to sign, and A(x) is for the present 
merely defined and continuous in the interval 0 < x < x. Let the solutions 


of this system corresponding to the characteristic numbers p?, p?,--- , 
arranged in order of magnitude, be denoted by w(x), m(x),---, and 


consider the sum 


Dol f(«)] = x) +++ +apptt,(x), 


* C. de la Vallée Poussin, Sur la convergence des formules d’inter polation entre ordonnées équi- 
distantes, Bulletins de l’Académie Royale de Belgique, Classe des Sciences, 1908, pp. 319-403. 

t Faber, Uber stetige Funktionen, Mathematische Annalen, vol. 69 (1910), pp. 372-441; pp. 
417-424, 

t D. Jackson, On the accuracy of trigonometric interpolation, these Transactions, vol. 14 (1913), 
pp. 453-461, pp. 453-456. 


j 
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where 


Pp 


f(x) xx) 
(n=0,1,---,p). 


u,2 (x2) 
k=0 


The expression >>| f(x)], which will be referred to as the Sturm-Liouville 
interpolating formula for f(x), constitutes the subject for investigation. 

In the discussion, some reference will be made to sums closely allied, in 
one way or another, with >°,|/(x)]. These are the following: 

(a) the partial sum of the Sturm-Liouville series, 


f 
a, = 


f u,?(x)dx 
0 


(b) the cosine interpolation formula, of order 9, 


where 


T f(x) ] =aop +a1,cosx +a2,cos2x + 


where 
p 
f( xx) cos nx, 


k=0 


Pp 

9 
>.’ 
k=0 


(c) the partial sum of the Fourier cosine series, 


f(x) ]=ao+a1cos x + agcos2x +--+ +a,Cos px, 


f(x) cos nx dx 
0 
an = . 


where 


f cos* nx dx 
0 


It should be noticed here that if we specialize the Sturm-Liouville dif- 
ferential system by setting h = H = 0, (x) = 0, the resulting characteristic 


solutions are precisely the cosine functions. Furthermore, it can be readily 


shown that, if f(x) is defined outside the interval 0 < x S$ msoas to makeit 
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an even periodic function of period 27, then the ordinary formula for tri- 
gonometric interpolation, using an even number (29) of interpolating points* 
evenly distributed throughout the interval 0 < x < 27, reduces precisely 
to the cosine formula 7,,[ f(x)]. An analogous relation exists between ¢,[ f(x)| 
and the partial sum of the ordinary Fourier series. 

A brief outline of the topics to be treated is as follows. In the first section 
are listed a number of facts concerning the nature of the characteristic num- 
bers and solutions of the Sturm-Liouville differential system. In Section 2 
there is outlined a proof of the convergence of >_,| f(x)] to f(x), provided f(x) 
satisfies suitable conditions, followed in Section 3 by a detailed proof of the 
so-called “equivalence” theorem. In the last section there is outlined briefly 
the method by which we establish another theorem, concerning the rapidity 
of convergence of >>,[¢,(x)] to ¢,(x), where ¢,(x) is itself a Sturm-Liouville 
sum. The statement of a corollary, relative to the rapidity of convergence 
of >>,[f(«)] to f(x), when the latter satisfies a Lipschitz condition, concludes 
the paper. The analysis is rather laborious, especially in the last section, and, 
to keep the paper from running to inordinate length, the exposition has been 
much condensed. It is believed, however, that the indications are sufficient 
to enable the reader to supply the missing details with reasonable directness 
(except possibly in the case of Theorem IV, which is merely stated without 
proof, and of which no further use is made). Copies of a more complete 
version in manuscript are on file in the library of the University of Minnesota 
and in the library of the Society. 

1. Preliminary statements. (a) The solutions of the system 


+ [p?—d(x) ]u(x) =0, 
u’(0)— hu(0) =0, 


cannot be essentially complex, provided that p?, #, and (x) are real. 

(b) There are infinitely many real values of p? for which the system (I) 
is compatible; they have no cluster point in the finite plane, and only a 
finite number of them can be negative. To each of these values of p* cor- 
responds a solution u(x) uniquely determined except for a multiplicative 
constant. 

(c) If the index” be chosen such that p? <p? <p.” - - - , then the char- 
acteristic function u,(x) corresponding to p, will possess precisely zeros 
in the intervalt 0 < x < =. 


* Cf. de la Vallée Poussin, loc. cit., p. 370. 
t M. Bécher, Lecons sur les Méthodes de Sturm, p. 69. 


" 
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(d) When wis sufficiently large so that p,?2 > 0, the following asymptotic 
formula holds :* 
h sin 


1 z 
= COS ———— + — f A(t) p(t) sin 
Pn Pn 0 


(e) Ifp, > 0, thent 


pr=n+—, 
nN 
where p, denotes the positive square root of p,?. 
(f) If X(x) is further restricted so as to possess a continuous derivative 
n the interval 0 < x S 7, the last asymptotic relation is capable of further 
refinement, as indicated thus :f 


where C is independent of n. 
(g) UUder the hypothesis just stated,§ 


B(x) sinnx a(x, n) 
u,(x) = cos nx + — + — 
n 


where 6(x)is independent of ,and has a continuous second derivative in (0,7). 

It will be assumed throughout the remainder of this paper that \(x) does 
possess a continuous derivative in the interval0 < x < z. 

2. Convergence of the Sturm-Liouville interpolating formula. The proof 
of the equivalence theorem, which will occupy our attention in the following 
section, depends in part upon the uniform convergence to the right values of 
the Sturm-Liouville interpolating development of an analytic function. The 
demonstration of this fact will be outlined in the present section, although, 
instead of limiting ourselves to the consideration of analytic functions, we 


* Kneser, Darstellung willkiirlicher Funktionen, Mathematische Annalen, vol. 58 (1904), pp. 
81-147; p. 118. 

t+ Cf. Kneser, loc. cit., p. 120. Throughout this paper, any functional symbol involving x 
and one or more integral parameters, either as arguments or subscripts, shall denote a function 
of x continuous in the interval 0<x<-z and uniformly bounded for all values of the parameters 
involved, and, likewise, any letter affected with one or more subscripts shall denote a constant 
with respect to x bounded for all values of the subscripts, with the exception of pn, which is the 
standard notation for the characteristic numbers. 

t E. W. Hobson, On a general convergence theorem, and the theory of the representation of a function 
by series of normal functions, Proceedings of the London Mathematical Society, vol. 6 (1908), pp. 
349-395; p. 378. 

§ Cf. Hobson, loc. cit., p. 378. 
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shall indicate the proof for a wider class of functions, namely, those satisfying 
Lipschitz conditions. The method to be used parallels to a large extent that 
employed by Jackson in establishing the order of convergence of the Sturm- 
Liouville series.* The theorem to be proved may be stated as follows: 


TueoreEM I. Jf f(x) satisfies a Lipschitz conditior., 
| f( x2) —f(41) | S 
throughout the interval 0 <= x S 7, then 


lim >>, [ f(x) ]=f(x) 


uniformly in the interval. 


The proof consists mainly in obtaining a suitable dominating expression 
for the difference a,,u,(x) — @,,cosnx. The essential properties of the coef- 
ficients a@,, are brought out in the following lemmas. 


Lemma I. If f(x) satisfies a Lipschitz condition 


| f( x2) —f(x1) | Sy |x 
throughout the interval O x S thent 
Tn 
—| cos | = 
| n 
1/2, up 
k=0 


The method by which these results are obtained is set forth in a paper by 
Jackson, although under somewhat different conditions with regard to the 
function f(x) and to the length of interval over which the summation is 
extended. The proof, as adapted to the particular situation under consider- 
ation, is similar in character. 


* Jackson, On the degree of convergence of Sturm-Liouville series, these Transactions, vol. 15 
(1914), pp. 439-466; see pp. 453-456. 

+ When no confusion is likely, the same letter may be used to denote different constants or 
functions, subject to the conditions laid down in a previous footnote. 

{D. Jackson, On the order of magnitude of the coefficients in trigonometric interpolation, these 
Transactions, vol. 21 (1920), pp. 321-332; pp. 323, 324. 
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Lemma II. For all values of p > n > 0, 


+72) ( 1 2 1) 
[ = p n2 
=) 51, 9-2), 
| 


where s denotes p/2 or (p + 1)/2, according as p is even or odd. Whenn = p, 
the factor 2/p must be replaced by 1/p. 


The expression }>’u,?(x,) is different from zero in all cases, since u,(0) 
= 1. Squaring both sides of the equality 


B(x) sinnx a(x, n) 
Un(x)= cos nx + 
n n? 


we obtain an expression for #,°(«) of the form 


B(x) sin 2nx y(x, n) 
(x)= cos? nx + + 


2 


Writing cos*wx = 3(1 + cos2nx) and performing the indicated summation, 
we obtain, form = 1,2,---,p—1, 


1 1 P. Tn 
(3) (xn) = p (> +—- sin 2nx, + 
k=0 


Np k=O 


since >>’ cos 2nx, = 0. The modification for the case n = pis apparent, and 
need not be explicitly mentioned further. Let us consider the sum 


1 
— >’ B(x,) sin 
k=0 
For m = 1,2,---,s — 1, the fact that 27 < p, together with the additional 


fact that 6’(«) is continuous, permits the application of the preceding lemma 
to the sum in question, enabling us to write 


1 Tnp 
> sin 2nx,.= (n=1, a, -++,s—1), 
k=0 n 


and, from (3), 


1 


2 n? 
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For = s,s +1,---,p — 1, the factor 1/m appearing in (3) is at most 
equal to 2/p, consequently 
1 
) 
k=0 2 p 


We are now prepared to consider the reciprocal of the sum. Choose 
N sufficiently large, so that 
1 


4 


Tap 


p 


for all values of x and p subject to the inequality p > m = N. It is then 
legitimate, for these values of the indices, to write the reciprocals in the form* 


4 


“(1+ (n=N,N+1,---,5—1) 
Pp —1 p n2 
k=O 2 Trp 
p p 
For the remaining values of n, ranging from 1 to N — 1, inclusive, we can 


choose rn», bounded for all values of p > n, so that the above expression for 
[ ©\’u2(x,)] still remains valid. The proof of this assertion is essentially 
contained in the facts that 7,(x) is continuous, and that >>’u;(x%) 21, since 
u,(x) is real and u,(0) = 1. 


Lemma III. ForO x S 7, 


| dn < — (n=1,2,---,)), 
n? 
where 

Pp 

un (2%) 

k=0 

Onp = 

u2 (xx) 
k=0 


— f(xx) cos 


k=0 


Qnp 


C being independent of p and n. 


* For present purposes it will suffice to use a less refined form of this equality, namely, 
8 2 Tnp 
| (n= 1,2, ,p-1), 
r=0 n 


but the proof of the equivalence theorem, in the next section, demands the more elaborate form. 


4 
— <—_ — |< —_ 
n? | 
- 
P 
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With the aid of the asymptotic formula for u,(x) and the preceding 
lemma we may write, form = 1,2,---,p — 1, 


ap i, 
= 2( 1+ E f( xx) cos 


k=0 


1 P 
+ — sin nx, 
np 


+ —- |. 
By Lemma I we obtain, in the product of the bracketed terms, a number of 
quantities of order 1/n?, the sum of which we denote by (rn,)/n*. Hence 


Anp = — cos + 


k=0 


Multiplying through by u,(x), expressed in its asymptotic form, and again 
collecting the terms of order 1/n?, we obtain finally 


2 
AnpUn(x) = —cosnx f(x) cosnmx, + 
p k=0 
x) 
= Gnp COS NX ——— (n=1,2,---, p—1). 


n? 


The lemma follows directly from the last equality. The proof for = pis 
obtained by replacing 2/p by 1// at the appropriate stages in the discussion. 

The subsequent procedure consists in expressing f(x) — >> ,[f(x)] as the 
sum of certain differences which can be made arbitrarily small by a proper 
choice of » and a subsidiary index NV. These differences will involve, besides 
terms of ,[f(x)], also terms from the sums a,[f(x)], T,[f(«)],and ¢,[f(«)], and, 
in order to simplify the notation, we let 


8&8 & 8 
a, 
Tr r r 


denote the sums of the terms of orders r to s inclusive, of the respective 
formulas. The following inequality will be employed: 


N N N N 
2) = 2) | | = | +| 
0 0 N N+1 0 0 
N Pp | N 
f(x) + + ¢ 


| 
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where N is an integer presently to be determined. Let the six terms of the 
right-hand member be denoted by D,, D2, - - - , De. Select any ¢ > 0; then 
choose WN sufficiently large so that 


€ € € 
D2 <—, Dg <—, 
6 6 6 


for all values of p = N + 1. Holding N fast, choose P so large that 


€ € € 
D<—, D3<—, Ds<—, 
6 6 6 


for all values of p = P. Adding these inequalities, we arrive at the conclusion 
that, corresponding to any e > 0, there exists an integer P, such that 


It remains to justify these inequalities. Applying Lemma III to Dz, we find 
without difficulty that 


The inequalities governing D,, D;, and D, depend on the uniform convergence 
to f(x) of ¢f(x)],* T,[f(x)],¢ and o[f(«)]t respectively. In regard to D, and Ds, 
we are dealing essentially with the difference between the integral of a con- 
tinuousfunctionand the finite sum which tends toward the integral as a limit. 
Since only a finite number JN of terms are involved, the conclusion is valid. 

3. The equivalence theorem. Let - - -, and io(x), 
represent two function systems, each orthogonal in the interval a < x S b. 
The statement that the two series§ 


n=0 


n=0 


* As the theorem on the convergence of Sturm-Liouville series is needed in any event (cf. 
footnote f), it is perhaps simplest in this connection merely to point out once more that the cosine 
series is a special case of the Sturm-Liouville series. 

t Cf., e.g., Jackson, these Transactions, vol. 14, loc. cit., see pp. 455,456. The passage cited 
deals, to be sure, with the case in which an interval of length 27 is divided into an odd number 
of equal parts, but the same method of treatment applies to the problem involved here, which, it 
will be remembered, is essentially that of representing an even function of period 27, with sub- 
division of a period interval into an even number of equal parts. 

t Jackson, these Transactions, vol. 15, loc. cit., see p. 453. 

§ The symbol ~ signifies that the series represents the formal expansion of f(x). 


Pp 
- 
| N41 N+1 N 
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possess “essentially the same convergence properties,” according to Walsh,* 
means that the series 

— b,5,(x) | 

n=0 
converges absolutely and uniformly to zero throughout the the interval a < x 
< b. In his paperst on the subject he adduces two cases where the expan- 
sions of f(«)based on two function systems are equivalent}; in one case the 
systems consist respectively of the sine functions 

/2sin krx (k=1,2,---), 


and the normalized solutions of the differential system§ 


u(x) + [p?—g( x) ] u(x)=0, 
u(O)=0, 
u(1)=0, 
but as yet the equivalence theorem has not been extended to the case where 
the function systems consist respectively of the cosine functions and the 
general Sturm-Liouville functions. 

If, however, we widen the significance of the term “equivalence” by drop- 
ping the restrictions that >-|b,v,(”) — b,d,(x)| shall converge absolutely, we 
then possess an equivalence theorem, due to Haar,| for the expansions of 
f(x) in terms of the cosine and Sturm-Liouville functions, respectively. It 
is our purpose here to establish an analogous theorem relative to the expan- 
sions of f(x) by means of the corresponding interpolating formulas. This 
theorem is quite directly deducible from another more general conclusion, 
which may properly be introduced as a separate theorem. The statement 
of the latter is as follows: 


THEOREM II. Jf f(x) is defined and bounded in the intervalO < x S or, 
there exists a constant C’, independent of p and f(x), such that, for all values of p, 


where M = max |f(x)| in the interval. 


* J. L. Walsh, A generalization of the Fourier cosine series, these Transactions, vol. 22 (1921), 
pp. 230-239; see p. 236. 

t Cf. Walsh, loc. cit.; also, On the convergence of the Sturm-Liouville series, Annals of Mathe- 
matics, (2), vol. 24 (1922), pp. 109-120; pp. 117-120. 

t In the sense of “possessing the same convergence properties.” 

§ This is essentially a limiting case of the differential system (I) for h=H=. 

|| Haar, Uber orthogonale Funktionensysteme, Mathematische Annalen, vol. 69 (1910), pp.331-371; 
p. 335. 
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We have 


(4) [f(x)] - Ty x)] = [en pttn(x) — dnp cosnx], 
n=O 
where, form = 1,2,---,p — 1, 
pUn( X)— COS NX 


Pp 


k=O 
= — — cos mx, cos nx, 
k=0 
ky ( ) 
k=0 


and corresponding expressions hold when n = 0 and n = p, except that 
the factor 2/p must be replaced by 1/p. Let us substitute this expression 
fOr QnpMn(X) — Anp CoS nx in (4), reverse the order of the resulting double 
summation with respect to m and k, then divide the factor of f(x,) through 
by 2/p and represent the resulting denominator (2/p) >0’u?(«,) by the 
symbol S,,. Thus we obtain 


x, (x 1 
n( XE a( 
+ — COS COS 
n=1 


Un (Xp) x) 1 


rp 


Denoting the terms in braces by 2,(x,k,p) and their sum with respect to ” 
by F(x,k,p), we may write (5) in the form 


> x) T f( x) | 


Xx) Ee k, p) + k, p)+0,(x, k, 
6) p k=0 n=l 

2 


p 


F(x, k, p)- 
P 


This quantity F(x,k,p), which is independent of f(x), possesses an important 
property which leads directly to the theorem. This property is established 
in the following lemma. 


(5) 


66 C. M. JENSEN [January 


Lemma IV. There exists a constant Q, independent of k and p, such that 
| F(x,k,p)| <Q, 
for0 <= x S m, and for all values of p and of k S p 
From (6), we have 
F(x, k, p) = k, + Di k, p) + k, p). 
n=1 
We need consider only the sum, for the single terms 2(x,k,p) and v,(x,k,p) 
are readily seen to be bounded, when it is recalled that %(0) = 1 and u(x) 
is continuous, and (Lemma II) that lim,...S,, = 2. The product u,(x,)un(x), 


which is involved in 2,(x,k,p), can be expanded by means of the asymptotic 
formula for u,(x) into the form 


k 
COS nx, cosnx + Bs, n(x~+x) 
n 
x, k 6 k 
n n? 
where 
1 
Bi(x, k) = > +8(a)], 
1 


Recalling the definition of v,(x,k,p) given by (6), we apply Lemma II to S,, 
and utilize the expression just worked out for u,(x,)u,(x), thereby obtaining 


_ B(x, k) 


+ —sin (x,—*x) 


nN 


Ynp(x, fal k) 

if or — 
\ n? p 

the first or second terms in the braces being used according asm < sorn 2 s. 

For the sum we may therefore write 


— sin 2—! sin n(x,.— x) 


n=l n= n=l 


k 


=1 


nN 
n 
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Each of the sine sums, expressed in terms of a variable y = x, + x, is the 
partial sum of a well known convergent Fourier expansion, and is bounded* 
for all values of p and of the arguments x, + x. The remaining sums are 
obviously bounded likewise. Hence F(x,k,p) must be dominated in absolute 
value by some constant Q, for all values of p, and all values of x and x, in 
the interval. 

The theorem follows directly, for we may write 


k=0 


IIA 


| Deal — T[f(x)] | f(x) F(x, k, p) 


< 2MO=C'M. 


This theorem shows, then, that as far as mere boundedness is concerned, 
T,|f(x)| and >°,[f(«)] behave in a similar manner, provided only that f(x) is 
defined and bounded. If the additional restriction of continuity is imposed 
upon /(*), we obtain very easily our equivalence theorem, which may be 
stated thus: 

THEOREM III. If f(x) is continuous,0 x S then 


lim{ =0 


uniformly in the interval. 
Let f:(x), fo(~), - - - represent a sequence of analytic functions, such that 


lim [/(x) —f.(x) ] =0 


uniformly forO < x S mw. Let 6,(x) = f(x) — f,(x). Then 
[ | 

<| >. | 

+ | | . 


Choose e > 0. Then there exists a value of v, say NV, such that 


~ 


By the preceding theorem, therefore, 
€ 
| < CoG = 
* Cf., e. g., D. Jackson, Uber eine trigonometrische Summe, Rendiconti del Circolo Matematico 
di Palermo, vol. 32 (1911), pp. 257-262; see p. 257. 
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With WN fixed, we can choose an integer P, such that 
€ 
| < 9” 


for all values of p = P. This choice of P is rendered possible because fy (x), 
being analytic, is capable of representation by both the trigonometric and 
Sturm-Liouville interpolating formulas with errors arbitrarily small. With 
the application of the last two inequalities to (7), the theorem follows di- 
rectly: 


An immediate corollary is that if f(x) is any continuous function for which 
T ,{ f(x)] converges uniformly to f(x), then >>,[f(x)] will do the same. In 
particular, a sufficient condition for convergence is that f(x) satisfy the 
familiar Lipschitz-Dini condition.* 

It may be added, in passing, that we have in this section the materials 
with which to demonstrate the existence of a Sturm-Liouville interpolating 
formula which converges for all continuous functions. It is formed by analogy 
with the Fejér mean, but is not identical with the arithmetical mean of the 
sums f(x)], oil f(x)], -- - , We shall merely state the facts, 


without proof, in the following theorem: 


THEOREM IV. [If f(x) is continuous, 0 < x S 7, then the interpolating 
formula 


where 


p-n 


= ——— Any (n=0,1,---,p-—1), 


converges uniformly to f(x) throughout the intervalO S x S 7m. 


4. Degree of convergence of the Sturm-Liouville interpolating formula. 
In the course of the discussion concerning the degree of convergence of the 


* Cf. Faber, loc. cit., p. 422; D. Jackson, these Transactions, vol. 14, loc. cit., p. 456. 
+ Cf. D. Jackson, A formula of trigonometric interpolation, Rendiconti del Circolo Matematico 
di Palermo, vol. 37 (1914), pp. 371-375; p. 372. 


> | : 
f(x)] olf(x)]| <> +> = 6 
Pp 
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trigonometric interpolating formula,* we find reference made to the fact that 
the trigonometric interpolating expansion of a finite trigonometric sum is 
identically that sum, a consequence of the well known fact that the trigono- 
metric functions are, if we may use the term in this connection, orthogonal 
with respect to summation over the interval (0, 27). This fact, in the case 
of the cosine formula, may be expressed in the form 


cos mx,cos7x, =0,m+~n (ms p, n Sp). 


i 

k=0 


In the case of the Sturm-Liouville functions, however, Um Un (Xx) is not 
generally equal to zero, but only tends toward zero as p increases, hence the 
Sturm-Liouville interpolating formula for a finite sum is not identically 
that sum, but only an approximation to it. The degree of this approximation 
can, however, be determined; the conditions and solution of the problem 
thus suggested find precise formulation in the following 


THEOREM V. Given an infinite sequence of functions g,(x) of the type 
and a constant K, independent of p, such that 
(p=1,2,---), 


and another constant A, independent of n and p, such that 


| A 
cop| <A, | <—, 1SnSp (p=, 2,---); 


then there exists a constant C, independent of p, such that 
| 
| | < OSxSr (p=1, 2, cee), 


The complete proof of this theorem is quite involved and tedious; it 
seems best, therefore, to present in this paper the mere outline of the proof, 
containing some of the more important subordinate results, and other details 
sufficient to indicate the methods employed. 

If we introduce the notation 


= | > yn 


n=O n=0 


* D. Jackson, these Transactions, vol. 14, loc. cit., p. 455. 


J | 
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we can express the difference >> ,[¢,(x)] — ¢p(x) in the compact form 


Um Un (xx) 


m=0 


ttn? (xx) 


It will be found convenient to introduce the additional notation 


Um( XK) Un( Xx), 


Pp k=0 


S(m,n, p) = 


and to separate out the terms with indices m = 0 and ” = 0, since these terms 
cannot be represented by the asymptotic formula. We then have 


Pp 


CnpS(0, m, p) 
(8) ]—ep(x) =u0(x)— 


Pp 


de Cap S(m, n, p) 


S(m, 0 
+ 
S(m, m, p) m=1 S(m, m, p) 


+> Um( x) 


The problem presented is essentially that of determining the order of magni- 
tude of the quantities S(m,n,p). 

To do this, we break up S(m,n,p) into parts corresponding to the several 
terms of the product w,,(x)u,(x), when the characteristic functions have 
been replaced by their asymptotic representations. The coefficients of the 
sine terms in the product, which appear below, will be separated into linear 
functions and functions vanishing at the end points 0 and 7: 


— B(x) =(a+bx)+n(2), 


B(x)a( x, 2) =(dn+bnx)+nn(x), 


where 7(0) = 7,(0) = n(7) = n,(7) = 0. Making these substitutions, and 
effecting certain trigonometric reductions, we obtain for um(x)un(x) the 
following expression of eleven terms: 


k=0 

1 
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1 


2 


[cos (m + n)x + cos (m — n)x] 


Um( x) u,(x) = 


sin (m+ n)x + sin(m — n)x sin (m + 2)x — sin 


m nN 


(a+ba)| 


sin (m + n)x + sin (m — n)x sin (m + n)x — sin (m — n)x 
n(x) | + 


+ 
m n 

B(x) a(x, 2) a(x, m) 
rN — [cos (m — n)x — cos (m+ n)x] +— — cos mx + — cos nx 

2mn n?2 2 

(an + b,x) sin mx (dm + bmx) sin nx 
+ + 

mn 

nn(x) sin mx Nm(x) sin nx a(x, n)a(x, m) 

+ +> + 
mn n>*m? 

Let these eleven terms be denoted by g,(x,m,n), r = 1,2,---, 11, respect- 


ively, so that 


Um(X)Up(x) = m,n). 


r=1 


Since 


= 0, 


0 


it is clear that 


k=0 k=0 0 


11 Pp 
=> | — >’ g,(x.,m,n) -f 
r=1 PP k=0 0 


Denoting the bracketed quantity by S,(m,n,p), and recalling the notation 
used for the left-hand member, we can write 


1l 
S(m,n, p) = S-(m,n, p). 


r=1 
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The determination of the orders of magnitude of the quantities S,(m,n,p) 
involves the use of a number of more or less well known formulas and 
theorems, which may be summarized thus: 


P 0, v ¥ Qlp, 
(a) cos = P 
p,v = 2lp, 1=0,1,2,--- 
Pp 
(b) >’ sin vx, = vr 
cot—» v odd ; 
( 0,v=2lp, 
(c) 'x,sinvx,= —m(—1)’ 
(d) 
0, veven, 
(e) [sin vedx = 2 
0 | —»,vodd ; 
0,7»=0, 
(f) f xsinvedx = , 7 
0 ( -—(-) 


(g) if f(x) is continuous in the interval 0 < x < z, then f(x) can be 
expanded in a Fourier series of cosines with coefficients of order* 1/v?; 
(h) if f(*) satisfies the above hypothesis and the additional condition 
that f(0) = f(z) = 0, then it can be expanded into a Fourier sine series 
with coefficients of order 1/v?. 

For Si(m,n,p) and S2(m,n,p), we obtain explicit expressions. From (a) 
and (d) it follows that S,(m,i,p) =0. 

From (b), (c), (e), and (f), we obtain 


(1/m) sin — (1/n) sin (nx/p) 
So(m, n, p) = — Ean ? 
p sin|(m + n)x/(2p)] sin [(m — n)w/(2p) | 
where Hm, = — br/2 or a + (br/2) according as m + 7 is even or odd. 


* Cf. Picard, Traité d’Analyse, vol. 1, pp. 255, 256, in edition 2, or p. 334 in edition 3. 


t 
I 
( 
€ 
Z 
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For each of the remaining quantities S,(m,n,p), we obtain a dominating 
expression which indicates its order of magnitude. The manner in which 
this is obtained may be briefly outlined. Leaving g;(x,m,n), gs(x,m,n), and 
ey:(x,m,2) out of consideration for the present, we notice that each term 
g,(x,m,n) involves either a sine or cosine term as one of its factors. We 
proceed to expand the other factor into a Fourier series; in the latter 
case, into a cosine series, and in the former, into a sine series; and then we 
change the resulting products into the sums and differences of cosines. This, 
of course, is equivalent to expanding the function g,(x,,1) itself into a cosine 
series. In the case of gu(x,m,n), we expand the product a(x,n)a(x,m) into a 
cosine series directly. Recalling that 


p 


p) =— m, g(x, m, n)dx, 
Pp k=0 0 


we apply (a) and (d) to the sum and integral, respectively, whereupon all 
except one out of every 2/ terms in the expansion of g,(%,m,n) disappear, 
leaving S,(m,2,p) in the form of an infinite series whose sum approaches 
zero as p increases indefinitely. By the theorems enunciated in (g) and (h), 
we know the orders of magnitude of the terms of this series, hence we can 
determine that of S,(m,n,p). 

It should be mentioned here that the function a(x%,n)/n?, which is in- 
volved indirectly in Sy and Si, and directly in S;, Sg and Si, possesses a contin- 
uous second derivative, uniformly bounded for all values of 7. In dealing with 
S; and S;, we must know in some detail how the derivatives of a(x#,n)/n? 
depend upon 7. The nature of this dependence is indicated by the relations 


d [= ) P(x, n) 
dx n? n 


Ta(x, n) QO3(x, 
Oi(x, 2) cos ux + Qo(x, 2) sin nx + —-; 
ax 


9 


where Q,'(x,7) and Q2'(x,7), as well as Qe, and Q3, are uniformly bounded 
and continuous. 

The remaining terms, g;(x,m,n) and gs(x,m,n), we treat the same as ge 
obtaining thereby explicit expressions for S;(m,n,p) and Ss(m,n,p), for which 
suitable dominating quantities are easily found. 

The results obtained through the processes thus briefly sketched appear 
in the following inequalities :* 


* Since m#¥n, m+n can never equal 29. 
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| Ss ( < V; [—+—] 
(mM, n,p m n (2p — m — n)? 
0, < — | 
mn p? 2(2p — m — n)? 
4LV V 
| Ss (m,n, p)| < ; 
np> p(2p—m—n) 
| Sr (m, n, p) | 
n* p* 
2LV; 
| So (m, n, | < ——) 
mp? 
LV. 1 1 
| Su(m,n, p)| < 
m n 


There is no need for writing down separate inequalities for Ss, Ss, and Sy, 
since they are, in form, entirely analogous to those for Ss, S;, and Ss, respec- 
tively. The letter ZL denotes (1/n?), = 1,2,---, and the V’s denote 
constants whose values are related to the maximum values of the derivatives 
of the functions which were expanded in the Fourier cosine or sine series. 

Referring back to (8) and recalling that ~,(”) remains bounded for all 
values of m, that S(m,m,p) has a positive lower bound independent of m 
and p, and that the coefficients c,, are of order 1/n, we find that our next 
problem is essentially that of determining suitable upper bounds for the 
double summations 


Pp 


m=1 n=l 


Sm, (r=3,4,---+, 11). 


We notice that the expressions which dominate S,(m, n, p), are simple 
functions of the discrete variables m and n, so that the double sums can be 
replaced by double integrals which are easily evaluated, yielding thereby 
the desired upper bounds. By this method we are enabled to deduce the 
existence of a constant, say W, such that, for all values of p 2 1, 


1 


(9) > 


m=l n=1 


W 
Sm, <-— (r= 3,4,---+, 11). 


Thus far we have made use of only one of the properties of the coefficients 
Crp, namely, that |c,,| < A/n, but, in dealing with S.(m,n,p), we must uti- 
lize the other property, namely, that they are such that the sequence of 
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Sturm-Liouville sums ¢,(x) remains bounded for all values of ». Hence we 
must work with the sum 


Pp | 


Pp 
| n, p) |. 
m=1 n=1 | 
Recalling the explicit expression previously obtained for S:(m,n,p), we shall 
find it expedient, by means of a change of variable, to reduce S:(m,n,p) to 
the form of a function of two discrete variables ranging between the limits 
and Since x, = kw/p, we can write 


SiN Xm sin xX, 


T Sus Xn 
So(m,n, p) = — 
Sethe . Bn 
sin sin - 
2 2 


where 0 < 4m S 7,0 <4, S 7, Xm Xn. Let L(xm,x,) denote the complex 
fraction, so that 


(10) So(m, n, p) = — HmnL(xm, Xn)- 
p? 


Denoting by L(y,z) the corresponding function of two continuous variables 
y,z, and expanding the numerator of L(y,z) into a power series, we find that 
we can write 


2 
L(y, z) E(y, z), 
. 
sin sin 


2 
where £(y,z) is analytic in the region0 < y S$ 7,0 Sz <7. The properties 
of L(y,z) are therefore essentially those of the reciprocals of functions of 
the familiar type (sin x)/x. Since these properties pertain to certain regions 
of the y,z domain, denoted by R, we divide the latter into two subregions R, 
and R2, where R, is defined by the inequalities s < m S p,s Sn S p, and 
R, = R — 
In R, the following inequalities hold: 


(11) (y, 2)| <Li, 


= L(y, 


(12) 


<Gi, 


y+s yrs 
- 
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where LZ; and G, denote constants, independent of m,n, and p. Let 


Cup S2(m, n, p) 
n 


denote the sum, with respect to , of c,,S2(m,n,p) taken over the values of 
n for which (#m,x,) belongs to R:. By using the expression previously 
obtained for S2(m,n,p) and an obvious identity, we may write 


p* 
Ri 


(13) = 0) Cup 


+ Cup Hmn[L(%m, Xn) — L( xm, 0)]. 
By the law of the mean, | 


unr 


L( xm, Xn) — L(xm, 0) = — —L( Xm, Xn), 
p Oz 
where 0 < kn», < 1, and, by (12), 
p 


Since |¢np| < A/n, we finally obtain 


A 
( 14) | Cn Pp Ban [Li Xm Xn) L( Xm 0) ] < i 


where H > |H»»|. Upon replacing, in the first sum on the right-hand side 
of (13), the quantities H,,, by their values 


bx 


2 


neven, 


Linn = 
bx 
a+—;m+nodd, 


and condensing the resultant expression, we obtain 


1 
(15) Cap Han = (— > (on + a) Lum (— 1)" enp 
n i 


1 
+ 
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Since ¢,(x) = c¢npttn(x) is uniformly bounded for all values of p and for 
all values of x in the interval 0 < x S 7, it is clear that the sequences of 
constants |¢,(0)| and |g,(7)|are bounded. But, from the asymptotic formula 
for u,(x), we find that 


u,(0)= 1, 


= (— 1)" + —> 
n 


Therefore 


Pp 


p 


n=0 n=O 


Tn 
n=0 n=0 n=1 
'np 
= — CopTo — >. 
n=1 n* 


whence it is apparent that and — 1)" remain respectively bound- 
ed for all values of p. It is easily shown that the same is true of the partial 


sums 


(— 1)" cap; 
Ry Ri 
n n 


which appear in (15). Hence, combining (13), (14), and (15), we finally 
deduce the existence of a constant W,, such that 


bo 


| CnpS2(m, nN, p) (p= 1 9 
n 


Summing this with respect to m over the range 1 < m & }, we obtain the 
desired result, namely 

(16) don CnpS2(m, n, p)| < —- 
m n Ri Dp 

Our next problem is to obtain a similar inequality for this summation 
extended over the region R2, which, as we may recall, constitutes that part 
of the (%m,%,) domain in which m and m are subject to the inequalities s < m 
S~,s Sn S p,m #¥ n. In this region we find that 


const. 
| L(xm, Xn) | << 
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Replacing x,, and x, by their respective values, mr/p and n7/p, and recall- 
ing (10), we can write* 


| p(2p—m—n 


where K is a constant, independent of ~, m, and m. In working with the 
double sum 


™m 


Salm, n, p) |, 


we shall have no further occasion to utilize that property of the coefficients 
Cap Whereby >> ¢np&n(x) remains bounded for all values of p; all we require 
is the fact that c,, < A/n. Hence it appears that our problem is essentially 
that of determining the order of magnitude of 

Pp 1 


1 
n(2p —m —n) 


This problem can be further simplified by noting that 1/n < 2/p, whereby 
we may write 


2AK Pp 1 


m=s 


Replacing the double sum by the corresponding double integral and eval- 
uating the latter, we arrive at the result 


> 


m=s n=8 2p =~ 


Combining the last two inequalities, we obtain 


W, 
>| CnpS2(m, nN, p) | 
p 
which may be combined with (16) to yield the desired conclusion, namely 
W3 
(17) Cnp S2(m, nN, p) < 
m=1 ' n=1 


We are now in a position to determine the order of magnitude of the 
quantity appearing on the right-hand side of (8), by which | }-,|¢,(x)] 
— 9,(x) | is dominated. The inequalities (17) and (9) show that the double 


* Since msn, m-+-m never reaches 29. 
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summation in (8) never exceeds some fixed multiple of 1/p. The same is 
seen to be true of the single summations in the right-hand member of (8), 
as a result of reasoning analogous in principle to that which precedes, but 
materially simpler in execution. Hence the difference >>,[¢p(x)] — ¢p(x) 
must, as the theorem states, be dominated in absolute value by some constant 
multiple of 1/p. 

From this theorem, considered in conjunction with Theorem II, one may 
derive a conclusion as to the degree of convergence of the Sturm-Liouville 
formula for a function satisfying a Lipschitz condition, essentially similar in 
proof to the corresponding theorem in trigonometric interpolation. This 
conclusion may be stated thus: 

THEOREM VI. Jf f(x) satisfies a Lipschitz condition, 

| f(x2) — f(a) | m1), OS <a 
then there exists a constant G, independent of p, such that 
G log 
| Del f(x) | < 


for all values of x in the interval 0 S x S 1; and, for the points of inter polation 
= 0,1,---, 


G 
| — | < > p 


We shall not carry out the demonstration of this theorem, but merely 
point out that, by analogy with the trigonometric case, the proof requires 
the existence of a Sturm-Liouville formula ¢,(«) which shall represent f(x) 
with an error less in absolute value than a fixed multiple of 1/p, and whose 
coefficients c,, shall satisfy the hypotheses of the preceding theorem. It is 
known, however, that such a formula does exist,* hence the proof offers no 
further difficulty. 


* D. Jackson, these Transactions, vol. 15, loc. cit., p. 466. 
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SINGULAR RULED SURFACES IN SPACE OF 
FIVE DIMENSIONS* 


BY 
E. B. STOUFFER 


In a previous papert the author has made a study of the projective 
differential properties of ruled surfaces in space of five dimensions by means 
of a system of two linear homogeneous differential equations of the third 
order. The method gave results only for regular, or non-singular, ruled sur- 
faces, that is, for surfaces which do not have in general three consecutive 
generators in the same 4-space. However, the singular surfaces are of even 
greater interest than the regular surfaces. This is particularly true because 
surfaces in 4-space and even in 3-space may be regarded as such singular 
surfaces and, consequently, generalizations of some of the properties of 
ruled surfaces in 3-space become quite apparent. In this paper a plan has 
been devised for studying all ruled surfaces in 5-space except those which 
have in general consecutive generators intersecting, that is, which are de- 
velopable in the ordinary sense. Since the regular surfaces in 5-space have 
already been treated in the paper mentioned, the study in this paper will 
be contined largely to non-developable singular ruled surfaces, including 
surfaces in 4-space but not in 3-space. 

The method here used may be immediately generalized to provide for 
the study of any spread generated by ! linear spaces in space of any 
number of dimensions, provided merely that two consecutive generating 
spaces do not in general have a point in common. Moreover, the author 
in previous papers{ has set up much of the necessary analytical machinery 


for such studies. 


* Presented to the Society, December 27, 1918, and November 26, 1921; received by the editors 
in April, 1926. 

+ Invariants of linear homogeneous differential equations, with applications to ruled surfaces in 
five-dimensional space, Proceedings of the London Mathematical Society, (2), vol. 11 (1913), pp. 
185-224. 

t On seminvariants of linear homogeneous differential equations, Proceedings of the London 
Mathematical Society, (2), vol. 15 (1916), pp. 217-226; On invariants and covariants of linear homo- 
geneous differential equations, Proceedings of the London Mathematical Society, (2), vol. 17 (1919), 
pp. 337-352. This second paper will be referred to in the future as Invariants and covariants. 
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SINGULAR RULED SURFACES 


The papers most closely related to the present work are three by Ranum* 
published from 1912 to 1915, and one by Bompianif published in 1914. 
1. THE EQUATIONS AND THEIR TRANSFORMATIONS 
The system of linear homogeneous differential equations 
3 3 
(1) + = 0 (2 = 1,2,3), 
k=1 k=1 


where pi, and gi, are functions of the independent variable x, is left in- 
variant in form by the transformationsft 


(2) = 
3 

k=l 


where & and a; are arbitrary functions of x, and where the determinant 


of the transformation (3) is different from zero. Moreover, these are 
the most general transformations which leave (1) invariant in form. 


Let (v1, Yer, Vax) (@=1, 2,---,6) be a fundamental system of solu- 
tions of equations (1). If the six functions y,; (¢4=1, 2,---,6) of x are 


interpreted as the homogeneous coérdinates of a point§$ y; in 5-space, this 
point generates a curve C, as x varies. Likewise, the points y2 and y; generate 
two curves C; and C3, respectively. Corresponding points on the three curves, 
that is, points for which x has the same value, determine a plane and as x 
varies this plane generates a three spread S; of which C), C2, C; are directrix 
curves. Since (¥1;, ¥2i, ¥3i:) form a fundamental system of solutions of (1) 
it is impossible to find six functions A;, u; (7 =1, 2,3) such that the equations 


3 3 
t+ = 0 (i= 1,2,--+, 6) 
j=1 


j=l 


* A.Ranum, On the projective differential geometry of n-dimensional spreads generatedby ~' flats, 
Annali di Matematica Pura ed Applicata, (3), vol. 19 (1912), pp. 205-249; On the projective differ- 
ential classification of n-dimensional spreads generated by ~' flats, American Journal of Mathematics, 
vol. 37 (1915), pp. 117-158; On the differential geometry of ruled surfaces in 4-space and cyclic surfaces 
in 3-space, these Transactions, vol. 16 (1915, pp. 89-110.) 

t E. Bompiani, Alcune proprietd proiettivo-diffenziali dei sistemi di rette negli iperspazi, Rendiconti 
del Circolo Matematico di Palermo, vol. 37 (1914), pp. 305-331. 

t Cf. Wilczynski, Projective Differential Geometry of Curves and Ruled Surfaces, Leipzig, 1906. 

§ Where no confusion can arise a point whose codrdinates are of the form a;(i=1, 2,- - - , 6) 
will be denoted simply by a. 
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are verified. This is equivalent to saying that S; is regular, that is, that 
consecutive generating planes of S; do not in general have a point in common. 

The fact that all fundamental systems of solutions of (1) are linearly 
related shows that the three spreads obtained from different fundamental 
systems are all projectively related. 

If we now consider the line determined by corresponding points of two 
of the curves, say C; and C2, there is generated, as x varies, a ruled surface S 
which is on S; and of which C,; and C, are directrix curves. Since con- 
secutive generating planes of S; cannot have a point in common, conse- 
cutive generators of S cannot have a point in common. In other words, 
S cannot be developable in the ordinary sense. 

Any non-developable ruled surface in 5-space may be considered as 
being on a regular three spread. Any two directrix curves of the ruled 
surface may be selected as directrix curves of a three spread S; and any other 
curve in 5-space may be chosen as the third directrix curve of S;, provided 
merely that the tangents to the three curves at corresponding points do 
not lie in a 4-space. This selection is always possible since three lines in 
5-space do not in general lie in a 4-space. 

Suppose now that we have given a non-developable ruled surface S 
which is determined by two directrix curves C; and C, of a three spread 
S; defined by the system of equations (1). The transformation (2) merely 
changes the parametric representation of the directrix curves and has no 
effect either on S; or S; but the transformation (3) shifts the directrix 
curves on S; from Ci, C2, Cs; into three new curves Ci, C2, C; in such a way 
that C, and C, are on S if and only if a:;=a2;=0. Thus the most general 
transformation (3) which leaves S unchanged is given by the equations 


Vi = + aise, 


+ 


(4) 


ey 


V3 = 3191 + + 3393, 33 | 


Inasmuch as S is independent of the nature of C;, there is no loss of 
generality in putting a,;=as.=0, and in selecting for C; a straight line, 
so that the last equation of (1) takes the simple form 


ys" + 2psays’ + = 


~ 0. 
| 
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It is possible to study the projective differential properties of any non- 
developable ruled surface in 5-space by means of the system of equations 

yi" + + + 2pisys’ + + + Qisys = 0, 
(5) yo” + 2paryr’ + 2pooye’ + 2posys’ + + + Gesys = O, 
ys" + + = 0, 

under the transformations (2) and 

Yi = @1191 + 

(6) Yo = + 


43 = 33 


| 


G22 


We shall frequently have occasion to make use of the result of trans- 
forming (5) by (6). If the new coefficients are denoted by j;; and qi;, we 
find by direct substitution that 


2 2 
Apis = DUA + pric; |; 


k=1 


2 2 
Aqi; = >A a + (2p + |, 
kml 
2 
Apis = a33' A 
kel 


2 
Agis = > 2A + a33 >, A Kid ks (1,7 = 1,2), 


2 
kel kel 
- ’ 
Q33P33 = a33 + 
- 
033933 = + 2azsp33 + 33933, 
where A,; denotes the algebraic minor of a;; in the determinant 


@11 Q12 
A= 


22 


Again, the transformation (2) changes p;; and q;; into p;; and gi;, where 


1 1 
Di = (Pi +27), 


(7,7 = 1,2,3), 
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7 = 


The surface S is singular if and only if each set of three consecutive 
generators lies in a 4-space, that is, if and only if there exists a linear rela- 
” ” 


tion between 1, Vo, vi, Ve, Vi", ve". The first two equations of (5) show 


=) Ly 


that such a relation exists if and only if 
(9) — posqis = O. 


From (7) and (8) it is evident that (9) is an invariant relation. More- 
over, we see from (7) that it is always possible if (9) is satisfied, to trans- 
form (5) in such a way that in the new system either = = 0 or pos = G23 = 0. 
We shall in our future study of singular ruled surfaces assume that the equa- 
tions (5) are of the simple form* 


” 
+ + 2pieye + + = 0, 


(10) yo” + 2poryr’ + 2pooye’ + Zpesys’ + + + = O, 


| 


It is possible for the invariant conditions pi; to be 
satisiied. In this case the first two equations of (5) or (10) show that the 
surface lies entirely in a 3-space. The resulting system has already been used 
by Wilczynski for the study of such ruled surfaces. Consequently, we shall 
assume that in equations (10) f2; and g2; do not both vanish identically. 

A reference to equations (7) shows that the conditions p;;=¢:,=0 are 
left undisturbed by the transformation (6) of the dependent variables if 
and only if a.=0. Therefore in our study of singular surfaces we shall 
limit this transformation to the form 


Vi = 1141, 
(11) Vo = + 
73. ™ 3393. 


The conditions ~i;=q:;=0 are undisturbed by the most general trans- 
formation (2) of the independent variable. 


* The variable ys and its derivatives can of course be eliminated from (10). The form (10) has, 
however, the advantage in symmetry and in the fact that the same system may be used even if the 


surface lies wholly in a 4-space by simply imposing an invariant condition on the coefficients. 


with 
Ss 
Ss 
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?. THE TRANSVERSAL SURFACE AND ASSOCIATED CURVES 


The analytical conditions ~)3=9:;=0 which have been imposed in order 
to obtain (10) evidently determine for C; a unique curve on the singular 
surface S. We shall denote it by C. The first equation of (10) shows that 

lating plane of C at a point P lies in the 3-space determined by the 
cenerator of S through P and the next consecutive generator of S. In other 
words, C is the unique curve at each point of which there exists a tangent 
to S intersecting three consecutive generators of S. It is evident geometri- 
cally that there can be only one such curve C unless the surface lies entirely 
in a 3-space, in which case it is true for all curves on the surface. 

Let P be the point of intersection of C and the generator corresponding 
to «=a» and let y:+a(«)v2 be the curve on the surface at P to which the 
line intersecting three consecutive generators is tangent. A point on the 
plane osculating this curve at P is given by yy" +aye" +2a’y2'+a"V2, which 
point is seen by (10) to be on the tangent plane to S at P if and only if 
and a’(xo) = Thus a point on the tangent intersecting three 
consecutive generators is given by 


12) T= + pioye. 


As x varies the line determined by the points y, and 7 generates a ruled 
surface T, the transversal surface* of S. The curve C is the intersection of S 
and T. 

If the invariant condition p».=0 is satisfied, 7=y/. We thus have the 
following theorem: 


The identical vanishing of the invariant py is the necessary and sufficient 
condition that a singular ruled surface S in 5-space possess a curve which is 
asymptotic in the ordinary sense and that the transversal surface associated 
with S be developable. 


It is easily verified directly that pups is an in- 
variant. Since pe=u%2=0 is equivalent to pw2=gi=0 there follows im- 
mediately from equation (10) the additional theorem 


A singular ruled surface in 5-space possesses a straight line directrix if and 
only if the invariants py: and uy, vanish simultaneously. 


Ranumj uses an equation of nearly the same form as the first equation 
of (10) for the classification of singular ruled surfaces in 4-space and 5-space. 


* Cf. Bompiani, loc. cit., p. 308. 
t Cf. Ranum, American Journal of Mathematics, vol. 37 (1915), pp. 139-146 and 150-151. 
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The classification depends upon the vanishing of the coefficients corres- 
ponding to Piz and 

The surface T, when not a developable, has associated with it a system 
of equations of the form of (1) in terms of the variables y,, 7, y3. Assuming, 
accordingly, that p20, we may obtain one of its equations by eliminating 
ye and y/ from the first equation of (10) by means of (12). It is 

2 1 
(13) (pis giz + Pup) — 27’ — + — (2pi2 — = 0. 
12 Piz 
This equation shows at once that 7 is also singular and that C is its curve 
of intersection with its transversal surface. Moreover, since the expression 
for T corresponding to 7 for S is 


the transversal surface of T must be S. Thus we have a theorem* which 
holds for all singular ruled surfaces in 5-space, including all ruled surfaces 
in 4-space, whose transversal surfaces are not developables: 

The relation between a singular ruled surface and its transversal surface 
is reciprocal. 

Let us designate by d=y/ +ayi:+8ye a point on the tangent plane to 
S at y:. As x varies, d will generate a curve D. On differentiating twice 
we find that the plane osculating D at d is the tangent plane to S at y if 


(2pr2 — 4pupi), B = 2pm. 


a= 


Consequently, the tangent planes osculate the curve D given by 


(15) d= + (2pre — giz + + 2pieye, 
or 
1 
(15’) d=7r + (2pi2 — + + Pisye- 


The line joining y; and d intersects the line determined by 7 and 4 at 
t+ Since we have the following theorem: 


* This theorem is well known for surfaces in 4-space. Cf. Bompiani, loc. cit. 
+ Ranum has proved this theorem for surfaces in 4-space. Cf. these Transactions, vol. 16 (1915), 
p. 92. 


- 
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The line determined by y, and d is the harmonic conjugate of the tangent 
to C at y, with respect to the generator of S through y, and the corresponding 
eeneralor of T. 


It is easy to obtain an infinite set of pairs of surfaces and transversal 
surfaces which have the same curves C and D and for which the above 
theorem holds. In order to show this fact let us put 


e=dthy’, f=d—kyy, 


where k is a constant. It is evident that the lines y,e and y,f are harmonic 
with respect to the lines y,d and y,y/. The ruled surface generated by we 
has for one of its equations 


— k(2pr. — giz) — 2pwe’ + [2 prea’ — — a(2pi2 
+ (2pi2 — = 0, 


where 
1 
a = —— — giz + 
2pi2 
Thus, it is seen to be a singular surface which intersects its transversal 
surface in C. Since a point on the generator of its transversal surface is 
given by —f/2k and its point corresponding to d for S by —d/k, our state- 
ment is proved. This condition is the exact analogy of the relation between 
an inlinite set of ruled surfaces in 3-space which have the same flecnode 
curve.* 
3. SURFACES IN 4-SPACE 

Our ruled surface S lies entirely in a 4-space if every set of four con- 
secutive generators is contained in a 4-space. Consequently, it must be 
possible in this case to express y{? and y,” in terms of 1”, yi, V1 
It is always possible thus to express y\” but ys”, y/, ys can be eliminated 
from the equation resulting from the differentiation of the second equation 
of (10) only if 


(16) 2( poses posqes) + — + = 0. 


It is evident from its geometrical significance that the expression (16) is a 
relative invariant, a fact which may also be verified directly by means of 
equations (7) and (8). 

If S lies in a 4-space but not in a 3-space, f2;0, a fact which is evident 
from (16) when it is remembered that p23;=92;=0 are the conditions that S 


* Ci. Wilczynski, loc. cit., p. 233. 
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lie entirely in a 3-space. In fact, if S is not in a 3-space, it is always possible 
to select C; in such a way that f2;#0 regardless of whether S is in a 4-space 
or 5-space. The second equation of (10) shows that it is only necessary 
to choose the point on C; corresponding to y; and y2 on C and C2 in such a 
way that it is not in the 4-space determined by the tangent to C at y, and 
the osculating plane to C2 at yp. 

The transformation of gs; as given by equations (7) shows that we may 
obtain a set of equations in which q.; vanishes by selecting a; to satisfy 
the equation 2a;/2;-+a33g2;=0. This choice of a3; is always possible when 
pos Moreover, the relation g2;=0 is maintained if a;;=const. When 
pes #0 and ge;=0 the relation (16) reduces to g3;=0. We thus have the fol- 


lowing theorem: 


The necessary and sufficient condition that S lie entirely in 4-space is ¢,=0. 
If S does not lie in a 3-space, this invariant relation may be always reduced to 
g33=0 by the transformation of (10) into a system for which qo3=90. 


Equations (10) with g23=g:;=0 may be used to show analytically that 
there are ~* curves on a ruled surface in 4-space whose osculating 3-space 
at a given point contains the tangent plane to S at the point.* Differentia- 
tion of the second equation of (10) shows that with ge;=q;;=0 we can 


” 


express y; in terms of yo, y2", ye, ve if and only if 


, 
M = pos(2poi + — — — 4pe3p33) = 0. 
If in the transformation (11) we put a11=a2=a;;=1, equations (7) show 
that a, must satisfy a difierential equation of the second order, in order 
that the transformed form of M shali equal zero. Our statement above is 
thus proved. 
4. THE CURVE OF INTERSECTION OF S AND T 

The differential equation for C is of the sixth order in y;. By taking 
successive derivatives of the first equation of (10) and eliminating ye, 
ys and their derivatives we have for the desired equation 


| yi? + hey’ + log Moe mse | 
| + + MisV1 los M35 
(17) + + Log I34 Mo4 m3, | = 0, 
| yi? + + log ls3 Mo3 M33 
+ 2piryr’ + quyi 0 0 


* Cf. Bompiani, loc. cit., pp. 310-311. 
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where 
lig = + — 2 
(18) k=l 
mij = Ms, — (j = 3,4,5,6), 
with 


lig = mi = Qu. 


Equation (17) may be used for the study of the various projective dif- 
ferential properties of the curve C. In particular, we shall use it for the 
determination of the conditions under which C is located in the various 
sub-spaces. 

(a) Ca straight line. It has already been seen that the vanishing of the 
invariants Piz and wy is the necessary and sufficient condition. This fact 
is also evident directly from (17). 

(b) C in a 2-space but not a straight line. Since py» and giz cannot both 
vanish identically, = 33 It follows at once from 
(18) that fos =g23=0. Therefore, S must be in a 3-space and the invariant 


2 
Ae = — 2p19mMe3 = 2(Piegie — 12912) + — + G12 


must vanish identically. The fact that A, is an invariant is evident geome- 
trically and may be verified directly. 

(c) C in a 3-space but not in a 2-space. The fact that pi. and gy» cannot 
both vanish shows that 

l34m33 — 133m134 = = 0. 

Thus, either g;=0 and S is in a 4-space, or ~2=0 and T is a developable. 
In the latter case the two additional equations which must be satisfied 
reduce immediately to 2pesgi2=0 and gz:g%=0, and the surface S is there- 
fore in a 3-space. 

If ¢,=0 and p20, we must have also 


log log Mo, M34 
A; = log | = O, A; = log M23 M33 | = O. 
2pi2 Qe 0 
But 
= — + — 2mesp12) 


and therefore Aj vanishes as a consequence of the vanishing of A; and ¢4. 
It is easily verified by direct substitutions that A; is an invariant. 
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(d) Cina4-space but not in a 3-space. It is necessary and sufficient that 
the determinant 
los M25 M35 
log 
log 133 M23 (M33 
0 
shall vanish. It is geometrically evident that the determinant must be an 
invariant. If the transversal surface is developable, p2=0 and the above 
determinant reduces to gi2 gs. It follows that in this case the surface S 
lies in a 4-space. 
5. SEMI-CANONICAL FORMS OF THE EQUATIONS 


Equations (7) show that the transformation (11) converts the coefficients 
pu, por, pro, pss into pu, jin, pre, pss Where 


Apu = + aiupir + 

Apa = + + — + + 
(19) Apo = + Q11022P22 — 
33 = a33 + aszsp33- 


If a, and a are selected as a pair of solutions of the equations 


11 + + = 0, 

G21 + + = 0, 


the transformed coefficients j,, and je: become zero. Furthermore, if the 
value of a and a2; thus determined are substituted in the equation 


, 
11022 + — = O 


and a is selected as a solution of the resulting equation, the coefficient j22 
also becomes zero. Finally, j;; becomes zero if a3 is selected to satisfy 
the equation =0. 

Equations (10) may thus always be transformed into the simpler form 


yi" + 2proye’ + + = 0, 
(20) yo” + 2posys’ + goiyi + + = 0, 
y3" + * 0. 


a 
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In accordance with the terminology of Wilczynski, we shall call (20) the 
semi-canonical form of equations (10). 

We have already seen that it is always possible to select as3 in such a 
way as to make q3 vanish if ~2;~0. Consequently, we have a second semi- 
canonical form in which g23 vanishes in place of £33. 


6. INVARIANTS AND COVARIANTS 


Clearly every invariant and covariant of the general system (1) under 
the transformations (2) and (3) either vanishes identically or is an invariant 
or covariant of the special system (10) under the transformations (2) and 
(11). Moreover, a comparison of the form of equations (7) and (8) with the 
corresponding transformations of the coefficients of the system similar to 
(1), but with 7=1, 2, shows that every invariant and covariant of the latter 
system either vanishes identically, or represents also an invariant or co- 
variant of (10). Complete systems of invariants and covariants have been 
calculated* for the system (1) for any value of i under the most general 
transformations which leave such a system invariant in form. 

Making use of these facts and of equations (7) and (8), and remembering 
the invariants already discovered, we see easily that the following expressions 
are relative invariants: 


Piz, Ure, pes, 
= — M22)? + 


= 9(02’)? + 32(uy + U22)02 , 


(21) = — + — pasges) + 
As = lesqis — 2pi2me23 = 2(pi2qi2 — + — + gis 
log 
Az =| les mes |, 
«(OO 
where 
(22) Wik = Pik — qin + ik (¢,k = 1,2), 
j=1 


and where /;, and m,, are defined by equations (18). 
It is easy to verify that the above invariants are a complete system pro- 
vided merely that certain of them are not zero. In order to do this let us 


* Cf. Invariants and covariants. 
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assume that (10) has been transformed into a semi-canonical form so that 
piu = po = pa =0 and either ~;;=0 or g2:=0. Then if the invariants (21) 
are known functions of x, with’ pio, pes, 02, u12, 42 not equal to zero, it is 
possible to solve for the coeflicients of the semi-canonical form. The co- 
efficients Piz, Pes, gi2=~Pie—M2 are known at once. The expression for g22 
follows immediately from As. Since, in either semi-canonical form #1+4422= 
Ge and the expression for gu can be obtained from 
and then the expression for go: from @2. Since g;; does not appear in A; and 
since occur only in /;, which, with pu = reduces to 


2pos(2pre + giz) + — Apropos 23 — 212923, 


it is possible to obtain the expression for that one of the two coefficients 
pss and ges; which has not been made zero. Finally, gs gives the expression 
for g33. 

Since higher derivatives of y; than the second can be eliminated by means 
of equations (10) there can be only six independent covariants in addition 
to the complete system of invariants. Two of these are evidently y, and 43. 
Three others may be obtained immediately from the complete set for the 
system of equations of form (1) with two independent variables:* 


Fee tio tae 
(23) 
Yo = 4Ty2 + 2(t11 + U22)Ti2 + Sie, 
where 
(24) T y2 = Sie = |. 
512 S22 
and 


2 2 2 
(25) re= + D divi, se = (4 = 1,2), 
fut 


j=1 
and 


2 
(26) Uik = pir Qik + > PiiPirx, = Uik + (piste (i,k 1,2). 


j=1 


* Cf. Invariants and covariants, pp. 346-352. 
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The remaining covariant may be selected from the set for the system(1 


with three independent variables: 


= | 123 133 |, 


3 3 
28) rs = tis = + (4 = 1,2,3), 
j=1 j=1 
nd 
29) = Pik — Qik + >» PiiP ix (i,k 
j=1 


The independence of the above set of covariants is easily shown by 
means of the functional determinant formed with respect to the variables 


vi, (4=1, 2, 3). 
7. DERIVATIVE SURFACES 


The expressions defined by (25) are cogredient with y2 under 
the transformation (11). The line joining the points t, and tg. generates 
a surface S’ as x varies and this surface we shall call the derivative surface 
of S. Since the transformation =£(x) of the independent variable converts 
te and fz: into and respectively, where 

(30) he = > (he + 2 091), 


tol 
3 
3 
II 


the surface S’ changes as n changes. Since éi:=7+ 1191, the curve generated 
by ty is always on the transversal surface 7. 
We proceed to find the differential equations of form (5) for S’. It is 


easily verified that 


hie + Prtie + Piste: = + 
(31) 
too + poitic + Pooler = + U22¥2 — — 
Ly difierentiating each equation of (31) and eliminating y, and y2 and their 
derivatives, we obtain a set of equations of form (5) in the variables ty, 
lo, Ys. If in these equations we denote the coefficients corresponding to 
the coefficients p;; and gi; of (5) by P,,; and Q,;, respectively, we find 


V1 V2 V3 
tis tog 
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= — (011422 — — pul), 

TPi2 = pul 

= pull — — Viele: — Pil) — + pod, 
(32) TPi3 = poxA, = 

I P23 = + 3 + ges — 4pespss)I, 


= + (qos — 2p03933)7, 
where 


[= U11U22 — 


(33) 
A = 42011 — + pol, B = — + Pool. 


Assuming* J #0 we see at once that S’ is singular if and only if 


Ags 
P2013 — = —- =.0. 
2I 
Thus S’ is singular if S is in a 4-space, a fact geometrically evident, or if 
A=0. Equations (32) show that if A =0 the singular surface S’ intersects 
its transversal in a curve on 7. Now the transformations (11) leave A 
unchanged in form but the transformation §=£(x) converts A into A where 


1 


(ee [A + 3 + — + pie? +3 urou' J, 


with 


We therefore have the following theorem: 


If S is not in a 4-space there are ~* derivative surfaces which are singular 
and each of them intersects its transversal surface in a curve on T; if S is in a 
4-space there are «* of its singular derivative surfaces each of which intersects 
its transversal surface in a curve on T. 


Let us assume that the independent variable has been so chosen that 
A=0. The point associated with S’ which corresponds to d for S is given by 


* Equations (31) show that 10 if C; is so selected as not to have a point in common with 
the tangent 3-space to S’. 
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2Pi2 — + 


U12 
tio + 2Pictes = + + — hie 


2Pi2 Pir 
2p: + 2pup 
12 “Ppi2 — 2 
d 4 ( 1 91 11P1 =*) 
Pr 2pi2 Piz 


Thus the point is on the line of intersection of the tangent planes to S at 1 
and to S’ at ti, and also on the line joining y, and d. 

If the invariant m2. vanishes but C is not a straight line, that is, p20, 
we have A =0 only if #1:=0. It follows from equation (34) that in this case 
every singular derivative surface which intersects its transversal surface 
in a curve on T is developable with its edge of regression on T. 

Since 2P12=fi when A =0, it follows that the transversal surface of a 
singular derivative surface which intersects its transversal surface in a 
curve on J is developable if and only if T is developable. 
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ON A TYPE OF COMPLETENESS CHARACTERIZING 
THE GENERAL LAWS FOR SEPARATION 
OF POINT-PAIRS* 


BY 
C. H. LANGFORD 


In a forthcoming paper by E. V. Huntington? a number of sets of postu- 
lates or determining conditions for the type of order called “separation 
of point-pairs” have been given. These sets are selected from a list of 
general properties which characterize reversible order on a closed line, and 
each of the sets is shown to imply all the others so that the several selections 
are equivalent. It is to be shown in the present paper that sets of postulates 
for separation of point-pairs are characterized by a property which is closely 
analogous to ordinary completeness. A class of propositional functions 
will be defined, to be called general laws,fto which any member of a set 
of postulates for this type of order belongs, and it will be shown that such 
sets are sufficient to determine the truth or falsity of any general law which 
can be constructed on the base A, R,, the base for the set. This is a question 
of deducibility; one or the other of every pair of mutually contradictory 
general laws on K, R, must be deducible. 

The question of deducibility arises here in the following manner. It 
seems to be true from inductive considerations that each of these sets is 
a sufficient characterization of the type of order in question and thus that 
the theorems which follow from any one of them might be held to be ex- 
haustive of the general properties which are understood to attach to systems 
involving separation of point-pairs. Any such set might then be taken 
as a set of defining properties for separation of point-pairs in the sense that 
any theorem which is commonly understood to hold for this type of order 
is implied by the postulates and no theorem which is recognized as not be- 
longing to this type of order does follow from the postulates. In this sense 


* Presented to the Society, January 1, 1926; received by the editors February 18, 1926. 

+ See Proceedings of the National Academy of Sciences, vol. 11 (1925), pp. 687-689. Also 
Bulletin of the American Mathematical Society, vol. 31 (1925), p. 405. 

t Cf. E. V. Huntington, Postulates for abstract geometry, Mathematische Annalen, vol. 73 
(1913), p. 528. 
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the set might be held to embody a satisfactory analysis of the current notion 
of reversible order on a closed line. On the other hand such a set might, 
of course, be said to define “separation of point-pairs” in the sense that the 
connotation of these words is thereby arbitrarily assigned. Now although 
the properties which are assigned by any one of Huntington’s sets do char- 
acterize the type of order under consideration, it may be asked whether some 
essential property has not been overlooked in the sense that some theorem 
properly belonging to such systems is not implied by the postulates. Since 
the number of theorems which follow from sets of this sort is infinite, it 
would seem that the only way to answer such a question negatively would 
be to show that the set is complete. A complete set of postulates is a set 
which is such that any theorem which can be formulated in terms of the 
given base for the set is either implied by the postulates or else its contra- 
dictory is implied by them, that is, one or the other of every pair of mutually 
contradictory propositions follows from the set. Alternatively, a set is 
complete if any other set on the same base which implies it is implied by it, 
the sets in this instance being presumed to be self-consistent. In the case of 
sets of this kind no relevant theorem can be independent. But in the case of 
sets of general laws such as those for separation of point-pairs this property 
is certainly lacking; no categorical existence conditions are introduced and 
the cardinality of the system is left wholly undetermined. 

It is proposed to show, however, that sets of general laws may be com- 
plete in a sense quite analogous to that of ordinary completeness and that 
any one of Huntington’s sets does have this property. Since all of these 
sets are equivalent any one of them may be used, and for the present purpose 
the selection of postulates given below is most convenient. The system 
has for base a class K and a tetradic relation R(abcd) in terms of which the 
following properties are assigned. 

00. For every a, b, c,d in K, if abcd is true then a, b, c, d are distinct. 

F. For every distinct a, b,c,d in K, some permutation of a, b, c,d 
forms a true tetrad. 

G. For every distinct a, b, c,d in K, abcd .>. bcda. 

H. For every distinct a, b, c,d in K, abcd .>. abdc. 

R. For every distinct a, b, c,d in K, abcd .>. dcba. 

10. For every distinct a, b, c,d, x in K, abcd .>. axcd or abcx.* 

It is to be noted that these propositional forms are all hypothetical in 
that they do not demand that some set of elements have the properties 


*The condition that a, 6, c,d be distinct in G, H, R, 10 is merely a matter of convenience since 
the hypotheses cannot be satisfied if they are not distinct. 


98 C. H. LANGFORD [January 


given in their conclusions in order that the conditions demanded by the 
postulates be satisfied, but simply that the occurrence of such properties 
be contingent on the cardinality of A. This is of course true of all universal 
propositions. There is however a more important property which dis- 
tinguishes sets like this one from other sets, and in order to bring out this 
distinction it will be necessary to discuss briefly certain well known types 
of proposition with regard to what may be termed their degree of quantifica- 
tion. Under degree of quantification we may have propositions which are 
singly quantified as contrasted with those which are multiply quantified.* 
To use the simplest illustration, such propositions as “For some a, b, Rab 
holds” or “For every a,b, Rab holds” are singly-quantilied propositions, 
whereas, “For every a some is such that Rab” is a doubly quantified propo- 
sition. Or again, the proposition “Every element has an immediate suc- 
cessor” which occurs in connection with serial relations, when expanded 
is seen to be (a): . (Ab) : (c). ab - ~ac\V~cb, which is a triply quantified 
proposition. Any proposition which involves the applicatives “some” or 
“every” is quantified, and every variable constituent of the propositional 
construct has some applicative which applies to it. The degree of quantifica- 
tion of a proposition is determined by the number of occurrences of the 
applicatives “some” and “every” in the quantifier of the proposition. 
A singly quantified proposition may be said to be about elementary proposi- 
tions: (x) . dx is about ga and ¢b, etc. A doubly quantified proposition 
is, in this sense, about singly quantified propositions: (x) : (Ay) . (x, y) 
is about (Ay). d(a, y) and (Ay) . (b, y), etc., and each of these singly 
quantified propositions is about elementary propositions. A triply quanti- 
fied proposition is about doubly quantified propositions which are about 
singly quantilied propositions, and so on.f In the current theory each 
variable is assigned a different scope and a separate applicative attaches 
to each variable.{ Thus the proposition (1) For every x, y, #(x, y) would 
be written (2) For every x every y is such that ¢(x, y), or (3) For every 
y every x is such that ¢(x, y). (2) and (3) are clearly equivalent to (1) 
which differs from them in that its quantified constituents have the same 
scope, while in (2), for example, « has a wider scope than y. (2) and (3) 
are doubly quantified and are reducible to (1) which is singly quantified. 


*The terms are due to Mr. W. E. Johnson, although his use of them differs slightly from the 
present one. See Mind, new ser., vol. 17, p. 240 ff. 
t Compare a paper Some theorems on deducibility, forthcoming, in the Annals of Mathematics. 


t See, however, Principia Mathematica, 2d edition, vol. 1, pp. xx-xxii. 
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Whenever two applicatives which are both universal or both particular 
are juxtaposed it is always possible to reduce the degree of quantification 
in this way, and it is important for our present purpose to effect this re- 
duction, so that when a proposition is referred to as singly quantified it 
may have » variable constituents but they must all be affected by the same 
applicative. The present discussion is to be confined to first-order functions. 
\ jirst-order function is a function whose values are first-order propositions. 
A first-order proposition is a proposition which contains variables denoting 
individuals but does not contain any variable functions.* All of the fore- 
going postulates are first-order functions. 

The point about singly quantified propositions is that when a proposi- 
tion has the form “For every a, b,c, -- +, (a, b,c, - or “For 
some da, b, c,- (a,b, it refers separately to subclasses 
of n elements, so that if we know the relational structure of any such sub- 
class we know whether the proposition is true or false. Now in the case of 
such expressions # will be finite, so that the relational structure of the sub- 
class can be given extensionally and determinately, and this is important 
in connection with the subsequent proofs which are concerned solely with 
single quantilications. 

In all of the postulates of the foregoing set the quantified constituents 
all have the same scope. ‘These postulates are singly quantified. But in 
adding further properties to the list in order to determine a particular type 
of reversible order on a closed line we should certainly require other than 
singly quantilied statements. For example we might wish to assign the 
property of density, “Any two points of the closed line are separated by some 
pair of points,” and this would have to be written (a, b) :. (Ge, d): a, beK. >. 
c,de\ - Racbd, which is a doubly quantified postulate, and it is not reducible. 
In fact it will be shown presently that no further independent singly 
quantilied hypothetical first-order functions can be added to the above list, 
and this is the sense in which the set is to be shown to be complete. By a 
gencral law, as used in the present discussion, we mean, then, any first-order 
functions which is hypothetical and singly quantified. 

There are two ways in which the postulates of the set (00-10) may be 
classilied both of which are important. Postulate 00 differs from the other 
members of the set in that it is concerned with R-tetrads in which not all 
of the elements are distinct. This is brought out by expressing 00 in the form 
“For every a, b, c, d in K, if a, b, c, d are not all distinct, then Rabcd fails.” 
The other postulates have to do with R-tetrads in which all of the elements are 


*Cf. Principia Mathematica, 2d edition, vol. 1, p. xxiii. 
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distinct. It would of course be possible to divide 00 into three different state- 
ments having to do respectively with ordered tetrads of one, two, and three 
distinct elements, but this is unnecessary in the present instance since precisely 
the same assertion holds for each of these cases. If we consider the possible 
values of R, they fall into four classes according as the tetrads involve one, 
two, three, or four distinct elements, and these sets of values are non-over- 
lapping. Consequently the validity-values* assigned to any one of the sets 
are independent of those assigned to any other, and it follows that postulates 
which refer to different classes in this respect are wholly independent of 
one another. Since 00 refers solely to the first three sets of tetrads while 
F-10 refer to the fourth set alone, 00 is wholly detached{ from the remaining 
postulates, and for this reason it may be treated separately. On the other 
hand, we may classify the members of the set (00-10) according to the num- 
ber of distinct elements in the sets on whose R-structure they place restric- 
tions. O00 places restrictions on the R-structure of every set of one, two, or 
three distinct elements; / places restrictions on the structure of every 
four distinct elements, and the same is true of G, H, and R; 10 restricts 
the R-structure of every set of five distinct elements. 

Postulates Ff, G, H, and R are alike in that they are about ordered tetrads 
of distinct elements and involve reference to just four elements. If we 
consider any subclass of four elements, it is clear that the relation R may 
hold or fail independently for each of the twenty-four ordered tetrads which 
may be formed of these elements. ‘The force of G may then be expressed 
by writing its conclusion in the form abcd - bcda=0, that is, abcd - bcda 
cannot occur. Similarly, the conclusion of H may be written abcd abdc=0, 
while that of R will be abcd - dcha=0. In the case of F we should have to 
write out all of the twenty-four ordered tetrads and exclude the case in 
which the relation R fails for all of them. The formulation of F, G, H, 
and R in this way shows that their force is to be found in the possibilities 
which they exclude. Different permutations of the same set of elements 
are distinguished relatively to one another and to the permutations of 
related sets, but in no sense absolutely. Accordingly, if a postulate is 
satisfied by a given selection of validity-values attaching to the ordered 
tetrads formed of a, b, c, d then the postulate will be satisfied if any of the 


*A tetrad abcd has a positive validity-value if R(abcd) is true and a negative validity-value if 
R(abcd) is false. 

+ Cf. E. V. Huntington, A new set of postulates for belweenness, these Transactions, vol. 26 
(1924), p. 275. 


1927 SEPARATION OF POINT-PAIRS 101 


elements a, 6,c,d are interchanged. The twenty-four permutations of 
any four elements in A must be characterized by some distribution of positive 
and negative validity-values; H demands that no two permutations related 
as are abcd and abdc shall both be positive; F demands that not all permuta- 
tions fail, while G and R demand that no two permutations related as are 
abcd and beda or as are abcd and dcba shall be positive and negative re- 
spectively. 

If we consider the different forms which arise by distributing positive 
and negative validity-values in different ways over the several ordered 
tetrads formed of four elements, the question arises as to how many of 
these forms are excluded by F, G, H, and R. If F, G, H, R should exclude 
all possible distributions, then they would be inconsistent with the existence 
of at least four elements in the class K.. If they should be consistent with 
the occurrence of more than one type of distribution of validity-values, 
then further restricting conditions independent of F, G, H, and R are pos- 
sible and F, G, H, R do not select a determinate form for any four elements. 
If, however, there is only one type of distribution of validity-values for the 
permutations of four elements in ordered tetrads of distinct elements which 
satisfies F, G, H, and R, then any further general law about four elements 
in ordered tetrads of distinct elements is either redundant with F, G, H, R 
or else, with its addition, the set implies that there are not at least four ele- 
ments in K. 

The consideration that F,G, H, R may exclude all possible forms of 
distribution of validity-values but one leads to an alternative procedure for 
formulating postulates by which it is possible to know that a determinate 
form is selected. Instead of attempting to determine when all forms but 
one have been excluded we may reverse this procedure and demand that 
any ” elements have a specified form. We may express by R'(abcd) the 
holdure of R for the eight permutations which can be obtained by a cyclic per- 
mutation of abcd and its reverse. R’(abcd) means then Rabcd - Rbcda - Rdcba, 
etc. Also, when for some permutation of the elements x, y, 2, w, R holds, 
we may say that x, yv, s, and w have the form R(ABCD), which means, then, 
that Rxysw or Ryzwx or, etc. If x, y, 2, w, t can be so identified with A, B, 
C, D, E that R(ABCD) - R(BCDE) holds, then x, y, z, w, ¢ may be said to 
have the form R(ABCD) - R(BCDE). Similarly, if for some permutation 
of x, vy, 3, w, R’ holds, we may say that x, y, z, w have the form R'(ABCD). 
Consider the postulate 

(1) Any four K-elements on tetrads of distinct elements have the form 
(a) R'(ABCD); (b) R fails for all permutations other than those involved 
in (a). 
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This formulation is equivalent to the assertion that all forms of proposi- 
tion other than this one are false; it ascribes a determinate form to any 
set of four elements on tetrads of distinct elements.* Given any four K- 
elements a, b, c, d, then some permutation of a, b, c, d must have this char- 
acter; what permutation that is is quite irrelevant and is in fact meaning- 
less except in the case of a particular application. That this postulate 
determines completely the relational structure of a, 6, c, d may be seen as 
follows. Consider the set of all possible ordered tetrads on a, b, c, d and 
let a set of validity-values be assigned in accordance with the postulate 
and regard the result as a compound proposition about the holdure and 
failure of R for the several ordered tetrads. The statement assigns a de- 
terminate validity-value to each tetrad of the set. Now consider any 
rearrangement of a, b, c, d in this proposition. This will give rise to a 
proposition which must have the same form as the original one and it too 
will include all possible permutations of a, 6, c, and d. If in the second 
proposition the validity-value of some permutation of a, b, c, d diflers from 
the validity-value of this permutation in the first proposition, then the two 
statements are incompatible. If, however, every permutation has the same 
validity-value in the two cases, then the second is precisely the same proposi- 
tion as the first. It follows that no two propositions of this kind can both 
be true. The postulate therefore exhaustively characterizes, in terms of 
general law, any four elements on tetrads of distinct elements. 

It will be shown that (1) is equivalent to F, G, H, and R. That F, 
G, H, Rimply (1) may be seen as follows. Consider any four elements in K. 
By F, some permutation of these elements, say abcd, is such that Rabcd 
holds. Then by G, bcda, cdab, dabc hold, and by R, dcba, adcb, badc, chad 
hold. From the fact that the relation R holds for these eight tetrads it 
follows by H that R fails for all other permutations. But this gives the 
form demanded by (1). 

That F, G, H, R follow from (1) is seen immediately by noting that any 
four elements having the form demanded in (1) satisfy fF, G, H, and R, 
so that if every four elements in A have this form, F, G, H, and R must 
hold. This shows that F, G, H, R are complete within the domain to which 
they refer directly. 

We now proceed to formulate, in terms of the notion of the form of a 
set of elements, a set of postulates for separation of point-pairs which will 
be shown to be equivalent to the set 00-10. The set has for base a class K 


*The complete characterization of a set of n elements by assigning a determinate set of validity- 
values is due to H. M. Sheffer. The procedure is applied here to values of functions. 
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and a tetradic relation R in terms of which the following properties are as- 
signed. 


1. Every element in K has the form AAAA. 


2. Every pair of elements in A have the form AAAB - AABA : 


ABAA BAAA - AABB - ABAB BAAB ABBA BABA BBAA - 
ABBB BABB BBAB - BBBA. 

3. Every three elements in A have the form (a) AABC - AACB - 
ABAC - ACAB: ABCA: ACBA BAAC:CAAB: BACA:CABA BCAA 
CBAA;; (b) the tetrads obtained by interchanging A and B in (a) are all 
negative and those obtained by interchanging A and C in (a) are all negative. 


4. Every four elements in K on tetrads of distinct elements have the 
form (a) R’(ABCD), (b) R fails for every other permutation of these variables. 


5. Every five elements in K on tetrads of distinct elements have the 
form (a) R’(ABCD) - R'(ABCE) - R'(ABDE) - R'(ACDE) R'(BCDE), 
(b) R fails for every permutation of any four of the variables A, B, C, D, E 
which is not asserted in (a). 

It is clear that 1, 2, and 3 can be compounded into one postulate and 
that they are together equivalent to 00. It might seem on casual examina- 
tion as if 4 follows from 5 and is thus superfluous, and this is indeed the case 
if there are not just fourelementsin K. But if the set 1-5 is to be equivalent 
to 00-10, this case cannot be excluded, so that 4 is necessary. The set 1-5 
is not to be regarded as having any value in use; it is introduced here 
partly as a step in the proof of the completeness of the general laws 00-10 
and partly for its theoretical interest. 


THEOREM I. 00 implies 1, 2, and 3. 
For abcd if a, b, c, d are not all distinct. 
THEOREM II. F,G, H, and R imply 4. 


This theorem has already been proved. III and IV are preliminary 
to V, and are, of course, to be derived from 00-10. 


THEOREM III. abxc - abcy .>. abxy if a, b, c, x, y are all in K. 


By 10, abxc-y.>.ayxc or abxy and abcy-x.>.axcy or abcx. But 
abcx and abxc are incompatible, by H. Hence axcy ; ayxc .3. yxca 
.>.xcay, by G. But axcy .>. xcya, contrary to xcay. Hence ayxc, hence 
abxy. 
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THEOREM IV. abcx - abcy.>.abxy or abyx, if a, b, c, x, y are in K 
and x#y. 


By G, abcx .>.bexa and abcy.>.beya; bexa-y.>.byxa or bexy, 
and beya -x .>. bxya or beyx, by 10; bcyx and bcxy are contrary, by H; 
hence byxa or bxya. But byxa .>. abyx and bxya .>. abxy. 


Tueorem V. F, G, H, R, and 10 imply 5S. 


Consider any five elements in K. Any four of these elements must 
have some permutation, say abcd, such that abcd holds, by F. (1) abcd - x 
.>.axcd or abcx, by 10. Suppose axcd; axcd.>.xcda.>.cdax and 
abcd .>.bcda.>.cdab. (2) cdax -cdab.>.cdbx or cdxb, by IV. Sup- 
pose cdbx. Then we have abcd - axcd - bxcd. Also, cdbx -a.>.cabx or 
cdba, by 10, and abcd. > . bcda. > .cdab, by G. But cdab is contrary to cdba, 
by H. Hence cabx. Also, cabx .>. abxc, by G, and abxc - abcd .>. abxd, 
by III. We have then abxc - abxd abcd - axcd bxcd. 

Reverting to the alternative possibility in (2), suppose cdxb. We have 
then abcd - axcd -xbcd. Moreover, cdxb-a.>.caxb or cdxa, and cdxa is 
contrary tocdax. Hencecaxb. Butcaxb axbc,and axbe + axcd .>. axbd. 
Hence, we have axbe - axbd - axcd - abcd - xbcd. 

Reverting to the alternative in (1), suppose abcx. (3) abcx - abcd 
.>.abdx or abxd. If abdx, abdx-c.>.acdx or abdc. But abdc is con- 
trary to abcd. Hence acdx. Also, abcd .>. bcda; beda-x.>.bcdx or 
bxda; beda .>. abxd, contrary to abdx. Hence, abcd - abcx - abdx - acdx - 
bedx. 

Reverting to the alternative in (3), suppose abad. We have abcd - 
abcx - abxd. And abxd-c.3.acxd or abxc. But abxc is contrary to 
abcx, hence acxd. Moreover, acxd .>.cxda and abcx .>. cxab, and cxda - 
cxab. > .cxdb, by IV. Butcxdb. > . bexd. Hence abcx - abcd - abxd - acxd - 
bexd. 

In any case, then, some permutation of any five distinct elements has 
this R-structure. But abcx .>. R’(abcx). Similarly, we have R’(abcd), 
R' (abxd), R’(acxd),and R’(bexd), and this is the form required in the theorem. 

Theorems I, II, and V show that set 1-5 follows from set 00-10. The 
following theorems establish the converse relation. 


THEOREM VI. 1, 2, and 3 imply 00. 


1, 2, and 3 entail the failure of every ordered tetrad in which the ele- 
ments are not all distinct and this is precisely the force of 00. 
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THEOREM VII. 4 implies F. 


For if every four elements in K have the form demanded in 4 then not 
all permutations fail. 


THEOREM VIII. 4 implies G. 


An inspection of the form which any four elements must have in ac- 
cordance with 4 shows that abcd - beda cannot occur. Similarly, 


THEOREM IX. 4 implies H and R. 
THEOREM X. 5 implies 10. 


For 10 requires that if abcd holds and x belongs to K, then axcd and 
abcx cannot both be true. If 5 holds every set of five distinct elements 
in K must have the form given in 5 and in this form the combination 
abcd - axcd - abcx does not occur. 

This establishes the equivalence of sets 1-5 and 00-10, and we are now 
in a position to consider the question whether further independent general 
laws can be added to either of these sets, and of course if some law exists 
which is independent of one set it will be independent of the other also. 
It is a characteristic of the set 1-5 that each of the postulates is expressed 
in a completely expanded and extensional form. Postulate 4, for example, 
demands that every four elements in K shall exhibit the type of distribution 
of validity-values specified in that postulate, and the form there given in- 
cludes all possible permutations of four elements in tetrads of distinct 
elements. Now consider any postulate, say Y, which is such that it refers 
to just four elements on tetrads of distinct elements—postulate G, for ex- 
ample. In general such a postulate will be satisfied by a set of four elements 
having certain distributions of validity-values and will not be satisfied by 
other distributions. If Y is satisfied by a set of elements having the particu- 
lar distribution of values demanded by 4, then since 4 demands that every 
four elements in K have this form, Y will be implied by 4 as it must hold 
whenever 4 holds. On the other hand, if Y is not satisfied by a set of ele- 
ments having the particular form demanded in 4, then 4 implies that Y 


is false. 

This argument requires a slight modification and extension to include 
extreme cases. In the first place it may happen that K has less than four 
elements. In this case every general law of the kind is true, and 4 materially 
implies Y. Properly, of course, that K does not have at least four elements 
implies Y; and it may be well to obviate a possible source of confusion 
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here. When it is asserted that for every general law Y, 4 implies Y or else 
4 implies that Y is false, this assertion is not to be understood to mean that 
for any Y, 4 implies that Y is true for every value of K or else 4 implies 
that Y is false for every value of K. It is to be understood to mean that 
for any value of A, 4 implies that Y is true or 4 implies that Y is false. 
and this again is, of course, to be distinguished from the triviality that for 
any value of A, every Y is such that 4 implies that Y is true or FY is false. 
For example, the general law abcd .>. abdc for every a, b, c, din K is such 
that if K has at least four elements, Postulate 4 implies that it is false; 
whereas, if A does not have at least four elements 4 implies that it is true. 

There is another special case which needs to be considered. It was said 
that in general Y will be satisfied by some distributions of validity-values 
on four elements and will not be satisfied by others. It may happen that 
Y is satisfied by every distribution of validity-values. In this case, how- 
ever, Y follows from every general law and itself contributes no postulational 
information. On the other hand Y may be such that it is incompatible 
with the existence of at least four elements in K. Here, however, if K 
does have at least four elements then Y must be false and if K does not 
have at least four elements Y is true. Hence, 


THEOREM XI. Every general law Y on the base K, R which refers to 
just four elements in tetrads of distinct elements is such that 4 implies Y or 
else such that 4 implies that Y 1s false. 


’recisely similar considerations establish the corresponding theorem with 


respect to Postulate 5. 


THEOREM XII. Every general law Y on the base K, R which refers to 
just five elements on tetrads of distinct elements is such that 5 implies Y or 
such that 5 implies the contradictory of Y. 


Analogous theorems clearly follow for Postulates 1, 2, and 3. But it 
is also easy to see that here the theorems may be generalized immediately 
so as to include general laws referring to any finite number of elements. 
Postulate 1 demands that every element in A have the form AAAA, and 
it follows from this that any m elements on tetrads of a single element have 
a determinate form. Hence any general law referring to tetrads of a single 
element which is such that it implies that at least one tetrad holds is in- 
compatible with 1, whereas any such law which does not imply the holdure 
of at least one tetrad aaaa is implied by 1. Similar considerations hold 
for 2 and 3; 2 implies that for any elements on ordered tetrads of two 
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distinct elements every tetrad fails, and 3 implies that any » elements on 
tetrads of three distinct elements are such that every tetrad fails. Hence, 


THEOREM XIII. Every general law on the base K, R which involves 
reference to n elements on ordered tetrads of elements not all distinct is such 
that it is implied by Postulates 1, 2, and 3 or else such that tis contradictory 
is implied by 1, 2, and 3. 


It is not always the case that a postulate refers solely to tetrads of non- 
distinct elements or solely to tetrads of distinct elements; many restrict 
in some way the validity-values of both. In dealing with such a possibility 
it is necessary to consider the combined force of Theorems XI, XII, and 
XIII, and indeed we have already combined 1, 2, and 3 additively in ar- 
riving at XIII. Consider any four elements in K formed into all possible 
ordered tetrads of distinct and non-distinct elements. XIII requires that 
R fail for all tetrads of non-distinct elements, whereas XI prescribes a 
determinate form for those tetrads formed of distinct elements. Clearly, 
the total form exhibited by any four elements is a determinate one, and any 
general law whatever, a value of which involves not more than four ele- 
ments, is dependent on XI and XIII. Similarly, XII and XIII imply that 
any five elements in K have a completely expanded form with a determinate 
distribution of validity-values. Hence, 


THEOREM XIV. Any general law which can be formulated in terms of 
K and R and whose values do not involve more than five elements is such that 
either it or its contradictory is implied by the set 1-5. 


It is certain, then, that if there exist any general laws independent of 
1-5 they must have values which involve more than five elements. In order 
to show that such laws do not exist it will be necessary to show that as a 
consequence of 1-5 any m elements have a determinate form. Postulates 
1, 2, and 3 have already been shown to include the case of elements where 
n is any finite number. It remains to extend 5 in this way. 

We may denote by C(abc---) the assertion of all those ordered 
tetrads which are obtained in the expression C by reading in the order from 
left to right. Thus C(abcde) means Rabcd - Rabce - Rbcde, etc. 


THEOREM XV. For every set of n elements in K (n>3 and finite) some 
permutation abc - - - is such that C(abc - - - ) holds. 


The theorem has already been established for »<5 in XI and XII. 
Consider the hypothesis that the theorem holds for every subclass in K of 
just elements, where 25. 
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Any subclass of K having »+1 elements has »+1 subclasses of n ele- 
ments each, and for each such subclass the relation C holds for some per- 
mutation of its elements. 

It will be shown that there are at least three elements a, b, c in the set 
of n+1 elements such that abcx holds for every element x of the set other 
than a, b, and c. 

Take any subclass of m elements. Some permutation C(abc - - - ) holds. 
Call the element not belonging to this set of » elements g. Now abcx 
holds for every x other than a, b, and ¢ in the expression C. If abcq, then 
the requirement is satisfied. 

Let z be some one of the set of #+1 elements other than a, b, c, and gq. 
Then abcz holds. By 10, abcz-q.>.abeq or agcz. Suppose agez. We 
have abcz; abcz .>. beza .>. czab; czab-q.>.cgab or czag. If cgab, then 
abcg, and the requirement is satisfied. If the condition is not to be satis- 
fied czag must be true. czaqg.>.qgazc .>. ascg, and abcs beza azcb; 
azcq - azcb .>. azgb or azbg. Moreover, azgb .>. zsqba .>. abgz, and azbg 
.>. sbga .>. aghz. 

Suppose abgz. Then abgz .>.sqba .>. qbaz .>. bazg, and abcz .>. zcba 
.>. chaz .>. bazc; bazg base .>. bage or bacgq. 

If bagce, bage .>. abcg. Here a, b, and c satisfy the condition. 

If bacg, bacg.>.abgc, and abge - abcx .>.abgx. Here a,b, and g 
satisfy the condition. 

Suppose agbz. Then agbz-c.>.acbz or agbc. But abez .>. zabc and 
acbz .>.zacb, contrary to sabe. Hence agbc. Now agbc-x.>.axbe or 
agbx. But axbc is contrary to xabc. Hence agbx. Here a, g, and b satisfy 
the condition. Hence, for some a, b,c, abcx for every x other than a, b, 
and c in the set of 7+1 elements. 

Let a, b, c be three elements in the set such that abcx for every x other 
than a, b, c, and let the relation C hold for the set of 7 elements to which 
c does not belong. C(xyzs---wt).>.C(tw---syx), so that for one or 
the other of these expressions a and b occur in the order ab. Consider the 
expression for which this is the case. 

There is no pair of elements x, y in C such that axby. For abcx - abcy 
.>.abxy or abyx. If abxy, abxy .>. yabx and axby .>. yaxb, contrary to 
yabx. If abyx, abyx .>.xyba.>.ybax and axby.>.ybxa, contrary to 
ybax. Then axby is always false. Hence, in the expression C every ele- 
ment x is such that a, x, and b are in the order axbd or no element is so. 

We may permute the elements of C cyclically so as to bring a into the 
first place. We have then either C(a---x---b) or C(ab---a---). 
-); 
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so that in any case C can be so chosen that a and 6 fall in the first and second 
places respectively. We have then abxy for every x, y in the order xy in C. 

abcx .>. xcba .>. chax and abcy .>. ycba .>. chay; chax chay .>.cbxy 
or chyx; chxy .>. bxyc and abxy .>. bxya; bxyc - beya .>. bxac or bxca; 
bxac .>. xach, contrary to xabc, and bxca .>. abxc, contrary to abcx. Hence 
chxy, hence chyx; but chyx .>. xybc .>. bexy. 

abxy .>. yxba and bexy .>. yacb; yacb yxba .>. yxca; yxca .>. acxy. 
So that we have abcx - abcy - abxy - acxy - bexy. We have also axyz and 
bxyz, reading from left to right in C. It remains to be shown that cxyz 
holds. 

bexy .>. cxyb; cxyb - 2.2. cxyz or czyb; czyb .>. bczy, contrary to beyz. 
Hence cxyz if axyz and bxyz, and we have C(abc - - - xyz) for some permuta- 
tion of the set of 2+1 elements, which is the theorem. 

If Rabcd holds, then Rbcda and Rdcba. It follows that R holds for every 
tetrad which can be obtained by a cyclic permutation and its reverse. 
We may express, as previously, the holdure of R for these eight permutations 
by writing R’(abcd). We may express by C’(abc - -- ) the assertion that 
R’ holds for any four elements in C’ which occur in the order from left 
to right. 


THEOREM XVI. Any n elements in K are such that for some permutation 
abc ---,C'(abc---) holds and such that R fails for every other permutation 
of any four of these elements. 

C(abe -- - ) holds by XV. But Rabcd . > . R’(abcd). Hence C’(abe - - -). 
That all other ordered tetrads fail follows from Postulate 4. 

We have then the following exhaustive characterization of any set of 
n elements in K. 

(a) For some permutation C’(abc---) holds where a, b,---~ are all 
distinct. 

(b) For every ordered tetrad of distinct elements which does not occur 
in C’, R fails. 

(c) For every ordered tetrad of the elements in C’ which are not all 
distinct R fails. 

(c) follows from postulate 00. If 2 is less than four (c) alone is relevant. 
It is clear that in view of (a), (b), and (c), any » elements in K have a de- 
terminate form; no further independent general laws can be added to the 
set 00-10. 

All of the general laws 00-10 are universal in that they impose the same 
condition on every set of m elements in K and they are all hypothetical in 
that they are satisfied if K does not have at least m elements. We may, 
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however, have general laws which are not universal, though they must of 
course be hypothetical. Such laws are of the form “If there are at least 
n elements in K, then for some a, b, c,---,, d(abc---n).” And it is 
clear that a universal law implies the corresponding hypothetical particular, 
so that each member of the set 00-10 implies a corresponding particular 
function. Thus “For every distinct a, b, c,d in K, abcd .>. dcba” implies 
that if there are at least four elements in A, then for some a, 0, c, d in K, 
abcd .>. dcba; “For every distinct a, b, c, d, x in K, abcd .>. axcd or abcx” 
implies that if A has at least five elements, then for some a, ), c, d, x, 
abcd .>. axcd or abcx.* Conversely, any property which can be assigned 
by a singly quantified first-order function and which belongs to at least 
one set of » elements in A belongs to every such set. 

It is a characteristic of the set 00-10 that the holdure or failure of the 
relation R is left wholly undetermined for any tetrad abcd whose elements do 
not all belong to the class K. The foregoing theorems have been concerned 
solely with the determination of the form of any set of m elements all of 
which belong to A, and it is with respect to these elements that the set is 
complete as to general law. It seems to be commonly assumed, with regard 
to sets of this kind, that if a set of say four elements in the case of a tetradic 
R does not fall wholly within A, then R fails. It is sometimes suggested 
that R is undefined for such sets of elements. This can, however, mean 
no more than that R fails universally in such cases, for when we write 
“If a, b, c, d belong to K, then ¢(a, b, c, d)” it is presupposed that $(a, b, c, d) 
is significant even if a, b, c, d do not all belong to K. We may then subjoin 
to the set 00-10 the condition that if a, 6, c, d do not all belong to K, then 
Rabcd fails. With this condition any set of m elements within the range of 
significance of the variables x, y in Rxy has a unique R-structure with respect 
to any general law. 


* Cf. Huntington, Proceedings of the National Academy of Sciences, loc. cit., p. 688. 
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INTEGERS AND BASIS OF A NUMBER FIELD* 


BY 
N. R. WILSON 


I. INTRODUCTION 


The existence theorems of the standard theory of algebraic numbers do 
not always lead to very practicable methods of computation in individual 
cases. Such methods of computation form the main subject of this paper. 
The basis set up appears at the same time to have some advantage of sim- 
plicity for theoretical purposes. The numbers of the field are first expressed 
in terms of a special set of integers, from which the basis is obtained in the 
third section. In the remaining sections, methods of computing this special 
set are discussed, illustrated by the general cubic. 

Let A,2" + Ani2""! + - - - + Ao = O be the equation defining the field, 
all A’s being rational integers and A, ~ 0. Letd be the greatest rational 
integer such that d"/A,_,A’,* fior all of r = 1,2,---,. Then the sub- 
stitution xd = 2A, reduces this equation to + B,ux"1+---+ =0, 
the B’s being rational integers. This form of the equation we call the normal 


form. Its defining features are (i) the coefficient of x" is 1 and all B’s are 


rational integers; (ii) there exists no rational prime p such that p’/B,_, 
for all of ry = 1,2,---,. We may, if we please, make B,_,; = 0. These 
transformations, being rational, do not afiect the field. 

To minimize the verbiage, we use the following notation and terms, the 
the latter mostly self-descriptive. The integers 1, x, - --,«"~! we call 
ordinary integers; also the sums and differences of such. These letters and 
y, z, Y, Z denote algebraic integers. The remaining letters, a,b, - - - , w, and 
the corresponding capitals, denote rational integers, p being reserved for 
primes and fi, fo, - - - denoting distinct primes. Greek letters denote ra- 
tional numbers. If an algebraic integer is of the form ap + aiv¥+ -- + +amx", 
m<=n—1, a», #0, and each a in its lowest terms, we say that it is of 
degree m in x, abbreviated (ao,a1, ---,Qm). If also — } <a@ S } for each 
a and a, = 1+D,, where D,, > 0, we call it a reduced integer. If yisa 
reduced integer and the denominators of the a’s are powers of one and the 
same prime, we call y a single-prime reduced integer. If y is a single-prime 
reduced integer and a, = 1 + p' where ¢ is the greatest possible, we say 
that y is a maximal reduced integer in p of degree m. 


* Presented to the Society, December 29, 1925; received by the editors in February, 1926. 
t The symbol / throughout denotes “‘is a factor of.”’ 
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THEOREM I. If p* 1s the highest power of p occurring in the denominator of 
any a of the single-prime reduced integer ao + + +> +Qmx™, then p** is 
a factor of the discriminant of the field equation.* 


1 x yz | Let = Ao + + | x! be the in- 
| 
1 x. x2 Xo" teger and yo + 


The determinant D on the left, when squared, gives 
the discriminant, A. Let a,,r < m, be any coefficient 
which contains p* in its denominator. Multiplying 
the equations above by the co-factors of x’, x2", - - 2," in D and adding, 
we obtain on the right a,D, and on the left a determinant D’ which is not 
affected, except for a change of sign, if we interchange a pair of conjugate 
roots. Hence D” also is a symmetric function of the roots; rational and, 
since the coefficient of «" is 1, integral in the remaining coefficients B. Since 
A= DeandA # 0,a,? = D’? + D? or p**/A. 


| Vn @ + be its conjugates. 
| 
| 


Coro.iary 1. Jf there exists a single-prime reduced integer in pof degree 
m in x, there exists a maximal reduced integer ix p of degree min x. 


For, since p?*/A, k for a,, is bounded and is a rational integer. Hence k 
must have a rational integral maximum, ?. 


CoROLLARY 2. The maximal reduced integers in a given field are finite 
in number. 


For m is restricted to the range 0, 1, 2, - - - ,  — 1; p to the primes such 
that p?/A. For each m and p there can be only one maximum ¢ of the last 


corollary. The coefficients a are limited by the relation — 4 <a & }. 
The number of each is finite, and therefore also the number of maximal 


reduced integers. 
II. ExPRFSSION BY ORD!NARY AND MAX:MAL REDUCED INTEGERS 


We prove first that any integer can be expressed in terms off ordinary 
and maximal reduced integers, using not more than one of the latter for 


* The discriminant A of the field equation throughout this paper denotes the product of the 
squared differences of the roots, without the additional numerical factor of some current definitions. 
We suppose always that 40. 

t+ For simplicity, when ambiguity is not likely to arise, “expressed in terms of’ is used to ab- 
breviate “expressed as a rational linear homogeneous function, with rational integral coefficients, 
of’ except in enunciating theorems. 
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each mand p. If M = p,"* po - - - is the L. C. M. of the denominators of the 
coérdinates in y = (ao, a1, - @m); and if #2, - - - are non-zero solutions 
of 


u( + ) =1 


(the notation implying that they are rational integers); then y = ™ yi + U2 Ye 
where 
M 
= pie y. 

Each y, contains in its denominators the same powers of /, as in the cor- 
responding denominators of y, and powers of /, only. It will be sufficient 
therefore to prove the result for an integer y, all of whose denominators are 
powers of one prime /p. 

If y is such an integer of degree k in x, then y — (ai, a2, - - -, a) is alsoan 
integer. Hence y is the sum of ordinary integers and an integer of the form 


where — } < (b + p') S$ 3,b, # Oand prime to p. If ub, + = 1, uy’ 
+vx™, apart from ordinary integers, is a single-prime reduced integer, 
(Bo, Bi, ---,1 + pm). Hence a maximal reduced integer in p of degree m 
in x exists (Theorem I, Corollary 1); viz. Yn = (¥o,¥1,°°°,1 + p'),t 2 tm. 

Consider the integer y —},,p'-‘mY,,. The coefficient of x” is 0,so that it 
is of degree <min«x. If this difference is not expressible in terms of ordinary 
integers, we obtain in a similar manner a single-prime reduced integer, 


(Bo’, Br’, + p**), and a corresponding maximal reduced integer, Y, 
= (Yo,¥1,°°°,1 + p”) of degree sinx,s < mand u 2 u,, and consider the 


difference (y — p'~'mY,) — b,p*-“Y,. Continuing this process so long as 
the difference is not expressible in terms of ordinary integers, we must, after 
m steps if not before, obtain a difference which is integral and of degree 0 in 
x;i.e., a rational integer. Hence y is expressible in terms of Y,,Y., - - - and 
ordinary integers. As all maximal reduced integers in p of degree m in x 
have the same highest coefficient, any one with the same m and p may be 
used in making these reductions. 


THEOREM IIa. All integers of the field can be expressed as rational linear 
homogeneous functions with rational integral coefficients of ordinary integers and 
maximal reduced integers, the latler consisting of one selected arbitrarily from 
those in each prime and for each degree in x for which such exist. 


bo by bm 
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Coro.iary. The difference between two integers in p, 


a 
+ 


(= bi 


of the same degree in x and with the same highest coefficient, 1s expressible in 
terms of ordinary integers and maximal reduced integers in p, both of lower 


degree x. 


and 


THEOREM IIb. Jf p is a prime occuriing in the denominator of some co- 
ordinate of an integer, then (i) there exists exactly one maximal reduced integer 
Y,, in p of lowest degree rin x, r > 0; (ii) if r < n — 1, there exist maximal 
reduced integers in p of degreesr +1,r+2,---,m —1 in x; and (iii) for 
each u,0 <u < t, there is one and but one single-prime reduced integer, (Bo, B:, 

-+,1 + of degree r in x differing from p'-“Y by ordinary integers, where 
VY, = + 

As in Theorem Ia, there exists a single-prime reduced integer and there- 
fore a maximal reduced integer in p of some degree m in x. Since m has 0 
for a lower bound and is a rational integer, there exists at least one of some 
lowest degree r. We must haver > 0; for any rational number which is also an 
integer must be a rational integer. Ii there were two of this lowest degree 
in #, since their highest coeflicients are the same, their difference leads to a 
single-prime reduced integer of lower degree, since — } <a S }. From 
Corollary 1, Theorem Ia, we should then have a maximal reduced integer of 
degree r’, r’ <r, the least degree in x. 

If Y,is this one andr < w—1,thenxY,, x*Y,, - - are single- 
prime reduced integers in p of degreesr + 1,7r+2,---,n—1,in x, hence, 
by the same corollary, there are maximal reduced integers of these degrees 
in x. The integer given in (iii) shows that there is at least one integer for 
each u; that there cannot be more than one follows exactly as in (i). 


CoROLLARY. The maximal reduced integers of degree r + 1 in x are of the 
form Y,4, + mY,, wherem =0,1,2, ---, (pt — 1) and Y,4; ts any one of 
them; those of degree r + 2 in x of the form V,42 + NY 41 + mY,, where also 
n=0,1,2,---,(p* —1),1+p” being the highest coefficient in Y,42, any one 
of them, and so on. 


THEOREM IIc. If (a) + p%,a,; + p',--+,1+p') is a maximal reduced 
integer in p of degree m in x then t, S tm for s < m. 


| 

| 
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For the lowest degree r of the preceding theorem, let 


ay 1 ) 


If possible, let any ¢,, s < r, be the last index exceeding i,. Then the integer 
p'rY, leads to the single-prime reduced integer of 
degree sin x, where u = ¢, — t,. There is therefore a maximal reduced integer 


of degree s in x, s < r, contrary to hypothesis with respect to +. 
For degree r + 1 in x ifr <n — 1, we have 


ao ay 1 
VY, = —2z+— x? +- — 
If 
bo by 
pe 


is a maximal reduced integer of degree r + 1 in x, the difference p'Y ,4: — xY, 
is of degree < r + 1, and therefore of the form cY,. Examining the coef- 
ficient of x*, the degree of p in (b, + — + cannot exceed 
t,, Since ¢,-; t,, we have u, —v St, or < t, + %, the index of the 
highest coefficient in Y,,;. Replacing r by r + 1, the same result follows in 
similar fashion for Y,,2, the sole change being that the difference is of the 
form cY,,, + dY, instead of cY,. Similarly for all degrees in x up to » — 1. 
(This property obviously does not hold for single-prime reduced integers in 
general unless all maximal reduced integers of degrees < min x are of degree 


lin p.) 


[f t,, tp41, denote the degrees of p in the highest coef- 
ficients for a series of maximal reduced integers in p, V,, Vr41, «+ + ;Vn—1, of the 
degrees in x indicated by the subscripts, thent, S tri S +--+ S tori; tf (n—-1) 
+r 2 2, then kt, form = kr, where k is any integer > (n — 1) +7. 


For the degree of » in the highest coefficient of Y,,,: must be at least the 
degree in xY,, and therefore not less than the degree in Y,,. Also if m = kr, 
the degree of p in the highest coefficient of Y,, must be at least that in Y,*. 


THEOREM IId. Ifr,r < n—1, be the lowest degree in x for which a maximal 
reduced integer in p exists, then there exist single-prime reduced integers of every 
degreeminx,r <m Sn — 1, suchthata, = = = Amu = 0. 


| 
| 
| 
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For, let 


b 1 1 
pin ptm 


be maximal reduced integers of degrees m and m —1in«x. Then p'Y, — 
bp*Y¥ m+, where v — and w = tm — tma + Uma — ty, has ana = 0 
and is an integer, since by the preceding theorem and corollary the indices 
v and w are not negative. Similarly, by subtracting proper multiples of 
reduce the coefficients --,a, to0. (The coef- 
ficients can obviously be given any arbitrary values, those obtained being 
most convenient for use with § IV.) 


III. CONSTRUCTING A BASIS 


Since the number of different primes which can occur in the denominator 
of an integer is finite (Theorem I), and for each there is a maximal reduced 
integer of lowest degree r’ in x,r’ > 0, there will be a lowest degree r, r >0, 
for which any such occurs. For any k,r £ k S n —1, let 


1 1 
px" 


be any selection of maximal reduced integers of degree k in x, one for each 
distinct prime for which such occur. Let P; =p," po" - - - and let 0, 22, - 
be non-zero solutions of 


Let Z; be the reduced integer derived from + + - by remov- 
ing ordinary integers asin Then Z; is of the form - - -, 1+Px). 


The coefficient of x* in P;,Z;, is 1, and, by Theorem IIc, lower powers of x 
reduce to ordinary integers. Hence x* is expressible in terms of Z, and 
ordinary integers of degrees<k. Also(P; + p,'*)Z;, is of the form (@)’,---, 
1 + p,"*). The corresponding reduced integer, 


1 
Fas = Cz 
ps* 


is therefore a maximal reduced integer in p,. Hence Y;,,, is expressible in 
terms of Z, and ordinary integers of degrees < k in x. 

#- For the basis, wi, we, - Wn, We Z,, 
Z.41,°°**, Zn-1. These are linearly independent since each contains a 
power of x higher than the preceding. By Theorem IIa, every integer can 


v1 Ve 

to 

pit pe 
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be expressed in terms of ordinary integers and the maximal reduced integers, 
Via, Yeo, forr Ordinary integers of degrees < r in x 
are exactly w;, we,---,@,. We have proved in the preceding paragraph 
that x" and Y,,, Y,.2, - - - can be expressed in terms of Z, and ordinary 
integers of degrees <r in x; i.e. in terms of w,4:, and w,,---, @:. Also 
that and V,411,Y +421, can be expressed in terms of Z,,; and ordi- 
nary integers of degree < + lin ~;i.e. in terms of w,42 and @,41, 
w, And soon. Hence the given set actually form a basis. An integer of 
degree m in x can in fact be expressed in terms of wi, - - - , Wm4i. 

The usual theorems follow at once. If w/ = )-j-:¢:w;,1 S i S n, are 
linearly independent, the c’s being rational integers, we can express each w; 
rationally and integrally in terms of the set w’, provided |c,;|? = 1. Hence 
with this condition the set w’ also form a basis. The discriminant 


wn ) = |ci;| Ai(wi, - -,@,), and since |c;;| is rational, integral 
and =~ 0, les; 21. Hence Ai(wi,---,w,) is a minimum, and, if any 
2 
= @n), less = 1 and the set w’ form a basis. 


Finally, since we have seen that the minimum degree for which maximal 
reduced integers exist is greater than 0, 1 is always a member of a basis con- 
structed as above. 

We may deduce a relation between the discriminant of the field and of 


the defining equation. In the field discriminant below, w” =1, w," 
(1) 


(1 + ++, ak? = by + bx 
+ + (1 + The columns, 
wf), wf, 1 <i S n, are obtained 
by replacing x by its conjugates x;. Keep- 
ing the first row unaltered, by subtracting - ae 
proper multiples of preceding rows, we 
1 1 te 1 2 obtain the second determinant, 
he on the left. (Thus, for the sth 
row, s > r, on subtracting the 
proper multiple of the (s — 1)th 
ar row, we eliminate the terms 
1 1 '; from the difference, the 
proper multiple of the (s — 2)th 
row, we eliminate x,*-?; and 
so on.) The latter determi- 
1 nant on inspection is seen to be 


denotes the discriminant of the equation defining the field. 


| 
| 
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THEOREM III. Jf A,, A denote the discriminants of the field and of the 


equation defining the field, and P,, P,4:, +--+ , Pn-1 are the denominators of 
the highest coefficients of the elements of the basis as above determined, other than 
those which are ordinary integers, then A = P, P?,, - - -P2_,A,. 


Since A, must be a rational integer, 


If P,, Pras, , are the denominators of the highest 
coefficients of elements of the basis as above determined, other than those which 
are ordinary integers, -Pn-1)* is a factor of A. 


IV. RELATIONS AMONG THE COORDINATES OF AN INTEGER; FIRST METHOD 


If y = a + ax +--+ + @ 1x"! is an integer, consider the product- 

equation 
— (ao + are + + = 0, 

where x runs through the complete set of ” conjugates, the field being given 
by the equation x" — B,_,x""! + --- + By = 0. The coefficients of this 
equation, arranged in powers of y, are symmetric functions of the x’s. Since 
the coefficient of x" is 1, they are rational integral functions of the B’s. Since 
the a’s are rational, they are rational numbers. They are also integers, being 
the sums and products of integers. Hence they are rational integers. 

The absolute term of this equation is the eliminant of a + ax + 
+ and x" + B,.x""!+ - - - + Bo, obtained by symmetric functions. 
Since the coefficients of ao” in the eliminant thus obtained and in the elim- 
inant obtained in the more convenient Sylvester form below are the same, 


the eliminants are identical. We denote this eliminant by E(ao,a,---, 
G@n-1). The left side of the above equation in y is — y, ai, , @n-1). 
THEOREM IVa. If y = a + aye + 15 an integer, then 
all of 
1 
(m = 0,1,2,---,"=—1) 
m! 
and all of 
1 


(y= 1,2,---,2—1), 
2!(n — 2)! dao”"—*da, 


are rational integers; conversely, if all of 
1 O"E 


m! dao™ 


are rational integers, then yy is an integer. 


— —— (m = 0,1,2,---,n—1) 
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a a a a 0 O 0 On inspection of the sample 
Q@ @ @ as 0 O determinant on the left, we have 
that the coefficient of ao” is 1 and all 


partial differential coefficients with 


E = 0 0 0 2 
respect to the a’s of order higher 
Bo Bi Bs Bs 1 O than vanish. Also 
Bo B, Bs B; 1 0 1 OTE 
(1 #— 1) 
0 By B, Bz B; 1 2'(n 2)! 


is a rational integer. For the terms of E which do not vanish from the 
differentiation are those involving ao"~*a,?.. The factors arising from the 
indices on differentiating such terms will cancel 2!(” — 2)!. The remaining 


factors are minors from the lowest (x — 1) rows and therefore rational 
integers. 
The equation for yis — y, a1, ,Q@n-1) = O, or 
1 gE 1 dE _ 
+ gant + y + E = 0, 
(n— 1)! (2 — 2)! dag"? 


on expanding by Taylor’s Theorem. If the coefficients of the powers of y 
are rational integers, y is an integer, proving the converse part of the theorem. 
For the reasons stated in the first paragraph, these coefficients are rational 
integers if y is an integer, proving the first part of the necessary conditions. 
Hence in particular, 


(n — 2)! dag”? 


is a rational integer. But if (ao,a1, , @n-1) is an integer, so also 
is (a,01, Hence we have the rational integer 
1 -2 


(n 2)! 5 E -, a+ 1,- 


1 
E(ao,a1, Ge Qn—1) + 
(m — 2)! dao”? (n — 2)! dac”—*da, 
1 
+ 
2!(m—2)! 


Since the first and last expressions on the right are rational integers, so 
also is the middle expression. 


1 
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In applying this result, it will be found simplest to obtain E by form- 


ing yx,yx?,---, yx"-', reducing to degree (n — 1) by the field equation.* 
Thus for the cubic field, x* + Qx + R = 0, we have y = ay + ax + anx?, 
yx = — Rag + (ao — + yx? = — Ray — (0 + + 


(a — aQ)x?, and obtain the rational integers from Theorem IVa: a? — 
+ + + apar?Q? — — + 3a? 
— + + + — 2020; 20.0 + 3a.R; a0 — 3aR; 
all but the last are obtained by direct differentiation, the last being sim- 
plified by the second preceding. 


CoroLiary. The Taylor expansion of 


. 
E(ao, 5 + h,Gr41, Qn—1) 


in powers of h, less the first and last terms, 1s a rational integer for all rational 
integral values of h. 

The rational integers obtained by the corollary can be simplified by the 
linear equations obtained from the theorem as in the last case above for 
the cubic, or by the following theorem. 

THEOREM IVb. If Aik + Ah? + --- + A,,h™ is a rational integer for 


m unequal rational integral non-zero values of h, then every A; is rational, its 
denominator being a factor of the product of the values of h and their differences; 


in particular, uf this expression is a rational integer for h = 1, 2,---,m, 
these deiiominators are factors of m (m—1)* (m—2)*- - - 
h, he hi Substituting the given values, - - - , Am, in 


+ + --- + A,,h™, and solving for the 
lp |=D_ A’s, the numerators are rational integers and the 
| denominator is D on the left. By inspection, /,hz, 
hy he he hg! - + + ,h,, and all differences are seen to be factors 
of D, accounting for all literal factors. From the principal diagonal, the 
remaining numerical factor is + 1. Hence the denominators of the A’s are 
factors of their product. In the particular case, these give the product 
stated. Applied to £ for the cubic «* + Qx + R = 0, we obtain the rational 
integer 


ho hd he 


* This is equivalent to expanding the eliminant given above by Chid’s pivotal method, applied 
to the 1’s in the principal diagonal. 


mit Gay” 
OE h? 0°E 
Oa, 2! da? 
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so that, by Theorem IV b, 0E/da; is a rational integer or one half such. As we 
are concerned only with maximal reduced integers, we have that, unless 
p = 2, 

OE 


—- = + 3aca2R — 3a? R — a?QR 
Oa, 


for such is a rational integer; if p = 2, itis a rational integer divided by 2. 
We have seen that there is no maximal reduced integer of degree 0in x 


(SII). If 


is a maximal reduced integer of degree 1 in x, then VY, is of degree at least 
2t, in at least at least — 1)t, (Corollary, Theorem 
IIc). Hence p*~-4/A (Theorem III). By Theorem IVa, 


1 1 
and 
(n— 1)! dag" — 2)! 


are rational integers. If B,_, = 0, from E as given at the beginning of this 
section these reduce to map and B,_»a respectively. Hence 


THEOREM IVc. For the field x" + Byox"-* + --- + By = 0, the max- 
imal reduced integer (a) + p', a, + p%) can exist only if (i) px*-Y4/A, (ii) 
p'/B,~-2 and (iii) a = 0 or p'o/n. 


Corotiary. If Y = (a, ---,1 + p'™) of degree m in x is a maximal 
reduced integer andn —1 = qm+R,0 ER < m, then p'/A, where v = 
{mq(q — 1) + + 1) 


For mii, Yom—1 are of degrees at least in Vom,V2m+1, 
++) at least 2tm,--- at least gtn. 


V. RELATIONS AMONG THE COORDINATES OF AN INTEGER; 
SECOND METHOD 


The formulas of §IV have been determined by observing that, if y is an 
integer, so also is y + x”. These will be found sufficient to determine 
the set of maximal reduced integers in numerical cases and thence a basis, 


| 
ao 1 
= pe pa x 
| 
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possible primes in the denominators of the former being determined by 
Theorem I. We may also obtain useful relations by observing that, if y is 
an integer, so also is yx. 


THEOREM V. When a maximal reduced integer in p of degreen — 1inx 
exists but none in p of lower degree in x, there exists a single-prime reduced 
integer, 


such that either (i) yx reduces to ordinary integers and Qn-2 = Bar, Gn-s 
= Bi», +++, a = B,, 0 = By, all (mod p), or (ii) yx does not reduce to ordin- 
ary integers and Qn-2 Bat, — = — 
— = a, — Bras, Qi(Gn-g — Ba-1) = do — Bi, 
— Bir.) = — By, all (mod p). 


For on reducing x" in yx by the field equation, we have 


Bo aq= B, a, — 
p p 


get, 


If a,.. = B,_, (mod p), since there is no single-prime reduced integer in p 
of degree < m — 1 in x, yx reduces to ordinary integers and the remaining 
coefficients must be rational integers, leading to the congruences in (i). 
If dn-2 = By1, yx cannot, but yx — (dn-2 — Bn-1)y must reduce to ordinary 
integers. The coefficients of each power of y in this difference must be 
rational integers, leading to the congruences in (ii). 

Corotiary 1. Jf By = 0 (mod pf) and a maximal reduced integer in p of 


degree n — 1in x exists but none in p of lower degree in x then, if any a, = B,+41 
(mod = 0. 


For, in this case, by the last congruence in (i) above, yx cannot reduce 
to ordinary integers; whence the result follows from (ii). 


Coro.iary 2. If p is a factor of each of Bo,Bi, - - - , Bur, and a maximal 
reduced integer in p of degree n — 1 in x exists but none in p of lower degree 
in x, then x"-! + p is an integer. 

If so, yx reduces to ordinary integers. For, if not, dn. + Ba, (mod ). 


| 
p 
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From the last congruence of (ii), remembering that — } < (a + p) = 3, 
we have that a) = 0 since p/Bo. From the second last, a; = 0 and so on 
to d,-2 = 0, contradicting a, + B,-; (mod p). If yx reduces to ordinary 
integers, = (mod p), or = 0 since ~/B,,. From the con- 
gruences of (i), we have a,_; = 0, - - - , do = 0, whence the integer must be 

Coroxiary 3. If p is a factor of Bo, Bi, , B,, but not of and 
there is a max’mal reduced integer in p of degree n — 1 but none in p of lower 
degree in x, then do = 4) = +--+ = 4, = O and either (i) a, ¥ O tf An 


= B,_, (mod Pp) or (ii) a, = 0, ¥ O tf (mod ). 
The proof follows the same lines as in Corollary 2. 
Coro.iary 4. If pis a factor of B,_, bui not of Bo, then a) and 0. 


For yx can not reduce to ordinary integers. Hence d,-2 = By, or 
0. Since do(dn-2 — = — Bo (mod a # 0. 

A two-fold use may be made of this theorem and its corollaries. First, 
many cases may be excluded on inspection before applying Theorem 
IVa. Second, when a maximal reduced integer in /f exists, the single- 
prime reduced integer obtained serves as a starting point in building 
up the former. The theorem can be enunciated so as to cover cases 
in which the powers of p in the denominators are higher than the first, 
but, in practice, it will be found more convenient to obtain the integer 
of the theorem and to apply the method to obtain integers with higher 
powers, using Theorem IIb. Using the corollary to Theorem Ila, it may 
also be enunciated to cover cases in which there are maximal reduced in- 
tegers of degree < m — 1 in x. The corollary to Theorem IIc, however, 
furnishes a single-prime reduced integer at once, from which the maximal 
reduced integer can be built up. Both these methods are illustrated in the 
next section, the former by the case p = 2, etc., and the latter by the case 
p = 3. 


VI. APPLICATION TO THE CUBIC FIELD 


In the first instance we suppose that the cubic is reduced to x* + Ox +R 
= Qin the normal form of §I. If y = (a ,a1,a@2) is an integer, from Theorem 
IVa, we have the rational integers 


(Ia) 3a0.—2a20; (Ib) 2ad+3a2R; (Ic) 
(II) 3a¢ +a? 
(III) af a0 +avar 0 +3aa102R 0? 
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That (Ia), (II) and (III) are rational integers is a condition sufficient to 
make y aninteger. We use the standard notation, (a) +p‘, a1 + p™, d2 + p”) 
for single-prime reduced integers. The discriminant, A, equals — 40% — 27R?. 

If there is a maximal reduced integer, y = (do + p*, a; + p™), of degree 1 
in x,it cannot have ay) = 0. For, by (II) above, p?”/Q, and by (III) p*"/R; 
which cannot occur if the equation is in the normal form. Hence further 
m > 1; for, if so, the reduced integer derived from p”~‘ty has ap = 0. By 
Theorem IVc, since a) # 0, p'/3 and p”/Q. Hence p = 3,4 = 1 = m, and 
3/Q. Since — 4 < (a) + 3) S 3,a = + 1. Substituting these values, (Ia) 


is satisfied, (II) is satisfied only if Q = — 3 (mod 9), and (III) only if 
R + (QO + 1) (mod 27) according as a = + 1. We have therefore the 
maximal reduced integer }(« + 1). 


We dispose first of the cases in which there is a maximal reduced integer 
of degree 2 in x but none of degree 1. If both p/Qand p/R, by Corollary 2, 
Theorem V, x? + pis an integer. Conditions (Ia), (II) and (III) are satis- 
fied if p?/R. If x? + pis not maximal, by Theorem IIb, we must have an 
integer of the form (a) + p, a1 + p,1 + p*). Since the equation is in its 
normal form, we cannot have p?/Q and p*/R. But, since p'/A = — 40% 
— 27R? (Theorem I), p?/Q unless p = 2. Hence, from (Ia), unless p = 2, 3, 
we have a)=0 and, from (II) if a,+0, or (III) if a:=0, p*/R. If p=3, we 
have from (Ia) that 3°/0 and we proved above that 3?/R. From (III), 
3/ao*, or ao9=0. Hence, again from (III), 3°/R?, so that 3*/R. Finally, 
if p=2, from (Ia) a9=0 and from (II), written as a congruence, 6a,R+Q?=0 
(mod 16). Since 2?/R, 2°/Q? or 2?/Q; also, unless 2*/R, a,=0. If so, from 
(III), 2*/R. Hence there can be no integer of the form (49+ p, ai+p, 1+’). 

If neither ~/Q nor p/R, in the integer referred toin Theorem V, a # 0, 
a, # 0 (Corollary 4). Hence any maximal reduced integer is homogeneous 
in p. Since p?/A = — 40% — 27R?*, we cannot have p = 2 or 3. Conditions 
(Ia,b) become 3a) — 20 = 0, 24,0 + 3R = 0 (mod p*), where p2"/A. Substi- 
tuting from these in the congruences, (mod p*") and (mod p*"), derived from 


(II) and (III), we may omit terms congruent to 0 with these moduli, even if 
divided by 2, 3, Q, leaving (II’) A = 0 (mod p?"), and (III’) A? = 0 (mod p**), 
respectively. Since p?"/A, these are satisfied. 

There remain only the cases in which p = 2 and 2/R but not 2/Q, and 
in which p = 3 and 3/Q but not 3/R. In the former, from Corollary 3, 
Theorem V, we must have an integer of the forms (3,0,3) or (0,3,3). Only 
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the latter satisfies (Ia), while (II) requires that R = Q + 1 (mod 4). If 


this integer is not maximal, the latter must be of the form (a) + 2‘, a, + 2”, 
1 + 2"), where a, = 1 (mod 2), and 27"/A = — 40% — 27R?. Since Q is odd, 


R = 2 (mod 4), from the last, and Q = 1 (mod 4). From (Ia,b),¢ = » — 1, 
3a) — QO = 2"-1a, 24,0 + 3R = 2"b. Writing A = 22"A’, from (II) and (III) 
we obtain (II’) b? = A’ (mod 4), and (III’) 607a(3b? + A’) — 3Rb(b? — A’) 
+ 2”A’(A’ — b?) = 0(mod8). Hence, if b is odd, A’ = 1 (mod 4), and, if bis 
even, A’ = 0 (mod 4), or 2°"**/A. Hence,if Ais of the form 2**(4s + 1), we 
have x = k for the maximal, and 2a,0 + 3R = 0 (mod 2") but # 0 (mod 
2"*1); otherwise, 7 is the greatest index such that 22"**/A, and 24,0 + 3R 
= 0 (mod 2"+'), 

If p = 3 and 3/Q but not 3/R, in the integer referred to in Theorem V, 
a) ¥ 0, a, ¥ O (Corollary 4), and, if y = 3 (ao, a, 1), 


apart from ordinary integers. Hence aoa; = — R, a,? = a (mod 3), giving 
a = 1,a, = + 1since — 3 < (a + 3) From (III), R = + +41) 


(mod 9), according as a, = F 1, and (Ia, II) are satisfied, giving the integer 
5 
3; (1, + 1,1). This is maximal unless there is a maximal reduced integer 


of degree 1 in x. For, if not and y = }(a, a;, 1), then 3y = (1, + 1,1), 
apart from ordinary integers, giving dp = 1, a, = + 1 (mod 3). From (Ia), 
Q = — 3(mod9). As above, aoa; = + 2, a) + 3 = a,? (mod 9), from which 


we have (do, a1) = (1, + 2), (4, # 4), ( — 2, # 1). Substituting in (ITI), 
we obtain either a contradiction of R = + (Q + 1) (mod 9), or the condition 
R = + (Q + 1) (mod 27), the condition already obtained for the existence 
of a maximal reduced integer of degree 1. 

If there is such an integer, viz. 3( + 1, 1, 0), its square, $(1, + 2, 1) iS 
an integer. Since Q = — 3 (mod 9), and R + 0 (mod 3), from (Ia,b), an 
integer of higher degree in 3 must be homogeneous in 3. If (1 + 3") (do, a1, 1) 
is this integer, from (Ia,b), 3a, — 20 = 3"a; also 24,0 + 3R = 3"), and 
from Theorem III, 3°"+?/A. Writing A = 3*"+?A’ and substituting in (II) 
and (III), we obtain (II’) a? = b? (mod 3), and (III’) 8Q%a* + 18Q?ab? — 
27Rb* + 540°A’a + 243RA’b = 0 (mod 3°). From the latter, sinceQ = — 3 
(mod 9), a* = Rb* (mod 3), or a = + b (mod 3) according as R = F 2 
(mod 9). The solutions a = + 6 = + 1 (mod 3) evidently lead to values of 


| 
| 
R O 
Ja = ’ = a), 
3 3 3 
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do, 4, differing from those obtained from a = 6 = 0 (mod 3) by 3"~; i.e. the 
integers obtained differ by } (wv + 1). As any one of the three will serve for 
the maximal reduced integer (Theorem Ila), we may take a = b = 0 (mod3 ), 
and both (II’) and (III’) are satisfied. The maximal reduced integer is there- 
fore (1 + 3") (ao, a:,1), where a» and a; are determined from 3a) — 22 = 0, 
24,0 + 3R = 0 (mod 3"*'), being the greatest index such that 3?"*?/A. 


BASIS FOR A GENERAL CUBIC 


For the general cubic, Aoz* + Ais? + Ass + A; = 0, all A’s bring 
rational integers, we obtain «* + Qx + R = Oin the normal form by writing 
dx = Apt + Ai,Q = 3(ApA2 — As) + R = (ApA3 — 3AA1A2 + 2A1) + G3, 
where d is the greatest rational integer for which such division is possible; 
also A = — 40% — 27R*. Then 1 is one element of the basis; x = (Aoz + A1) 
+ disasecond element unless Q = — 3 (mod 9), R = + (Q +1) (mod 27), 
when 3 (x + 1) = (Ags + A, + d) + 3disthesecond element. To determine 
the third element, the complete set of maximal reduced integers m; of degrees 
n; in the primes /p,, where p is a factor of A, is determined from the table 
below. The third element is } <u m,, where the u’s are rational integral 
non-zero solutions of >> (w; + p;"i) = 1. The solutions a» and a; of the con- 
gruences below are such that — 4 < (a + D) s 3}, where D is the 
denominator given. 


Max. Red. Int. Conditions 
x? 
it do + aye + x? | p prime to 6QR; n greatest index such that p*"/A; 3a. — 20 = 0, 
p | 240+ 3R = 0 (mod p”"). 
x + x? 
3a | p=2,Q=1(mod 2), R = Q+ 1 (mod 4), (3b) unsatisfied; = 1. 
p = =1,R = 2 (mod 4); if A is of the form 2%(4s + = hk, 
| co a 
| 3b i =F = r+ = x? 2a,0 + 3R = 0 (mod 2"), but # 0 (mod 2"*'); otherwise, is the 
| greatest index such that 2*"*?/4,2a,0 + 3R = 0 (mod 2"*?); 3a0 — 
| Q =0(mod 
| 1+x+ x? 
da —_—— | p = 3,0 = 0(mod 3),R = + (Q+ 1)(mod9),(4b) unsatisfied; m = 1. 
| 
4b; 1+2x4+x2 | p=3,0=-3 (mod 9), R= + (Q+ 1)(mod 27), (4c) unsatisfied; 
9 | = 2. 
4c | do + ax + x? p = 3, 32*2/A, n > 2; 3a0 — 20 = O, 24,0 + 3R = O (mod 3**}), 
3 | where 2 is the greatest index such that 32"*2/A. 
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IMPLICIT FUNCTIONS AND THEIR DIFFERENTIALS 
IN GENERAL ANALYSIS* 


BY 
T. H. HILDEBRANDT 
AND 


LAWRENCE M. GRAVEStT 


Introduction. Implicit function theorems occur in analysis in many 
different forms, and have a fundamental importance. Besides the classical 
theorems as given for example in Goursat’s Cours d’Analyse and Bliss’s 
Princeton Colloquium Lectures, and the classical theorems on linear integral 
equations, implicit function theorems in the domain of infinitely many 
variables have been developed by Volterra, Evans, Lévy, W. L. Hart and 
others.{ 

The existence and imbedding theorems for solutions of differential equa- 
tions, as treated for example by Bliss,$ have also received extensions to 
domains of infinitely many variables by Moulton, Hart, Barnett, Bliss 
and others.{ Special properties in the case of linear differential equations 
in an infinitude of variables have been treated by Hart and Hildebrandt. || 
On the other hand, Hahn and Carathéodory** have made important 
generalizations of the notion of differential equation by removing conti- 
nuity restrictions on the derivatives and by writing the equations in the 
form of integral equations. 


*Presented to the Society March 25, 1921, and December 29, 1924; received by the editors 
January 28, 1926. 

tNational Research Fellow in Mathematics. 

tSee Volterra, Fonctions de Lignes, Chapter 4; Evans, Cambridge Colloguium Lectures, pp. 52-72; 
Lévy, Bulletin de la Société Mathématique de France, vol. 48 (1920), p. 13, Hart, these Transactions, 
vol. 18 (1917), pp. 125-150, where additional references may be found; also vol. 23 (1922), pp. 
45-50, and Annals of Mathematics, (2), vol. 24 (1922) pp. 29 and 35. 

§ Princeton Colloquium, and Bulletin of the American Mathematical Society, vol. 25 (1918), 
p. 15. 

{ Moulton, Proceedings of the National Academy of Sciences, vol. 1 (1915), p. 350; Hart, 
papers cited above; Barnett, American Journal of Mathematics, vol. 44 (1922), p. 172; Bliss, these 
Transactions, vol. 21 (1920), p. 79. 

||Hart, American Journal of Mathematics, vol. 39 (1917), p. 407; Hildebrandt, these Transac- 
tions, vol. 18 (1917), p. 73, and vol. 19 (1918), p. 97. 

** Hahn, Monatshefte fiir Mathematik und Physik, vol. 14 (1903), p. 326; Carathéodory, Vorle- 
sungen iiber Reelle Funktionen, p. 660. 
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These various theories suggest the desirability of a general unifying 
theory. Lamson began such a general theory in his paper entitled A 
general implicit function theorem.* However, his theory is limited in 
power, because it contains no theorems on the differentiability of the solu- 
tions. Most of the papers on special cases by the other writers mentioned 
above have a like defect, in that they give, if any, a very incomplete theory 
of differentiability properties. 

The authors propose in the present paper to give a simple general theory 
of implicit functions and their differentiability, and in a second paper to 
develop a few special cases, including some new results which find applica- 
tion in the calculus of variations. 

The classical implicit function theorems deal with the solution of equa- 
tions G(x, vy) =0, where x and y are points of ordinary space of one or more 
dimensions. In this paper the authors generalize the theory to the case 
where x and y are points of abstract spaces of the type discussed by Fréchet. 
However, no previous knowledge of Fréchet’s theory is needed or used. 
Also the notation is so devised that the reader may readily compare the 
theory with the classical theory of implicit functions, and interpret it in 
the finite domain if he so desires. 

In the Part I the fundamental postulates and definitions are set 
down, and certain fundamental propositions are proved. Part II contains 
the preliminary theorems on the solution of equations in the form y=F (x, y). 
In Part III, the differential calculus of functions in our abstract spaces is 
developed. This depends on the notion of total differential, as defined by 
Stolz7 for the case of an ordinary function of n variables, applied by Fréchett 
in the theory of functionals, and finally developed by Fréchet (independently 
of the authors of this paper) for the general case.§ Part IV contains lemmas 
concerning reciprocal linear functions, and Part V contains the final 
theorems on the existence and differentiability of implicit functions defined 
by equations of the form 


G(x, 


* American Journal of Mathematics, vol. 42 (1920), p. 243. 

+ Grundziige der Differential- und Integralrechnung, 1893, vol. 1, pp. 130 ff., 155 ff. Cf. also W.H. 
Young, Proceedings of the London Mathematical Society, vol. 7 (1909), p. 157; and Fréchet, Sur la 
notion de différentielle totale, Comples Rendus du Congrés des Sociétés Savantes en 1914, Sciences. 

t These Transactions, vol. 15 (1914), p. 140. 

§ Comptes Rendus, vol. 180 (1925), p. 806, and Annales del’Ecole Normale Supérieure, vol. 41 
(1925), p. 293. 
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} 8 POSTULATES, DEFINITIONS, AND FUNDAMENTAL PROPOSITIONS 


1. Postulates. We shall be dealing in the following sections with 
systems (, , || ||, @, ©) having some or all of the following properties.* 
1.11. is either the real number system or the complex number system. 
1.12. X isa class having at least two distinct elements. 
1.13. || || isa function on XX to the real non-negative part of M, i 
to every pair %1, X2 - elements of ¥ corresponds a unique positive or zero 
number denoted by 
1.14. x2|| for every x1, x2. 
1.15. |, ‘all = =0 i s equivalent to 
1.16. ||x1, < x3||+||xs, for every x1, X2, x3. 


= 


1.2. For every sequence {x,} such that 


° | 

lim ||xm, = 0 


there exists an element x such that 


lim ||x,, x|| = 0. 

1.31. @ isa function on XX to X, i. e., to every pair x1, x2 there cor- 
responds a unique element of ¥ denoted by x: @ 22 and called the sum 
of 2, and 

1.32. is commutative, i. e., 41 x for every %, x2. 

1.33. @ is associative, i. e., (v1 x2) x3) for every 
X1, Xe, X3. 

1.34. © is a function on XY to X, i. e., to every element x and number a 
there corresponds a unique element of X, denoted by x@a, and called the 
product of x by a 

1.35. © is associative, i. e., (x © ai) O d2=x © (a a2) for every 
x, de. 

1.36. © is doubly distributive, i. e., (41 @ x.) Oa=m Oa @ x Oa, 
and x © © a x © a, for every x1, X%2, %, @, di, de. 


1.37. x © 1=~ for every x. 


* For similar sets of postulates, cf. Banach, Fundamenta Mathematicae, vol. 3 (1922), p. 133; 
Hahn, Monatshefte fiir Mathematik und Physik, vol. 32 (1922), p. 3; Fréchet, Comptes Rendus, vol. 
180 (1925), p.419. The sets of Banach and of Hahn are somewhat redundant. Our thanks are due 
to M. H. Ingraham for suggestions tending to eliminate some superfluous postulates. 
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Notation. The element x © (—1) will be denoted by —x, and the 
element (—22) will be denoted by The number ||x, x © 
will be denoted by ||a||.. When no ambiguity can arise, the sign ® will be 
replaced by the ordinary +, and © will be omitted altogether. 

1.38. ||a1, for every x1, x2. 

for every x and a, where |a| denotes the ordinary 


1.39. ||xal| =||2|| 
absolute value of a. 

If a system (%, X%, || ||, @, ©) satisfies the group of postulates 1.11 
to 1.16, we shall call ¥ a metric space; if 1.11 to 1.16 and 1.31 to 1.39 are 
satisfied we shall call ¥ a linear metric space; and in either case if 1.2 is 
also satisfied we shall say that X is complete.* The elements of a metric 
space will be called points. If we denote the real number system by & 
and the complex number system by G, we readily verify that the systems 

A=R, ¥=MR, rel] = n Orn =ntn,n Or=nr, 
and 

A= 6, ¥=G, |la, = a =ate, a O c=ac, 
satisfy all the postulates 1.11 to 1.39. Moreover, if X is linear metric with € 
as its associated number system, it is also linear metric with 9% as its asso- 
ciated number system. 

2. Properties of spaces. A metric space X has the following additional 
properties. 

2.11. If the sequence {x,}, the points x and x’, and the number a are 
such that 


lim ||x,, = 0, 


and ||x,, x’|| for every then ||x, x’|| <a. 
2.12. If a sequence {x,} has a limit, it has only one, i. e., if {xn}, 
x, and #2 are such that 
lim ||x,, 2:|| = 0, lim ||x,, 2x2|| = 0, 
n= 
then 2, =2%2. 
The first of these follows from 1.14 and 1.16, and the second from 1.14, 
1.16 and 1.15. 
For a complete metric space ¥ we have the following proposition : 


*A metric space is one of the classes denoted by (€) in Fréchet’s thesis, and by (D) in his later 
work. A complete linear metric space is called by Fréchet a space of Banach, or “espace (D) 
vectoriel complet”, and is a special case of his “espace affine” for which the postulates are set down 
in the note cited above. 


| 
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2.21. If the sequence {x,} is such that the series 


is convergent, then the sequence has a unique limit. 

This follows from 1.14, 1.16, 1.2, and 2.12. 

A linear metric space ¥ has the following additional properties. 

2.31. 2, © O=x, © O for every x, x2. 

Notation. The point x © 0, which is independent of x by 2.31, will 
be denoted by xx. 

2.32. x+xx=x for every x, and xy is the only point of ¥ having this 
property. 

2.33. xa=x» is equivalent to a=0 or x=xx. 

2.34. For every pair x1, %2, there exists uniquely a point x; such that 
Xi tx3=X2, ViZ., 

2.35. If and x,a=2a, then =%». 

2.36. If and xa,;=Xd2, then a; = 42. 

2.37. | ||xs|| | for every a1, a2. 

The property 2.31 follows from 1.11, 1.34, 1.38, 1.35, 1.36, 1.39, and 
1.15; 2.32 from 1.11, 2.31, 1.37, 1.36, 1.32; 2.33 from 1.11, 2.31, 1.34, 1.35, 
1.37; 2.34 from 1.11, 1.31, 1.32, 1.33, 1.37, 1.36, 2.31, 2.32; 2.35 from 1.11, 
1.34, 1.35, 1.37; 2.36 from 1.11, 1.31, 1.36, 2.31, 2.33; 2.37 from 1.11, 1.38, 
2.31, 1.14, 1.16, 1.31, 1.32, 1.35, 1.36, 1.37, 1.39, 2.32, 2.34. 

3. Composition of classes. For definiteness consider two classes X 
and 9). Then the composite class W=(X, 9)) is defined to be the class of 
all pairs (x, y) of elements, one from X and one from 9). If X and ¥ are 
metric spaces, and if we define 


a||x1, 


(3.1) 


wel] = || (x1, 91), (a2, = greater of { 


where a and 0 are fixed positive constants, then YW is also a metric space.* 
Unless otherwise specified in the sequel, we take a=b=1. If X and % 
are complete metric spaces, so is W. If X and ¥ are linear metric spaces 
with the same associated number system Y, and if we define wi+we=(x, 41) 
+ (x2, Yo) Vitye), wa=(x, yla=(xa, ya), then is also a linear 
metric space. We note that any number of classes may be composed in 
this way, and that composition may be regarded as an associative process. 


*Of course many other definitions might be used for wel], e. g., ||21, wel] 
l|y2, y2l|”)/? (p>1). The one given in the text seems to be the most convenient for our purposes. 
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4. Neighborhoods. For a given point x» of a metric space ¥, and a 
positive number a, we define the neighborhood (x). to be the set of all 
points x such that |/x, xo\|<a. When we speak of “a neighborhood” of a 
point x, we shall always mean a neighborhood of this type. A neighborhood 
of x may contain no points distinct from x, unless X is linear. 


5. Regions. A region of a metric space X is a set X of points of ¥ 
such that every point x of X, has a neighborhood consisting wholly of points 
of Xo. Regions will be consistently designated by attaching subscripts to 
the German capitals representing the spaces to which they belong. A neigh- 
borhood of a point x is an example of a region. In a composite space 
(X, 9) a neighborhood yo))- consists of all pairs (x, y) 
for which x is in (xo)g and y is in (yo)., where d=c/a, e=c/b, and a and b 
are the constants of the definition (3.1) above. The composite {= (Xo, Yo) 
of two regions X, and 9 is also a region in the composite space W=(X, 9), 
but the converse need not be true. However, the set 9) of points of J) such 
that (x0, y) belongs to a region Y> of W constitutes a region for each fixed 
xo of ¥, unless the set is empty. 


6. Continuous functions. Relative uniformity. We shall have frequent 
use for the notion of relative uniformity, due to E. H. Moore.* Let ¥ and 9 
be two metric spaces, and let 2 be a general range. Let F be a function 
on X$ to ¥), i. e., F makes correspond to each point x of the region X of ¥ 
and each element p of the class 2 one and only one element F(x, p) of 9. Let 
o be a function on $ to A. Then we say that F is continuous at a point 2% 
of ¥ uniformly on § relative to o, more briefly, uniformly (B; o), in case 
for every e>O there exists a d>0O such that, for every x in (xo)¢ and every 
p of B, we have ||F(x, p), F(xo, p)|| Selo(p)|. We say that F is continuous 
on X uniformly ($; ¢) in case F is continuous at each point of Xp uni- 
formly (%;¢). Obviously we obtain the definition of ordinary continuity 
as a special case by taking a singular range $ and o(p)=1. We say that F 
is continuous on X%, uniformly (X.2; o) in case for every e>O there exists a 
d>0O such that, for every x; and x» of Xp satisfying ||21, x2|| <d and for every 
p of B we have ||F(x, p), F(x2, p)|| Selo(p)|. 

Note that it is important to specify the range of uniformity. In the 
applications we shall make of the notion of relative uniformity, the range P 
will frequently have as a component a linear metric space %, and the scale 
function o will then have as a factor the norm ||z!l. 


*Cf. Introduction to a Form of General Analysis, p. 27. 
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7. Connected sets. If ¥ is a metric space, we say that a set %‘” 
of points of X is a connected set in case for every pair 2, x2 of points of 
X¥ there exists a function F on an interval 2, (where & is the axis of reals) to 
which is continuous on and such that F(r;) F(re) =%2, where r; 
and 72 are points of 3. Not every metric space contains a connected set. 
However, in a linear metric space, a neighborhood forms an example of a 
connected region. The composite (X‘, 9‘) of two connected sets % 
and 9) is also a connected set. 

8. Boundary of aset. We shall say that a point x belongs to the 
boundary of a set X of a metric space X in case every neighborhood of x 
contains both a point of ¥ and a point not of ¥. The boundary of 
¥ consists of all such points. By definition of a region, no point of the 
boundary of a region X belongs to Xo. Also if every neighborhood of a 
point x contains a point of a set ¥, then x belongs either to ¥‘ or to the 
boundary of 


II. EXISTENCE AND CONTINUITY OF SOLUTIONS OF EQUATIONS 
OF THE FORM y=F (x, y) 


9. Throughout this section we shall denote by 9) a complete metric space, 
and by X a metric space. 


THEOREM 1. Let the point yo of 2) and the region Xo of X¥ and the function 
F on Xo(yo)a to Y be such that 
(H;) for every x in Xo there exists a positive constant kz<1 such that 


||P(x, 9), F(x, She 
for every pair Y2 in (Yo)a} 


(H2) || F(x, Yo), voll <<(1—kz)a 


for every x in Xo. Then there exists a unique function Y on Xp to (yo)a such that 
(9.1) Y(x) = F(x, Y(x)) 
for every x in Xp. 


This theorem is basic for all the following theorems, and its proof is 
the only place where a sequence of approximating functions is used. In most 
applications of this theorem the constant kz may be taken independent of x. 
It should be noted also that only an approximate initial solution is required. 
The proof is as follows. 

We define a sequence of approximations by the equations 


(9.2) Vi(x) = F(x, yo), Vmyi(x) = F(x, Ym(x)) (m > 0). 


| 
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By H, we have || Vi(x), yo|| = where c,<a, and by H; and induction, 
(9.3) m+i(x), Vm(x)|] S — (m > 0). 
From this we obtain 

(9.4) yoll (m > 0), 


so that the approximations (9.2) are surely defined when x is in Xp. 

From the inequality (9.3) and property 2.21 we conclude that there exists 
a unique function Y on X, to 9) such that 
(9.5) lim n(x), Y(x)|| = 0. 


That Y(x) is in (yo)a follows from the inequality (9.4) and property 2.11. 
By H, we have 


VY, F(x, Y)|| 


IY, + |F(x, Yu), F(x, Y)|| 
IY, m+1|| + 


IIA IIA 


from which by equation (9.5) and property 1.15 we obtain the desired 
equation (9.1). To obtain the uniqueness of the solution we again apply 
H, and property 1.15. 

We note that the hypotheses of Theorem 1 imply that for each x of 
the region X, the function F(x, y) transforms the neighborhood (yo), into 
a part of itself. For each x the solution Y(x) is the unique invariant point 
of this transformation. This point of view has been developed by Birkhoff 
and Kellogg* and by J. L. Holley? for certain special cases. 


THEOREM 2. Let Wo be a region of the composite space (X, 9), and let 
the function F on Wo to Y) and the point (xo, Vo) of Wo be such that 

(Hi) F (xo, Vo); 

(Hz) there exists a positive constant k<1 such that 

|F(x, yi); F(x, y2)|| 

for every (x, 1), (%, in Wo; 

(H;) F is continuous in its argument x at (xo, yo). Then the following 
conclusions hold: 


(C:) for each x there is at most one point (x, y) in Wo which is a solution 
of the equation. 


(9.6) 7 F(x, y) 


* These Transactions, vol. 23 (1922), p. 96. 
tHarvard thesis, 1924. 


m= 2 
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(C2) there exist a region %, containing xo and a function Y on X, to) 
such that the point (x, Y(x)) is in Wo and is a solution of (9.6) for every x 
in 

(C3) the solution Y is continuous at xo; 

(Cy) if F is continuous on Wo [uniformly (Wo; 1), and if Wo ts the com- 
posite of two regions X, and Yo), then the solution Y cf equation (9.6) is con- 
tinuous on its domain of definition [uniformly on that domain). 


C, follows as before from H» and Postulate 1.15. By the definition of 
region, there exist positive constants a and b such that the region ((x0)s, 
(yo)a) is contained in Wo. By H, and Ws, if 6 is sufficiently small, H2 of 
Theorem 1 is satisfied on (ao),. Thus C2 follows from Theorem 1. To obtain 
C; and C, (where the parts in brackets form an alternative reading), we use 
the inequalities 


Vel] S Yi), + ||F(a1, Yo), F(x2, 
Yel] S$ (1/(1 — &)) V2), F(xe, 


where we have set Y(x1)=YVi1, Y(x2)=Y2. These inequalities are valid 
in all cases, at least if x, is in a sufficiently small neighborhood of x». 

Note that Ci, C2, Cs are still valid if in place of an exact initial solution 
as assumed in H;, we have merely an approximate solution, as in Theorem 1, 
i. e., if merely ||F(20, yo), oll is sufficiently small. 


III. DIFFERENTIALS. THE cLAss €™ 


Throughout this section and the succeeding ones, we shall assume that 
we are working with /inear metric spaces %, 9), 3,---. In addition we 
shall frequently add a general range {. The associated number system 
is assumed to be the same for all spaces considered. 

10. Linear functions. We say that the function F on X¥$ to Y is 
distributive on X if for every a, d2, %1, X2 and p it is true that 


+ a2%2, p) (x1, p) (xe, p)*. 


The function F on X§$ to ¥ is said to be modular on X uniformly on B 
relative to o (or uniformly (; o)) in case there exists a constant M such 


that for every x and , 
F(x, p)|| - |o() |. 


*We shall frequently omit the argument # in equations similar to this one especially when p 
enters “homogeneously.” 
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The minimum of effective values for M, which minimum obviously exists, 
is called the modulus of F. 

The function on to is said to be linear on uniformly 
if it is distributive and modular uniformly ($; ¢). 

With respect to functions having the modular property we have 

Lemma 10.1. If F on XY to 3 is continuous at xo uniformly (Q¥;|| y|\o) 
and modular on 9) for x =xo uniformly (B; 0), then there exists a neighborhood 
(Xo)o Of Xo such that F is modular on uniformly ((%0)aB; 


This is an immediate consequence of the definitions. More generally 
it is possible to show that if F is continuous on Xp uniformly (98; || y\/c) 
and modular on ¥) uniformly (%; 0) for every x» of Xo, then the modulus 
of F on ¥) is continuous on Xp. 

11. The differential. The function F on X, to 9 is said to have a 
differential at x of X if there exists a function dF on X to 9) linear on X¥ 
such that the function R on X, to 9) defined by the conditions 

F (x1) — F(xo) — — x0) = R(x1)||x1 — for 11 xo, 
= R(x1) for x, = xo, 
is continuous in x; at Xp, i. e., 


lim |/R(x:)|| = 0.* 

It is natural to denote the argument of the function dF by dx. The 
range of the variable dx is then always the whole space X. In the special 
case F(x)=x, we have dF (dx) =dx. 

We have at once the following result : 


LemMA 11.1. Jf F is on X to Y) and has a differential at xo of Xo, then 
this differential is unique and can be obtained as 
+ ad x) = F (x0) d 
lim or + adx) 
a 


a=0 a 


a=0 
the limit being taken in the sense of norm. 


This is an immediate consequence of propositions 1.39 and 2.12. 

12. Theclass ©’. Asin ordinary analysis we get a class C’ of functions 
F by limiting ourselves to functions F whose differentials dF have certain 
continuity properties on We definet 


*We follow here the Stolz-Young definition of differential, whose applicability to functional 
analysis was emphasized by Fréchet. For a discussion of different types of definitions of differen- 
tials in the case of functionals cf. Lévy, Analyse Fonctionnelle, pp. 50 fi. 

TCf. Bolza, Variationsrechnung, p. 13. 


— 
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F on Xo to 9) is of class ©’ on Xo uniformly (B; 0) in case there exists a 
function dF on X)X¥$ to ¥) having the following properties: 

(1) dF is continuous on % uniformly (X¥; ||dx/|o); 

(2) for every xo of Xo, dF is linear uniformly ($; ¢); 

(3) for every xo of X) the function R on to defined by 


F(x) F (x0) dF (xo Xo) = R(x, Xo) Xol| for x1 Xo, 


= Xo) for x1 = Xo, 


is continuous in x, at % uniformly ($B; ¢). 

Obviously this is not the only method of defining the concept “function F 
of class €’”, but it is the simplest direct generalization of the usual definition 
which adapts itself to elegant results. Another useful concept is obtained 
by the addition of the range X) to the range of uniformity in the above 
conditions on dF. We shall call such a class of functions “class ©’ uniformly 
o).”* 

Most of the lemmas which we shall derive hold in two ways, obtained 
by adding or omitting the class X) in the range of uniformity in hypothesis 
and conclusion. In most cases the proof of one lemma thus obtained can 
be derived from that of the other without difficulty. 


Lemma 12.1. If F on to is of class ©’ on Xo uniformly (B; 
then F is continuous on Xo uniformly (Y; a). Moreover for every xo of Xo 
there exists a vicinity (xo), and an M such that for all points x of (xo)_ and all 
p of YB it is true that 

F(x) — F(xo)|| S M||x — | o| 
and 
\|\dF (x, dx)|| S M||dx\||o], 


i. e. F is linear on X uniformly ((x0)aB; 0). 
The first of these is an immediate consequence of the modularity of dF 
and the application of condition (3) to the inequality 
— F(xo)|| (x0, « — xo)|| + ||R(x, — xoll. 
A similar result (without the addition of the uniformity as to a) follows 
immediately from the existence of the differential. 
The second result is an immediate consequence of Lemma 10.1. 


*It is possible to show that if F is of class ©’ uniformly ($; c) then the conditions (1) and (2) on 
dF hold uniformly (Xo0¥; 0) for every compact subclass Xoo of Xo. 


138 T. H. HILDEBRANDT AND L. M. GRAVES [January 


LemMA 12.2. If F is of class ©’ on Xo uniformly (X.B; 0), then F is 
continuous uniformly (Xo; 0) and there exist constants a and M such that 
for every x, and x2 of Xo for which 


IIA 


lar — 
and for every p of &, it is true that 
— F(x2)|| — | o| , 
i. e., F satisfies a kind of Lipschitz condition on %Xo.* 


13. Partial differentials. If the class X isa composite of a finite number 
of classes ¥, ¥®,---, ¥™, and F is on X) to 9), then the existence of the 
differential of F for x= will imply the existence of partial differentials 
and we shall have 


n 
dF (xo dx) = > d,WF (xo 4 
where dx =(dx,---,dx™). In the same way if F is of class ©’ on Xp 


then the partial differentials have certain continuity properties. We state 
them in the following lemma for the case in which n=2. 


Lemma 13.1. If Xd’ and F on to is of class C’ on Xo uni- 
formly (YB; 0) then the partial differentials d,F and d,F have the following 
properties: 

(O) dF(x; dx)=d,F (x; dx’)+d, F(x; dx’); 


(1) and d,F are continuous on Xo uniformly (X'P; and 

(2) d,F and d,F are linear in dx’ and dx" respectively, uniformly (B; ¢); 

5 


) if Re on XXo$ to Y) ts defined by 


, 


F(xi{ — xt ) — xo’ 5 xf — = 41 — 
for %1 Xo, 


= Re for x1 = xX, 


* A similar result for x, and x2 in a neighborhood (»)e of xo (a depending on x») could be deduced 
under the hypothesis of uniformity on $ only, if condition (3) on the class ©’ were replaced by the 
condition 


lim |R(2x1, x2)|| =O uniformly ($;c). 
21=Xo, X2=Xo 
This extended result is however also deducible from the original condition (3) by an application of 
Taylor’s theorem. Cf. L. M. Graves, Riemann integration and Taylor’s theorem in general analysis, 
in the present number of these Transactions. 
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then Rz (x1, Xo) considered as a function of x, is continuous at xo uniformly 
(8; <A similar condition holds for (x1, Xo) similarly defined. Con- 
versely, if d,F and d,F satisfy the conditions (1), (2), (3) on Xo uniformly 
($B; 0) then F is of class ©’ on Xo uniformly (Y; 0) and dF can be defined by 
condition (0). 


The properties (0), (1), and (2) are obvious. For (3) we use the existence 
of d, F and dF =d,F+d,F uniformly (8; 0). The proof of the converse 
is obvious. 

In case F is of class ©’ uniformly (X%)$; ¢) we have the following simpler 
lemma: 


Lemna 13.2. If Xj X¢’ and F is on to Y, then F is of class ©’ 
on Xo uniformly 0) if and only if the partial differentials and 
have properties similar to those of dF uniformly (XP; ¢). 


These lemmas emphasize the fact that the partial differentials are func- 
tions on XX’ and XX” respectively, and that the limit involved in the 
total differential is essentially a two-dimensional one. 

14. Higher differentials. The class If for some neighborhood of 
xo, dF (x; d,x) exists and if this function has for every d,x a differential at xo, 
then F is said to have a second differential, d?F (x9; dix, dex). This function 
will be distributive in d,x but not necessarily modular. If the function 
d?F (xo; d\x, dex) is modular in dex uniformly (; || dix ||) then obviously 
d°F will be bilinear in d,x and d2x; i. e. 


dix + d{'x, dix + = dix, dd x) 
+d°F (xo; dix, dz’x) + d°F(xo ; di’ x, dix) + d*F(xo; di’ x, dz’ x) ; 
and there exists a constant M such that, for every d\x and dx of X, 
\|\d2F (xo ; dix, dex)|| S - ||dex||. 
Without further assumptions on d?F it does not seem possible to prove 
that d?F is symmetric in d\x and dex. 


Obviously we can extend these definitions to the mth differential and 
we have, for every k<n, 


d"-*d'F = 
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i. e. the differential operation is associative. But the successive differential 
operations are not necessarily commutative. 

We define the term “F is of class €™ uniformly ([X.]$;o)”* by the 
following recurrence relation: 

F is of class &™ uniformly ((X%)B;o) if F is of class ©’ uniformly 
([Xo]B; and dF ts of class uniformly ((Xo] XP; |\dix\\o). 


It is possible to state equivalent definitions as indicated by the following 


Lemma 14.1. Jf k is an integer between 0 and n, and if F is of class © 
uniformly and d*F is of class uniformly ([Xo]¥--- X; 
tai | o), then F is of class ©™ uniformly ([Xo]B; 0) and conversely. 


i=l | 


For convenience we shall omit the range |X,]%3 and the scale o of uni- 
formity from the discussion. We proceed by induction and assume that 
we have proved the lemma (necessary and sufficient conditions) for all 
values of k<m and for all x>m. We show then 

(a) if F is of class ©"*” and d™*'F is of class ©*-“"+») uniformly 
(X--- then F is of class €™. 

For if F is of class €'"*+» then F is of class ©’ and dF is of class €(™ 
uniformly (X;|/d,x||). On the other hand, the statement that d”*'F is 
of class uniformly (X - - ¥; |/dial|) is equivalent to d"(dF) 
is of class €"-"-» in the same way. Applying the lemma for k = »:, it follows 
that dF is of class or uniformly (X; This together 
with the fact that F is of class €’ gives the result that F is of class ©. 


On the other hand 


(b) if F is of class ©” and d”F is of class ©"-” uniformly (% - - -X; 
djx|| ), then F is of class and is of class uni- 
formly (X --- ¥; ||dia||), i. e. we can go from k=m to k=m-+1. 

For from the second condition it follows that d”F is of class ©’ uni- 
formly (X¥--- %; and d™*"F is of class uniformly 
(X--- By applying the lemma for k=m and n=m-+1, 
we find that if F is of class €™ and d”F is of class C’ uniformly (X--- X; 


II: ||dia||) then F is of class €"*. We thus get the two conditions of 
the conclusion from the two conditions of the hypothesis of our statement 
(b). This completes the proof of the lemma. 


* By enclosing X, in the bracket [ ] we shall indicate the possibility of its omission from the range 


of uniformity. 
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15. Functions of functions. Lemma 15.1 Jf G on XB to 3 is of 
class ©’ on X, uniformly (YB; | yo) and linear on Y for every x of Xo uni- 
formly (B; 0); if moreover H on Uo to Xo ts of class ©’ on Uo, and K on WS 
to Y) is of class ©’ on Up uniformly (B; | v||) and linear on & for each u of Uo, 
then 


G(u, v, p) = G(H(u), K(u, v), p) 


on to is of class C’ on Uo uniformly (VP; 7) and linear on B for 
each u of Uo uniformly (YB; 0); moreover 


d.G(u,v,p ;du) = d,G(H(u),K(u,v),p ;dH(u ;du)) +G(H(u) ,dK(u,v ; du), p). 


The fact that G(H(w), A(u, v), p) is linear on & for each w of Uy uniformly 
(2B; 0) is obvious. We show that G on UVP to 3 is of class C’ uniformly 
(VP; ||v|| o) by showing that d.G satisfies the conditions imposed in the 
definition of the class ©’. For simplicity we shall omit the range % and 
the scale function ¢ from the argument. It is easy to see that their addition 
does not change the form of the reasoning. 

We shail show in the first place that d.G is continuous on lly uniformly 
- || We consider for this purpose each term of d,G separately 
and study the difference 


dG(H(u), K(u, v) ; dH(u ; du)) — dG( H(t), K(to, v) ; dH (uo ; du)) 
= [dG(H(u), K(u, v) ; dH(u ; du)) — dG( K(u, v) ; dH(u ; du)) | 
+ dG(H(u0), K(u, v) ; dH(u ; du) — dH (1 ; du)) 
+ dG(H(uo), K(u, v) — K(uo, v) ; dH (uo ; du)). 


In order to show that each of these three terms approaches zx, we assume 
that « has been chosen in the vicinity of # on which, by Lemmas 10.1 
and 12.1, dH(u; du) is uniformly modular in du, and A(u, v) uniformly 
modular in v. Then the continuity of dG uniformly relative to 


|\dH(u ; du)\| - || 


and the continuity of H suffice to make the first difference approach 2» 


uniformly ||dz|| - ||2||); the modularity of dG uniformly relative to 
||K (uw, v)|| and the continuity of dH(u; du) uniformly relative to || 
produce the approach to z» uniformly - for the second 


pro- 


term, while the additional continuity of K(u, v) uniformly (%; 
duces the same result in the third term. 
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The continuity of G(H(u);dK(u,v;du)) is proved along entirely 
similar lines. 
The modularity of d,G follows immediately from that of d,G, G, dH 
and dk. 


We consider finally 
R(u1, — = (a1), v)) — G(H (uo), K(uo, 2)) 
— d,G(H(uo), K(uto, v) ; dH (uo; u1 — uo)) 
— G(H(uo), dK(uo, 0; u1 — uo)) 
= |G(A(m), v) — K(uo, »)) 
— G(H(uo), dK(uo, v ; 41 — u)) | 
+ |G(H(m), K(uo,v)) —G(H(uo), K(uo, »)) 


— dG(H(uo), K(uo, v) ; dH (uo ; — uo))}. 
The first group of terms we rewrite in the form 


(G( A (1), v) — K(uo, v) — dK(uo, 0; — uo)) | 
+ [G(H(u1), dK(uo, v ; — — G(H(uo), dK(uo, v ; — u))]. 


If now we assume that m is in such a neighborhood of mu that H(u) lies 
in the neighborhood of H(u) for which, by Lemma 10.1, G is uniformly 
modular on 9), it follows that the norm of the first expression is:less than 


or equal to 


Me\|Rx(w1, uo)|| — 


in which the coefficient of ||#—%o|| approaches zero uniformly (Q; ||2]|) 
mil 
as u approaches #. For the second expression we utilize the continuity 


of G uniformly (Q; || y||), i.e. (QD; ||dK (ao, 0; which in turn can 
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be replaced by uniformly (9; M;||2|| - ||~—®o||) so that the second term 
when divided by will approach uniformly as 
approaches 

The second group of terms in the expression for R(w, uo)|}4i:—uo| can 
be replaced by 


Re(H(u1), H(uo) ; K(uo, v))||H (a1) — 
+ dG(H (uo), v) ; Ru(t1, — 


By Lemma 12.1 if a is in a sufficiently small neighborhood of uo there exists 
an M such that 


— H(uo)|| S — 


Hence the first term when divided by ||%:—#0|| will approach z» uniformly 
(V; ||a||). The same result for the second term follows from the modular 
properties of dG. This completes the proof of 


lim || R(a1, uo)|| = 0 uniformly ; || 


We note that the addition of further linearity in the function KX will 
induce corresponding linearity in G, i. e., if 1, +--+, on -B, 
is of class ©’ on Up uniformly - and linear on each 
uniformly Bj1 Bn; then G has the same 
properties as K. 

It is possible to extend this lemma still further. To simplify the statement 
we introduce the following terminology: G on X09) - - - YnB has the property 
P® on + Ym uniformly (PB; in case G is of class on Xo uniformly 
(Qi --- and for each x of Xo, G is linear on 9), uniformly 

Obviously if G has the property P’ and dG has the property P®-» 
uniformly (%; ||dx||) then G has the property P™. 

We then have the following lemma: 


LemMA 15.2. IfGon - - to3 has the property P™ on XY. --- De 
uniformly ($; 0); if, moreover, H on Uo to Xo is of class ©™ on Uo, and K,; 
on USa--- Biz; to Yi has the property P™ on UBa--- Biz, then G on 
- has the property P™ on UBu uniformly (PB; 


The proof for »=1 and k=1 has been given in Lemma 15.1 and the 
appended remark. Assume that it has been proved for values »=1 and 
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k<m and show that it holds for k=m+1. This is a result of applying 
the lemma for k=m and k=1 to the following functions: 


G(u, Vm+1) * * Umim» p) G(H, Ky, Km,ym+uP), 
H (u) = 
K(u, Um+l.imy,) = = Km4ilt, Um+1,1) °°" » * 


To prove the lemma for any w, assume that it has been proved for 
n<m and extend it to the casen=m+1. It is obviously sufficient to show 
that d,G has the property uniformly (8; 0). Now 


= d,G(H, Ki,-:-, Ki, p; dH(du)) 


+ > G(H, Ki,---, dKi(du), Kx, p). 
i=1 
Obviously H is of class and d,G, dH, Ki,---, Ay, dAi,- dKy 
have the property P‘” in their respective arguments. From the relation 
of P™ to the class ©” it follows that d,G has the property P’” uniformly 
(UB; and consequently G has the property uniformly ($; ¢). 
As a special case of this lemma we note the following 


Lemma 15.3. If G is on Xo$ to 3 of class ©™ on Xo uniformly (P; 
and H is on Up to Xo of class ©” on Uo, then G(H(u), p) on Uo to 3 is of class 
C™ on Up uniformly (PB; 

We need only apply the preceding lemma to the following situation: 

=9) =the class of real numbers, 
K(u, r)=r for every u of Ub, 
G(x, r)=rG(x) and H(u)=H(u). 

We note that if G is of class € and H of class @’ then 

d,G(H(u)) = d,.G(H(u) ; dH(u, du)), 
a function of the type considered in Lemma 15.1. 

In Lemmas 15.1, 15.2 and 15.3 it is possible to get a parallel group of 
lemmas by inserting the classes X¥) and Up in the range of uniformity. In 
this case, especially for Lemma 15.1, the proof is simplified in a few places. 
As a matter of fact it is possible in this case to prove Lemma 15.3 directly 


by a line of reasoning which considers dG as a function of class ©” of 
a two-partite argument, each argument in turn being a function on a two- 


partite class. 


i 
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IV. ON THE RECIPROCALS OF LINEAR FUNCTIONS 


16. In this section we shall assume that 9) is a complete linear metric 
space and YW is a linear metric space. 

We say that a function K on 9) to 9), linear on 9), has a reciprocal if there 
exists a function L on ¥) to 9) linear on 9) satisfying the conditions 


K(L(y)) = L(K(y)) = 
for every y of 9). 
We note that if such an LZ exists, then it is unique. For from 
K(Li(y)) = K(L2(y)) = » 


follows 
LeKL, = or Li(y) = L(y). 


Also from the existence of the reciprocal L it follows that if 
L(y) = 


for a given y, then y=yx. Conversely if there exists an LZ on ¥) to 9) linear 
on 9) satisfying the two conditions 


L(K(y)) = y for every y of 9, 


L(y) = ys if and only if y = yy, 
then 
K(L(y)) = y for every y of 9). 


For 
L(KLy — y) = LKLy — Ly = Ly — Ly = 4x. 


We take up first the reciprocal of a function which is suggested by the 
linear integral equation of the second kind in the following 


LemMMA 16.1. Jf G on 9) to Y is linear on Y for each w of Wo with 
modulus M(G, w)<1, then for every w of Bo there exists a reciprocal of 
y—G(w, y). If G is continuous on Wo uniformly (Q; || y\|) then the reciprocal 
ts also continuous uniformly || y||). 


The proof of the first part of this lemma follows the lines of the successive 
substitution method used in Theorem 1, or the lemma can be shown to be 
a corollary of Theorem 1, which amounts essentially to the same thing. 
From either point of view, it appears that if G,(w, y)=G(w, Gri(w, y)); 
Gi(w, y) =G(w, y), then for all (w, y) of WY the reciprocal of y—G(w, y) is 


H(w, y) y+ > G,(w, 
1 
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and the modulus 
MG, w) 


M(H, w) s 
1— MG, w) 


Obviously H satisfies the relations 
H(w, y) +G(w, y) = G(w, H(w, y)) = H(w, G(w, y)) 


which are reminiscent of the reciprocal relations of linear integral equations. 
To show that the continuity of G on > uniformly (9); || y||) implies 
a similar continuity in the function H/ we utilize the first of these reciprocal 


relations to obtain 
H(w, y) + G(wi, vy) — G(wi, H(wi, y)) 
= H(wo, y) + G(wo, y) _ G(w, H(wo, y)) 


from which follows 
(wi, y) — H(wo, y)\| S ||G(wi, vy) — G(wo, y)|| + |G(w, H(wi, y) 
— H(wo, y))|| + |G(wi, H(wo, y)) — G(wo, H(wo, y))|I. 


Now from the continuity of G(w, y) on Wp uniformly (No || | ) it follows that 


there will exist a vicinity (wo). of wo such that if w, is in this vicinity then 
M(G, w;)<k<1, so that for such w 


H(w, — H(wo, y)\\(1 — &) S vy) — G(we, 


+ |G(wi, H(wo, y)) — G(wo, H(wo, y))|| 


The continuity properties of G applied to this inequality give us correspond- 
ing continuity properties of H. 

By the same method we can obviously show that if G is continuous on 
W, uniformly (0%); || y|]) then for every wo there exists a vicinity (wo), 
such that H is continuous on (w»). uniformly((w»).9; || ||). This vicinity 
can be extended to include the region Yo if there exists a k<1 such that 
for all w of Wo 


MG, w) < k. 


Lemma 16.2. Suppose that K on BW) to 9) is linear on Y for each w of 
Y._; that it has a reciprocal Lo for w=wo, and is continuous in w at w=Wo 
uniformly (Q); || ||); then there exists a constant a such that for each w of the 
neighborhood (wo)a, K has a reciprocal, which is continuous at wo uniformly 


(D; 


| 

| 
| 
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Consider the function 
G(w, y) = Lo K(wo, y) — K(w, y)) = y — LoK(w, 9). 


Using the continuity of K at wo, we can select a k and an a such that for 
all w in (wo), we have 
|| K (wo, y) K(w, y)|| — k| Vil, kM (Lo) < 3. 
Then 
MG, w)<kh <1 
and so by Lemma 16.1, 
IoK(w, y) — y) 


has on (w)_ a reciprocal L; continuous at w=w uniformly (9); ||9/|). Then 
for every y of 2) and w of (w)a, 


LiloKy = IoKLiy = 9, 
where for convenience we have omitted the w. Then L,JL» is a left hand 
reciprocal of K. That it is also a right hand reciprocal follows from 
= Loy or Lo(KLiLloy — y) = yx 


and the property of Zo as reciprocal of K(wo, y). The continuity of L,Lo 
at w=w uniformly (9; ||y||) follows from that of Z. 

If K is also continuous on > uniformly ([{0]9); || ||) then this recip- 
rocal will be continuous on uniformly ([(wo)al¥); || ||). 


Differential properties of K carry over to the reciprocal as we show in 


Lemma 16.3. If K on BW) to 9) ts linear on Y for each w of Wo, has a 
reciprocal Lo for and is of class C™ on Wo uniformly ({Wo]Y; || 
then there exists a constant a such that the reciprocal L is of class C™ on (wo)a 


uniformly || ||). 


We select the constant a in such a way that the function L(w, y) is 
uniformly modular on (w»)., which is always possible as can be seen from 
Lemma 10.1. We then prove this lemma first for the case n=1 by showing 
that 
(16.4) dL(w, y;dw) = — L(w, dK(w, L(w, y) ; dw)) 


satisfies the three conditions imposed on differentials of functions of the 
class ©’. The relation (16.4) can be obtained by applying Lemma 15.1 
heuristically to the reciprocal relation 


K(w, L(w, y)) = y. 


| 
| 
| 
| 
| 
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The continuity of dZ can be shown by following the method used, or 
the result obtained in the proof of the corresponding part of Lemma 15.1. 
Similarly the modularity of dZ is deducible from that of ZL and dK. It 
remains to show that dL satisfies condition (3). From the reciprocal rela- 
tion between K and Z it follows that for w,; and we in (wo), it is true that 


K(wi, L(wi, y)) =K(we, L(we, y)) 


or 
K(wi, L(we, y)) — K(wi, L(w, y)) = — (K(we, L(we, y)) — K(w1, L(we, y)) 
= — dK(w1, L(we, y) ; we — W1) 
— Rx(wWe, wi, L(we, y))||\we — wi 
Then 
L(we, y) — Liwi, vy) = — L(wi, dK(w,, L(we, y) ; we — w1)) 

— L(wi, Rx(we, wi, L( we, y))) — wel), 
so that 
U1, ¥)||We — will = L(we, vy) — L(wi, y) — dL(wi, y ; we — wy) 


= — L(wi, dK(w1, L(we, y) — L(wi, y) ; w2—w)) 
— L(w, Rx(we, w1, L(we, y))) — wi 


Now by Lemma 12.1, A is continuous at w,; uniformly (9); || y||) and so by 
Lemma 16.2 LZ is continuous at w, uniformly (9); || y||). Further, from the 
modularity of dK and L it follows that 


\L(wi, dK(wi, L(we, y) — Liwi, y); we — wi)) 


A 


<= M(L)M(dK)||L(we, y) —L(w, y) | We 
so that the coefficient of |/w2—w,|| approaches zero uniformly (9); ||¥/|) 
aS We approaches w;. Similarly, from the uniform modularity of Z on (wo). 


and the manner of approach of Rx to yx it follows that 
|L(wi, Rx(we, wi, y)))|| 


approaches zero uniformly (9); ||y||). This completes the proof that Rz 
approaches uniformly (9); ||v||) as we approaches w. 


We prove the general case by induction, i. e. assume that the lemma holds 
for 2<m and show its validity for »=m+1. Assume then that K is of 
class €‘"+» uniformly (9; |} ¥/||). Then dK is of class €™ on uniformly 


(QW; || - ||dw||) and also L is of class on Wy uniformly (Y; || y||). 
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Then by applying Lemma 15.2 we get that dA(w, L(w, y); dw) is of class 
on uniformly (QW; |, - |dw))) and so by a second application 
of Lemma 15.2 it follows that L(w, dA(w, L(w, y); dw)) = —dL(w, y; dw) 
has the same property. This completes the proof of the lemma. 


V. EXISTENCE AND DIFFERENTIABILITY OF SOLUTIONS OF 
EQUATIONS OF THE FORM G(x, y) =x 
17. Neighborhood theorems. THEOREM 3. Let X be a metric space 
and 9) a complete linear metric space. Let the point vo of ¥) and the region 
Xo of X and the function G on Xo(Vo)a to Y) be such that 
(H,) there exist a linear function K on ¥) to Y) with a reciprocal L, and a 
positive constant Mo such that, if M(L) denote the modulus of L, then 


MoM(L) <1, ||K(y1 — 92) — G(x, 91) + G(x, S Molly — yo 


for every x in X and every y; and V2 in (Yo)a} 


(H2) there exists a positive constant c<a such that 
M(L)IIG(x, (1 — MoM(L))c 
for every x in Xo. 
Then for every x in Xo there exists a unique solution Y (x) of the equation 
17.1) G(x, ¥) = Ye. 

Note that in Theorem 3, only an approximate initial solution, and 
also only an approximate differential at the approximate initial solution are 
required. ‘The proof is as follows: 

We define a new function F on Xo(vo). to 9 by the equality 


F(x, y)=y—L(G(a, y)). 
Then the equaton 
(17.2) y = F(x, y) 


is equivalent to (17.1). To equation (17.2) we can apply Theorem 1. 
For by H/; we have 
F(x, y1) — F(x, y2) = L(K(y1 — y2) — G(x, + G(x, y2)), 
F(x, 91) — F(x, y2)|] S M(L)Molly1 — yell, 


so that the function F satisfies H, of Theorem 1. That the hypothesis 7; 
of Theorem 1 also holds for the function F is readily verified. 


| 
| 
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THEOREM 4. Let X be a linear metric space, and ¥) a complete linear 
metric space, and let Wo be a region of the composite space W=(%X,Y). Let 
the function G on Wo to Y and the point (xo, yo) of Wo satisfy 

(Hi) G(xo, Yo) 

(H2) G is of the class on [uniformly on Bo]; 

(H3) d,G(xo, vo; dy)=Ko(dy) has a reciprocal Lo. 

Then there exist positive constants a and b and a function Y on (x), to 
(yo)a with the following properties: 

(Ci) the region ((xo)», (Yo)a) 18 contained in 

(C2) the point (x, Y(x)) is a solution of the equation 


(17.3) G(x, y) = 


for every x in (xo)», and there is no other solution with the same x, having y 
in (Yo)a} 
(C3) the differential d, G(x, Y (x); dy) has a reciprocal for every x in (x0); 
(Cy) the function Y 1s of the class on (xo)» [uniformly on (xo) >). 


The parts in brackets in H». and C, constitute an alternative reading. 
We shall prove only the theorem with the parts in brackets omitted. The 
proof of the other theorem is parallel, except that no recourse to Taylor’s 
theorem is required. We proceed as follows: 

Let M(L,) be the modulus of the reciprocal Ly of Ko, and let My be a 
constant satisfying the condition 0<M,)M(L,)<1. By Taylor’s theorem* 
we have, for every (x, y:), (*, v2) in a sufficiently restricted neighborhood 


((%0, Yo) )a, 
G(x, — G(x, y2) = yo + (yi — y2)r 5 — 
If we take a sufficiently small, the inequality 
G(x, — G(x, ye) — Ko(yi — y2)|! S Molly — yell 


follows from the continuity of d,G at (xo, yo) and the properties of Riemann 
integrals.—| Therefore the hypothesis H; of Theorem 3 is fulfilled on this 
neighborhood. By Lemma 12.1 there exists a positive constant )<a such 
that H. of Theorem 3 is fulfilled on (xo),. Hence the conclusions C; 
and C; follow from Theorem 3. 


*See Graves, Riemann integration and Taylor’s theorem in general analysis, already cited. 
tGraves, loc. cit. 
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By Lemma 12.1 and Theorem 2, we find that the solution Y (x) is con- 
tinuous on (%o)». Then by Lemma 16.2, if the constant 0 is sufficiently 
restricted, dyG(x, Y(x); dy) has a reciprocal L(x; dy) which is continuous 
on (9), uniformly (9); |/dy||) and linear on 9) uniformly on (xo). This gives 
us C3. 

In proving C, for n=1, we show that the differential dY is given by 
the formula 

dY (x ; dx) = — L(x; dzG(x, Y(x) ; dx)). 


The continuity and linearity of dY follow readily from the corresponding 
properties of L and d.G. Since G is of class @’ and G(x, Y)=y«, we have 


= dyG(x, ;¥1— Y) + d.G(x, — x) + Re(Wi, W)||Wi — WI. 
By applying the operation L to both sides of this equation, we obtain 


(17.4) x) + L(x; Re(Wi, W))||Wi — WII. 


Here we have set W=(x, Y(«)), etc. If the ratio r=||Wi—W|| +||x1—a!| is 
bounded when 2; is in a sufficiently small neighborhood of x, then the re- 
mainder Ry(a, x)= —L(x; Re(Wi, W))r is continuous at since we 


have already shown that the function Z is linear and the function Y is 
continuous. To show that r is bounded, we evidently need consider only 
the points x; at which |/W,—W||=||Yi—Yj|]. At these points we have 
from equation (17.4), 


— S M(@Y)||x.1 — x|| + M(Z)||Rell — YI. 


Select a constant c so small that whenever a; is in (x), we have M(L)||Re| 
less than a constant e<1. Then by transposing we obtain r(l1—e) = M(dY). 

To complete the proof of C, for all values of 7, we assume it is true for 
n=m and that G is of class €"* on Wo. Then by Lemma 15.3, d,G(x, Y ;dy) 
and d,G(x, Y; dx) are of class €™ on (a), uniformly (9; \|dy||) and (%; 
\|dx||), respectively. Next, by Lemma 16.3, the reciprocal of d,G(«, Y; dy) 
or L(x; dy) is of class €™ on (ao), uniformly (9); ||dy||).. Then by Lemma 15.2, 
dY is of class ©” on (%), uniformly (%; ||dx||), so that, by definition, Y 
is of class on (x0)s. 

18. The unique maximal sheet of solutions containing a given solution. 
In Theorem 4, the existence of a solution was shown only in a restricted 
neighborhood of the given solution. However, the region on which the solu- 
tion is defined can frequently be extended beyond such a neighborhood, by 
a kind of process of continuation. The maximal sheet of solutions through 
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a given solution, as defined below, is limited only by boundary points of 
the region YW» and by points at which the differential d,G(x, y; dy) has no 
reciprocal. The theorem is a generalization of one given by Bliss in his 
Princeton Colloquium Lectures (p. 22), and it will be convenient to use a 
slight modification of his terminology here. 

A sheet of points in the space W =(X, 9) is a set W of points w= (x, y) 
of W with the following properties: 

(a) for every wo of W there exist positive constants a and bsa 
such that, no two points of W™ in (wo). have the same “projection” x, 
and every point x in (x9), is the “projection” of a point w of W contained 
in (wo)a; 

(b) the set W is connected. (See § 7.) 

A boundary point of a sheet WB is a point not belonging to W but every 
neighborhood of which contains points of W. 

“Sheet” as thus defined corresponds to Bliss’s “connected sheet con- 
sisting wholly of interior points.” This is the only kind we shall have 
occasion to consider. 

Under the hypotheses of Theorem 4, we say that a point w=(z, y) 
of W is an ordinary point for the function G if w is in Wp and the differential 
d,G(x, y; dy) hasareciprocal. In the contrary case we call w an exceptional 
point for the function G. 

We say that a sheet W is a sheet of solutions of the equation (17.3) 
in case every w=(x, y) of W satisfies (17.3). 


THEOREM 5. If a point wo= (xo, Yo) is an ordinary point for the function 
G and is a solution of the equation (17.3), then there is a unique sheet RB 
of solutions of that equation with the following properties: 

BW contains wo; 

(C2) every point of W is an ordinary point for the function G; 

(C3) the only boundary points of the sheet W are exceptional points 
for the function G. 


By Theorem 4, there exists at least one sheet of solutions W™ having 
properties C; and C2. Now let W& be the least common superclass of all 
such sheets W. Evidently W is a connected set of solutions satisfying 
C, and C2. That W is a sheet follows from Cz. and Theorem 4. To 
show that W satisfies C3, let (a, y1)=w: be a boundary point of WB 
and an ordinary point for G. Since G would then be continuous at (%, 71), 
G(x:, ¥1)=y%. Then by Theorem 4 we could extend the sheet @ 
to include w;, in such a manner that the new sheet satisfies C; and C2, 
which contradicts the definition of YW. Now suppose that there is a second 
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sheet 8 of solutions, having properties C;, C2,C3. Then W is included 
in W, and there exists an element w; in W but not in W. Since W 
is connected, there exists a continuous function W on ® to W@W such that 
W (ro) W(r1) =w1, By the property C; of W(ro) is in BW. 
Let r2 be the least upper bound of the numbers ¢ in the interval »<rsn 
such that W(r) is in @®. Evidently W(r2) is a boundary point of @W®. 
But since W(rz) is in W, it is an ordinary point for G, which contradicts 
the property C; of W@W. 

Every sheet of solutions determines a single-valued function Y(x) in a 
neighborhood of each one of its points. By Theorem 4 each of these func- 
tions is of class €™. 


UNIVERSITY OF MICHIGAN, 
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APPLICATION OF THE THEORY OF RELATIVE CYCLIC 
FIELDS TO BOTH CASES OF FERMAT’S 
LAST THEOREM* 
(SECOND PAPER) 


H. S. VANDIVER 


In my first paper under the present title I gave criteria in connection 
with both cases of the Last Theorem. Here by extensions of the methods 
previously employed, I shall obtain more general criteria. If 


(1) xP + yy? + 27? = 0 
is satisfied in integers x, y and z prime to each other, z+0 (mod ), p an 


odd prime, then in another papert I gave the relation 


[wp/k] 
(2) (x + altirly) = 


r=1 


i 


where & is an integer, 1<k<p; 


q 


[s] is the greatest integer in s; w is an integer in the field Q(a); a=e?**/; 
[1: 7] is the integer 7 in the relation ri=1 (mod p). Also, throughout the 
paper, if a fraction a/b appears as the exponent of a, it stands for an integer 
u which satisfies a=bu (mod 

1. Let » be an odd prime #0 or 1 (mod p) and suppose that xy #0 
(mod m); then 
(3) gent 0 (mod ). 


If 8 is a primitive (7—1)th root of unity then in the field Q(a8) we have, 
since is prime to 
(m) = Pipe: Pe, 


where 
o((n—1)p)=ef, (mod (m — 1)p) 


* Presented to the Society, January 1, 1926; received by the editors February 6, 1926. 
7 Annals of Mathematics, (2), vol. 21 (1919), p. 78. 
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the p’s being prime ideals in the field Q(a@8), of degree f. The relation (3) 
gives 


> (x + B*y) 


= 0 (mod (m)) 
s=0 
=0 (mod p) 
hence there is an integer in the set 0,1, - - - , #—2, such that 
(4) «+ pry = 0 (mod p). 


It is known that if (@) is an ideal in Q(a8) prime to (p) and p, @ an integer 
in Q(a@8), then there is an integer s such that, ifw = N(p)—1, 


= (mod p), 


where NV(p)=n/, the norm of p. Also @ is congruent to the pth power of 
an integer 2(a@) if and only if 


6 6 
\-} = 1, where \-} = a‘, in general. 
Dp D 


Since (nm) is prime to (p) then p is prime to (p) and p is also prime to (x+a‘y), 
c#0 (mod p), since the norm of x+a‘y has all its factors of the form 1+w. 
Consequently we may set a” for a in (2), m any integer 40 (mod ), and 
take pth power characters of each member of (2) with respect to p, which 
gives 


[vp/k] x amllirly a —mkyq(k)/(z+y) 


We may write 


and by (4) the right hand member reduces to 


Cr 


= 1 (mod nN), 


Now 


since N(p)—1 is divisible by n—1 but m—1 is prime to ». Hence 


| 
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Applying this to (5) and using the notation 


= qi, 


[vp/k] 


> for >> 


ven] 


and therefore 


we have, if we set 


(6) — ge) = — ————I(a) 


Set 
p-1 
D,= >> d'I(a4 — B). 
d=1 


To determine J(a*—§*) in terms of the D’s, let d, be any of the integers 


1,2, +--+, p—1and consider the sum 
p-2 p-l 
> d,>—'-*d*I (a4 
a=0 


which may be put in the form 


d,;?-! — 
(p — 1) I — + —_——— I — 8) (mod 9), 
ax~d dy d 
whence 
— I(a4 — B*) = Dy + d?-*D, + d?-*Dz + + 
modulo ». Applying this to (6) we may write, if u=(p—1)/2, 
u(k — 1)Dom?-? + (m[1 
kyq(k) 
+ Do(m[1 + m( > [1 :r]Dp-2 1(a)) =0, 
modulo p. Let m range over the integers 1,2,---,p—1. We obtain, 


from (7), (p—1) congruences and since the determinant 


[January 


(mod p). 


= 
| 
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| 1 1 1 1 
2 2 23 | 
| 1---p—1 
: 
(p—1)? (p—1 i>j, 
is not divisible by p, we have, modulo p, 
Do = [1 = 0 (mod p) 
(8) (s=2,3,---,p—2); 
kyq(k 
> [1 :r]D,-2 — att) I(a) = 0 (mod p). 
z+ 
But we also have* 
1 — k‘)b; 


where = bo, Ba, bea41=0 (a>0), the B’s being the numbers 
of Bernoulli, B;=1/6, B,=1/30, etc. Let k be a primitive root of p; then 
k'—140 (mod p), 1<p—1, and alsof 

— kg(k) = (mod p) ; 


and since we may take another value of k to be p—1, we have g(p—1)#0 
(mod /), so that (8) becomes, modulo #, after division by k'—1 and g(), 


(8a) Do = b541D, = 0 (s=1,2,---,p—3), 
y 
D,-2 = — ——-I(a). 
x+y 


2. Now assume that in (1), y is divisible by p; then it is known that 


+ 
= 
where q; is an ideal in Q(a), 140 (mod p), and we also havet 


Tou:1~1, 


* Annals of Mathematics, (2), vol. 18, p. 114, relation 11. 
+ Annals of Mathematics, (2), vol. 18, p. 114, relation 12. 
t Annals of Mathematics, (2), vol. 21 (1919), p. 74. 
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where h ranges over the positive integers h<p which satisfy h+|rh|>p, 


or, what is the same thing, the integers # such that, for g=1,2,---,¥r7, 
<a< 0O<r<p-l. 
r+1 r 


Here |rh| is the least positive residue of rh, modulo p and [1 : h] stands 
for the integer i in hi=1 (mod p). Then following the same method em- 
ployed in the article just cited in deriving (2) of the present paper we find 
with w an integer in Q(a) 


p—1 
(9) Il = 
— 


where g is some integer. Let the ideal (9) =(1—a) and reduce each side 
of (9) modulo (p?). On the left we have 
ctallitly 
x x (mod (p?)), 
since z+ is divisible by » and (p)=(p)?-!. Also 
a’ = (1 — p)* = 1 — gp (mod (p?)). 


Then (9) gives, since w?‘?- =1 (mod (p?)), 


or 
g=0 (mod (p)), 
and since g is rational, 
g=0 (mod p); 
so that (9) may be written in the form 
(10) TD att = (1 — 
h 
= w?!, 


Now if s is one of the h’s then p—s is not. Also 
(1 — a’) = al(a — 1) 
so that 


h 


But 


TT (1 — — 1) = ( — 1)*9, 


h 


| 
| 
| 
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and therefore 
Il (1 — = ( 1) #7 
h 
Then (10) gives 
(11) II (z + hl y)p-1 ( = , 


h 


Now employ the same process on (11) as was used to derive (8a) from (2). 
Use the same ideal p and take pth power characters in (11), noting that p 
is prime to (z+a‘x), c#0 (mod p). We have 


since 


= = (mod n) 
=1 (mod p) 
where d is an integer because n—1#40 (mod pf). Also 
—1 
Dp 
since N(p)—1 is even for m odd. Hence (11) gives 
a) 
Dp 
Now as in (4) if sy 40 (mod z) there is an integer } in the set 0, 1, -- - , m—2, 


such that z+8°y=0 (mod p), and (12) gives 


h 


or putting a” for a in (11) 
2 — =m (mod p). 


In the same way that (7) was obtained we find if 


Di = — 
d=1 


h h 


(13) 
( [1 + : AT (a) 


) (mod f), 


= 
— 
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and in the same way that (8) was derived we have 


Ds = =0 (mod p) 

(13a) (s = 2,3,---,p— 2), 
1:h\|I(a@ 


But also* 
= (r + +1) 


(13c) [1 = — rg(r) + (r + 1)q(r + 1) (mod p). 


Hence, selecting r so that r?-*—(r+1)?-*+10 (mod Pp), and proceeding 
in a similar way with (13c) we obtain 


Di = 0, bs41Ds = 0 (mod p) 
2D,-2 = — I(a) (mod p). 


3. Consider now the first case of the Last Theorem. The relations 
(8a) were derived under the assumption that xy was prime to 2. By as- 
sumption x, y, and z are prime to each other. If one of these is divisible 
by » then g(x) =0 (mod p) by Furtwingler’s theorem. If a=0, or (n—1)/2, 
then the congruences Dyp=b,,,; D,=0 (mod p) all vanish identically, that is, 
if x+y=0 (mod mv). Of the numbers x*—y?, x?—2z?, and y?—z? select one 
not divisible by ~, which is always possible. Let x*—~y? be such a number, 
when, if » divides x*—y?, we have g(m)=0 (mod p) by Furtwingler’s 
theorem. Hence the 


THEOREM I. I[f 
xP + yP +2? = 0 


is satisfied in integers none zero and each prime to the odd prime p, then 


q(n)Do = 0, 9(n)Be41)/2D. = 0 (mod p) 
(s=1,3,---,p—4); 
where 
a 
D, = ph d*I(a? — B*), = qi 
d=1 pf 


* Vandiver, Annals of Mathematics, (2), vol. 18 (1917), p. 114, relation (13) and the one imme- 
diately preceding. 
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p is a prime ideal divisor of (n) in the field Q(aB), n being a rational odd 
prime, 40 or 1 (mod Pp), 


a= B = 


6 is any integer in the field Q(aB), such that (0) is prime to p, a is some integer 
in the set 1, --- , n—2, other than (n—1)/2; the B’s being the numbers 
of Bernoulli, B,=1/6, Bz =1/30, etc. 


Note that the above criteria are independent of x, y and z. 
Now consider again the relation (8a). If s=0 (mod p) then g(u)=0 
(mod p), since z40 (mod p) by Furtwingler’s theorem,* and we have 


THEOREM II. Jf x?+y?+2s?=0 is salisfied in integers none zero and each 
prime to the odd prime p, then 


n—2 


q(n) ‘2 ((1 — v)Dp-2 + I(a)) = 0 (mod p), 


where v has any one of the six values ', 1/t, 1—!, (—1)//, t/(i—1); 
—x/y=', the other symbols being defined as in Theorem I. 


4. We now will treat the second case of the Last Theorem. Assume 
in (1) that y is divisible by p and that xyz40 (mod ); then (8a) holds 
with D,.=0 (mod p). If xy is prime to m and s=0 (mod n) then (8a) 
also holds. Suppose, however, that y is divisible by ”; then (14) holds. 
If x=0 (mod z) then a set of relations similar to (8a) hold. The relations 
(8a) and (14) vanish identically, however, if a=0 or (m—1)/2; that is, 
if x*—y*, or (mod Now suppose that #40 (mod 2). 
If x —z=0 (mod n) we may employ (8a) instead of (14), since if «+y=0 
(mod 2) we have g(x)=0 (mod p). Whence we have 


THEOREM III. Jf pis an odd prime and x?+y’+2? =0 with y=0 (mod p) 
and xz 40 (mod p), then either x+2=0 (mod n) or 


g(n)Do = 0, g(2) = 0 (mod p) (s=1,3,---,p-—A4), 


and in addition one of the two relations 


q(n)Dp-2 = 0, g(n)(Dyp_-2 + I(a)/2) = 0 (mod p), 


is satisfied, the other symbols being defined as in Theorem I. 


* Wiener Sitzungsberichte, Ila, vol. 121 (1912), pp. 589-92. 
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In Theorems I and III, D, may be shown to be divisible by p for particular 
values of sand m. For example, if m is a primitive root of p, it is easy to 
show that D,=0 (mod p), s=1,3,---+, p—4. 

From Theorem II of this article it is possible to deduce Theorem I of 
the first paper under the present title,* but the proof is obviously much 
more complicated than that given in the first paper. 

5. In all the theorems given here and in the first paper it was assumed 
that »41 (mod p). However it is also possible to give analogous results 
involving integers m which are of the form 1+wp. In this case the field 
(8) includes Q(a), and if we go through the same type of argument that 
was employed to obtain (8a) and (14) we note that {y/p} is not necessarily 
unity. But we have 

x+y =0?, 


where v is an integer, whence y(1—8*) =v? (mod p) and therefore 
p 
Also if 6* is a power of a then g(m)=0 (mod p), provided y40 (mod p). 
We then put 
Be 
D. = ( 


a? 8°, and proceed as in the proofs in the present paper. 


*These Transactions, vol. 28 (1926), pp. 554-560. 
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RIEMANN INTEGRATION AND TAYLOR’S THEOREM 
IN GENERAL ANALYSIS* 


BY 
LAWRENCE M. GRAVESt 


The importance and usefulness of Taylor’s theorem need not be dwelt 
upon here. We are interested in it for functions whose arguments and 
functional values belong to abstract spaces of the Fréchet type. Conse- 
quently no Rolle’s theorem can be even stated, and the proofs will be some- 
what different from the usual proofs in the theory of numerically-valued 
functions. It is also to be expected that a slight strengthening of hypotheses 
will be required. However, it is not necessary to assume the existence of a 
uniformly continuous mth differential, as was done in the first announcement 
of these results.{ It is sufficient that the function should have an nth variation 
(in the sense of Gateaux), with certain limitations on its discontinuities. 

The functions we discuss will be one-valued functions whose arguments x 
and functional values y belong to linear metric spaces ¥ and 9) respectively, 
briefly, functions F on ¥ to ¥. Linear metric spaces correspond to the 
spaces called by Fréchet, “espaces (D) vectoriels.” For the notations, postu- 
lates and fundamental propositions, we refer the reader to Part 1 of a paper 
by T. H. Hildebrandt and the author,§ to avoid practically entire repetition 
of that section. No other parts of that paper are needed here. 

We shall consistently use the letters 7, s, a, b, c to refer to real numbers, 
and the German 9 to refer to the real axis. The notation Jt) will then 
refer to a set of open intervals of that axis. By the notation (ab) we shall 
mean the bounded closed interval of # with end points a and b. Whenever 
the space 9) is required to be complete, this will be specifically mentioned. 

The form of remainder obtained in our Taylor’s formula is a generaliza- 
tion of that given by Jordan|| and analogous at least to those obtained in 


* Presented to the Society, September 10, 1925; received by the editors January 28, 1926. 

t National Research Fellow in Mathematics. 

t Comptes Rendus, vol. 180 (1925), p. 1719. 

§ Implicit functions and their differentials in general analysis, in the present number of these 
Transactions. 

\|Cours d’Analyse, 3d edition, vol. I, p. 251. 
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other special cases by Hart,* and involves a Riemann integral of a function G 
on Xt to a linear metric space 9). Hence it is necessary to develop a theory of 
Riemann integration for such functions. This is on the whole parallel to, 
or rather a generalization of, the theory for numerically valued functions.T 
A theory of line integrals taken along curves in an abstract space ¥ could be 
developed in a similar way, as well as a theory of Stieltjes integrals. We 
shall content ourselves here with discussing Riemann integrals. 

1. Derivatives and variations. For functions F on % to 9) there are 
several useful definitions of differentiability. We are concerned to base 
the present theory on the least restrictive one, in order to gain for it the 
widest range of applicability. We have selected a definition of variations 
generalizing the one given by Gateaux.{ Gateaux’s definition is less re- 
strictive than the definition of variation used by Lévy in his Analyse Fonc- 
tionnelle§ and much less restrictive than the definition of differential used 
by Fréchet.|| 

Derivatives. We say that a function F on a region Mp of the real axis, 
to 9), has a derivative, or more specifically, a first derivative, 


F"(10) 
ro) = — 
dr 
at a point ro of Ito in case 
|| F(r) — F(ro) | 


In case F is defined on a closed interval (ab), we define the derivatives at 
the end points by one-sided limits, as is commonly done in the classical 
theory of real functions. We define mth derivatives inductively, as in the 
classical theory. 


* These Transactions, vol. 18 (1917), p. 138, vol. 23 (1922), p. 39; Annals of Mathematics, 
(2), vol. 24 (1922), pp. 28; 32. 

+ N. Wiener has discussed functions F on €, to 9), where Gy is a domain of the realm € of complex 
numbers and 9) is a linear metric space having € as its associated number system, and has briefly 
treated differentiation, integration, and Taylor’s series for such functions. See his paper in Funda- 
menta Mathematicae, vol. 4 (1923), p. 136. 

t Bulletin de la Société Mathématique de France, vol. 47 (1919), p. 83. 

§ See pp. 50-52. 

Cf. these Transactions, vol. 15 (1914), p. 139; vol. 16 (1915), p. 216; Annales Scientifiques de 
l’ Ecole Normale Supérieure, vol. 42 (1925), p. 293. Also § III of the paper on implicit functions by 
Hildebrandt and Graves, already cited. 
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Variations. We say that a function F on a region Xp of X to ¥) has an 
nth variation at a point x» of X) in case, for every element 6x of X, the func- 
tion of r, F(xo+réx), has an mth derivative at r=0. We denote this uth 
derivative at r=0 by 6"F (x, 6x). Regarded as a function on X to ¥), 6"F 
is the mth variation of F at x. We say that F has an mth variation on Xp 
in case it has an mth variation at each point of Xp. 


Lemma 1.1. Jf a function F on Ro to Y has a first derivative at a point 
ro of Ro, then F is continuous at ro. 


It is not true in general, however, that a function F on a region X to 9) 
which has a first variation is therefore continuous, as numerous examples 
from the calculus of variations show. 

Some properties of the mth variation (which is readily shown to be unique) 
are stated in 


Lemma 1.2. Suppose the functions F on to 9, G on to and H 
on X to®, all have nth variations 5"F (xo, 6x), -- +, at a point xo of Xo. Then 

(a) F has variations of all lower orders at xo, and for every positive integer 
k<n and every point 5x in we have 


r=0 


d* 
6"F (xo, 6x) = (6"—*F(ao + réx, 5x))} ; 
r 


(b) the sum function F+G and the product function FH have nth varia- 
tions at xo, and 5"(FH) is given by a generalization of Leibnitz’s formula; 
(c) the variations 8"F, etc., are homogeneous of the nth degree in 6x, i. e., 


6"F (x0, = s"6"F (x0, 6x) 


for every point dx of ¥ and every real number s. 


Property (a) follows at once from the definition of derivative and varia- 
tion, and property (0) is proved in the usual way, considering derivatives 
first. To prove property (c), we proceed by induction. We have first, 
if s+0, 

+ — F(x0) 
(r/s) 


(xo, six) — s6F (xo, S || 6F (x0, séx) — 
| 


+ |s| |= 5F(2x0, 5x) 


. 


| 


166 L. M. GRAVES [January 


Since the terms on the right approach zero with r, the left hand side equals 
zero. The case s=0 follows from the fact that 5F (xo, x*)=y« for every 
function F. The manipulation to complete the induction proceeds in the 
same way as above. 

2. Riemann integration. The theory of Riemann integration of 
bounded functions here presented is on the whole parallel to the classical 
theory. A noteworthy hiatus is the failure to show that for the existence 
of the integral it is mecessary that the Lebesgue measure of the set of dis- 
continuities of the integrand shall be zero. That this condition is not 
necessary is shown by the following example, where the integrand function 
is discontinuous at every point of the interval O<r<1. Let the space 9% 
consist of all functions y on the interval 0<¢<1 to R which are bounded on 


that interval, and let ||y|] = the upper bound of |y(¢)|._ Consider the system 
of points y, defined by 
OforO0 
v(t) = 4 Osrsi 
tiocr i, 


Let F(r)=y,. Then F is integrable and yet everywhere discontinuous. 
Definition of integrals. Consider a bounded function F on (ab) to ¥. 
(By bounded we mean that ||F(r)!| is bounded on (ab)). Let z be a partition 
of (ab) into sub-intervals A; of lengths A;. Denote the norm of the parti- 
tion by Nz. The lengths A; are understood to have the same sign as (b—a). 
Let r; be an arbitrary point of the interval A;. Then if the limit 
lim 


Nr=0 


exists, we say that F is integrable on (ab), and denote the limit by the usual 


symbol 
b 
f F(n)dr. 


The limit is taken in the sense that, for every positive ¢ there exists a positive 
5 such that, for every partition 7 with Nw <6 and every choice of the points 
r, in the intervals A; of 7, we have 


Se. 


In a complete linear metric space we have the usual necessary and suffi- 
cient condition for the existence of the integral, stated in 


| 

| 
| 
- | 
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Lemma 2.1 If the space 9) is complete, then a necessary and sufficient 
condition that a bounded function F on (ab) to ¥) be integrable on (ab), is that 


We find it convenient in proving Theorem 1, on the sufficiency of certain 
conditions for the existence of the integral, to derive the lemmas numbered 
2.2 and 2.3 relating to oscillation and the sets of discontinuities of functions. 

Oscillation. For an interval (ab) and a function F on (ab) to 9), we define 
the oscillation Or(a, b) to be the upper bound of ||F(r1)—F(re)|| for 7 and 
rin (ab). For an interior point c of (ab) we define the point oscillation 
Or(c) by the equation 


= 0. 


lim 


| Le — F(ria)Aie 


i 


=0 
Nr, =0 


Or(c) = lim Or(c c+ r). 
r=0 
If c is an end point, say the left hand end point, of the interval, then we put 
c in place of (c—r) in the limitand. The oscillation functions Opr(a, b) 
and Op(r) are evidently always well defined for bounded functions F. 
A necessary and sufficient condition for the continuity of a function F 
at a point c is that Or(c) =0. 

Content and measure. Let € be a set of points of the real axis §. 
Then we shall mean by content ©, the Jordan measure of €,* and by 
measure ©, the Lebesgue measure of ©,* if these measures exist. 

For a function F on (ab) to 9), we shall denote by €,r the set of points 
r of (ab) at which Op(r) Ze, and by D, the set of points of (ab) at which F 
is discontinuous. 


LemMA 2.2. For every bounded function F on (ab) to ¥, the statements 
“content €.r =0 for every €>0,” and “measure Dr =0” are equivalent. 


Consider a sequence of positive numbers {e.} with lime,=0. Then 
Dr= >>) Gr. By definition of content, each &.,r is enclosable interiorly 
in a finite number of non-overlapping intervals the sum of whose lengths 
is less than €/2*, where € is arbitrary. Hence Dr is enclosable in a denumer- 
able infinity of intervals the sum of whose lengths is arbitrarily small, so 
that measure Dy=0. For the converse, we prove first that every set Cr 
is closed. Let ¢ be a limit point of ©. Then every interval (c—r, c+r) 
encloses a point of G.r, so that Or(c—r, c+r) Ze for every positive r, and 


*See Jordan, Cours d’Analyse, 3d edition, vol. I, p. 28; Lebesgue, Lecons sur l’Intégration, p. 102 
and p. 28. 


| 
| i: | 
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hence Or(c)2e. Now by definition of “measure Ty =0,” for every positive 
number w there exists a denumerable set of intervals enclosing D, interiorly 
with the sum of their lengths less than w. Since each set ©.r is a part of 
the set Dr and since each Gr is closed, we can apply the Heine-Borel- 
Lebesgue theorem in generalized form* to show that each Gr is enclosed 
interiorly by a finite number of intervals the sum of whose lengths is less 


thanw. Since wis arbitrary, each G.r has content zero. 


Lemma 2.3. Let F be a function on (ab) to 9) such that Op(r) Se on (ab). 
Then for every constant w>O0O there exists a constant 6>0 such that, for every 
pair m4, 72 of partitions of (ab) with norms less than 6 we have 


|| 
(2. 1) | F(riadAa (rin) Ain (€ + w) a| ° 
| 


| 1 


The hypothesis Or(r)<e on (ab) implies that F is bounded on (abd). 
By definition of the point oscillation Or(r), we know that if we fix w ar- 
bitrarily, then for every point r of (ab) there is a constant 2a, such that 


(2.2) Or(r — 2a,, r+ 2a,) Seto. 


Since (ab) is a closed interval, by the Heine-Borel-Lebesgue theorem there 
is a finite subset (r;—a,,;, rita,;) of the set of intervals (r—a,, r+a,), 
which also covers (ab). Let 46 be the minimum length of the intervals 
of this finite subset, i. e., 26=minimum a,;. Then if 7; and 7. have norms 
less than 6, and A; and A: are intervals of 7 and 7:2 respectively having a 
point in common, there is an interval (7;—2a,,, 7; +2a,,;) to which A; and A, 
are both interior. Let 7; be the partition of (ab) obtained by using all the 
division points of 7; and 7:. Then by the inequality (2.2) we have 


| > F(r j2)A jo! 


[F -- F(ru2) | 


A 


THEOREM 1. Existence theorem. Suppose that the space ¥ is complete, 
and that the function F on (ab) to Y) is bounded on (ab), and has measure 
Dr=0. Then F is integrable on (ab). 


*For a simple proof of this theorem, see Lebesgue, loc. cit., p. 105. Only a slight modification of 
Lebesgue’s reasoning is necessary to prove the theorem when the interval (ab) is replaced by an 
arbitrary bounded closed set E. See Hildebrandt, Bulletin of the American Mathematical Society, 
vol. 32 (1926), pp. 423 ff. 


} 
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By Lemma 2.2, we may replace the hypothesis “measure Dr =0” by 
“content ©,.-=0 for every positive e.” Select positive numbers €, w, and a 
arbitrarily. Since content @,-=0, there is a finite set S composed of n 
intervals, the sum of whose lengths is less than a, and which enclose the 
set G.r in their interiors. Let T be the set of intervals complementary 
to S on (ab). Then O-(r)<e on IT. By Lemma 2.3, there is a positive 
§.. corresponding to w such that the inequality (2.1) holds for all partitions 
7, and 72 of the set of intervals T, having norm less than 6,. Select 6:<6, 
and <a/n, and let 7; and 7, be partitions of (ab) of norm less than 6;. 
Let 7; and 7 be the partitions formed from 7; and 1, respectively by in- 
serting the end points of the intervals of the set S as division points. The 
number of intervals of +; which are not identical with intervals of zs; is 
not greater than 27, where is the number of intervals in S. We specify 
that on an interval A;; identical with a Aj3, 7;;=7;3, so that 


| F(risdAis — DO F(rjs)Ajs < 4Mné, 4Ma, 
Ws Ts | 


where M is the upper bound of ||F(r)|| (ab). We do similarly for 7, 
and ws. Next we have 


< 2Ma, 


76 


where the sums are taken over the intervals of z; and 7. contained in the 
set S. Since 6,;<6., we have finally 


<(e+w)|b—a|. 


Ais — Do F(ris)Ajo 


By combination of these inequalities we obtain 


10Ma+(e+o)|b—a|. 


isAis — F(ris)Ais 


Since a, e and w are arbitrary, we may apply Lemma 2.1 to obtain the desired 
conclusion. 

The next theorem contains the ordinary formulas for definite integrals, 
which extend immediately to our general case. 
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THEOREM 2. Suppose that the functions F, G, and H, on (ab) to 9, 
Y, and R respectively, are integrable on (ab). Let c, d, and e be points of (ab). 
Then the following equalities and inequality are valid: 


d e e 
(2.3) f F dr +f F dr -f F dr if the space ¥) is complete ; 
e d c 
b b 6 
(2.4) f @ + = Fart+f Gar; 
b 
(2.5) f FH dr = af F dr if H is constant on (ab) ; 
(2.6) f FH dr = Ff H dr if F is constant on (ab) ; 


(2.7) | 


IIA 


b ! b 
Far| f H if ||F(r) || H(r) on (ab). 
a {| a 
3. Relations between derivatives and integrals. We say that a func- 
tion F on (abd) to ¥) has a primitive H in case the function H is defined on (ab) 
to 9) and has F for its derivative on (ab). If a function F on (ab) to 2 is 
integrable on every sub-interval of (ab), then the function 


G(r) = [Poa 


is called an indefinite integral of F. In Theorem 4 we show essentially 
that when a function F has both a primitive and an indefinite integral, these 
differ at most by a constant element of the space 9). A particular case where 
both a primitive and an indefinite integral exist is when the space ¥) is com- 
plete, and the function F is continuous. This follows from Theorems 1 
and 3. Lemma 3.1 is concerned with integration by parts. 


THEeoREM 3. If the space 9) is complete, and if the function F on (ab) 
to 2) is integrable on (ab), then the function G on (ab) to Y) defined by 


G(r) = fra 


has the properties 
(1) $M|n—re| for every ri, in (ab), where M is the 
upper bound of ||F(r)|| on (ab); 
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(2) G is continuous on (ab); 
(3) if F is continuous at a point ro of (ab), then G has a derivative at ro, 
equal to F (ro). 


This theorem is proved by application of the formulas of Theorem 2. 


THEOREM 4. If the function F on (ab) to ¥ has @ derivative F’ on (ab 

which is integrable on (ab), then 
b 
F(b) — F(a) = f F dr.* 

For definiteness we assume a<b. Let € be an arbitrary positive number. 
Then since F’ is integrable, there exists a 6 >0 such that, for every partition 
with Nz<é6 and for every choice of the 7; in the closed intervals A; of 7, 
we have 


b 
(3.1) DF (rai — fra 


| 


Since F’ is the derivative of F on (ab), there is for each point r of (ab) a 
positive number a,<6 such that, for every point r’ of (ab) satisfying 
|r’ —r|<a,, we have 


(3.2) |F(r’) — F(r) — F(r)(r’ — S |r’ — 1]. 


The open intervals J,=(r—a,<r’<r+a,) constitute a set covering the 
closed interval (ab) ; hence we may apply the Heine-Borel-Lebesgue theorem 
to show that a finite set J, --- J, of these, with centers at pi<po< -- -<fm 
respectively, also cover (ab). We may evidently assume that no one of 
the intervals J; is wholly contained in another one of them, and that p, =a, 
pm=b. For each interval J, we have by (3.2) the condition that when 7 
is in J, or at an end point of J;, 


(3.3) \|F(r) — — F’(ox)(r — px)|| S 7 — 


Now in the interval p; {7 <px4; blot out all end points of intervals J; having 
7#k. The remaining end points together with the points p,, determine a 
partition + of (ab) of norm <6. Each interval A;=(ri, ris1) of m has at 
least one of the points p; for an end point. If there are two, we choose the 
left hand one, and in either case denote the p, thus determined for A; by px. 
Then by (3.3) we have for every 7, 


(3.4) |F (rina) — F(ri) — F’(p,)Ail] S €A;. 


*This theorem in its present generality is due to T. H. Hildebrandt, as is also the second corollary. 
I have slightly altered his proof. 
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Thus by (3.1) and (3.4) we obtain 


<> 


| (pid; -[F 


Since ¢ is arbitrary, the equality is proved. 
That two primitives of a function always differ by a constant is a result of 


b 
| a 


S eb—a+1). 


1. the function F on (ab) to) has a derivative F'(r) =y% 
on (ab), then F is constant on (ab).* 

For the function F’ is evidently integrable on every sub-interval of (ab), 
and hence 


F(r) — F(a) = fra = 
for every r in (ad). : 
Coro.iary 2. If the space Y) is complete, and if the function F on (ab) 
to 2) has a derivative F’ on (ab) which is continuous on (ab), then 
F(r;) — F(re) 


uniformly on (ab). 


Since F’ is continuous on (ab), it is bounded on (ab), and since (ab) is 
closed, F’ is continuous uniformly on (ab). This can be shown by classical 
methods. Then by applying Theorems 1, 4, and 2, we obtain 


[F’(r) — F'(re) |dr 


| 


| F(r1) — F(r2) 


IIA 


=| 


whenever |7:—72| is sufficiently small. 


Lemma 3.1. Integration by parts. Suppose the space 9) is complete, 
and that the functions F on (ab) to Y) and G on (ab) to ® have derivatives F’ 
and G’ on (ab) which are bounded on (ab) and whose sets of discontinuities 
on (ab) each have measure zero. Then 


b b 
F(b)G(b) — F(a)G(a) = f F(r)G'(r)dr + f F’(r)G(r)dr. 


a 


* Cf. Fréchet, Annales de l’Ecole Normale Supérieure, vol. 42 (1925), pp. 313, 316. 


— | 

| 

— 
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For the proof we apply Lemmas 1.2 and 1.1 and Theorems 1, 4, and 2. 

4. Taylor’stheorem. Taylor’s theorem is valid only for convex regions 
as defined below. However, it should be remarked that in a linear metric 
space every “neighborhood” constitutes a convex region. 

Convex regions. A region X, of a linear metric space X¥ is convex in 
case, for every pair of points x, x. of ¥) and every number ¢ in the interval 
(0, 1), the point is in 


THEOREM 5. ‘TAYLOR’S THEOREM. Suppose that the space 9) is complete, 
and that the region X, of the space X is convex, and suppose that the function F 
on Xo to Y) has an nth variation on Xo. Suppose also that for every x;, x2 in Xo 
the function of r, (x: +(x2—4X1)r, X2—4%1), 1s bounded on the interval (0, 1) 
and its set of discontinuities is of measure zero. Then for every x1, X2 in Xo 


we have 
n—l 
F(x2) = F(x) + 6'F(x1, x2 — x1)/i! + x2) 
i=1 
where 


(1 — 
f 6"F (x, — x1)r, — 


0 (n — 1)! 


R,(%1, 


We first note the fact that for 7 >1, the existence of the mth variation 
of F on X, implies the continuity and hence the boundedness of the function 
F (4, + Xe—41) on the interval (0,1), by Lemma 1.1. Con- 
sider now the case The function has a first derivative 
(x, +(x2—41)7, X2—%1) which is integrable on (0,1), by definition of 
variation and Theorem 1. Then Theorem 4 yields the required result. 
Now assume the formula true for 7=m, and that F has an (m+1)st varia- 
tion with the specified properties. Then the function G(r) = 6"F (41+ (a2—2)r, 
Xe—x,) has for its derivative The function 
H(r)=—(1-—r)”/m! has a continuous derivative H’(r). Therefore we 
may integrate the remainder R,, by parts (Lemma 3.1) and obtain 


6"F (x1, X2 — 


1 
0 


m! 


This completes the induction. 
Note that by Lemma 1.2, the Taylor’s expansion has the following 
properties : 


(a) F(x, (6x)r) = F(x, bx)r' (¢=1,---,n—1), 


and 
(0) lim R,(x, x + (6x)s)/s"-! = yy, 
s=0 


| 
| 
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holding for every x in X, dx in ¥,andrint. The uniqueness of an expansion 
having these properties is shown in 


THEOREM 6. Let the function F be on X to Y, and let x be a point of Xo. 
Then for each positive integer m there is not more than one expansion 


(4.1) F(x) = F(x0) + >> Li(x — x0) + Rmyi(x) 
i=1 
having the properties 


(4.2) L,((6x)r) = L,(dx)r (¢=1,--+,m), 


(4.3) Ye, 


s=0 


holding for every real number r and every 6x in %. 


For each 6x of X, the point «9+ (6x)s is in X, when s is sufficiently small. 
Now assume two expansions (4.1) with terms Z; and M; and remainders 
Rnii and Sn4: respectively. Assume also that for a certain integer k 
satisfying 1<4<m we have 


(4.4) L; = M; (isi<k). 


Then by substituting x)+(éx”)s for x in (4.1) and using property (4.2) we 
obtain the inequality 


m 


t=k+1 


|| + (5x)s)|| \|Sm+1(%0 + (6x)s)|| 


| s|* | s|* 


By property (4.3), the right hand side approaches zero with s. Therefore 
L,=M;,, is a consequence of the assumption (4.4). By m applications of 
this result we arrive at the desired conclusion. 


5. Applications. We shall discuss here only a few simple applications 
of Taylor’s theorem. As a first consequence we state an existence theorem 
for the expansion whose uniqueness was shown in Theorem 6. We have 
already noted that the existence of such an expansion follows immediately 
from Taylor’s theorem, but by a simple manipulation it is possible to show 
that existence under less restrictive hypotheses. 


| 

— 


wn 
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THEOREM 7. Let the space 9) be complete, and let x be a point of the 
space X. Let F be a function defined on a neighborhood (x)_ to Y), which has 
an (m—1)st variation on (xo)4 satisfying the hypotheses of Taylor’s theorem, 
and which has also an mth variation at x. Then the function Rms: on (Xo)a 
to 2) defined by the equation 


F(z) = + — 0)/i! + 


satisfies the condition 
Ringr(%o + Sar) 
lim = 


r=0 


Ye 
for every 5x of %.* 


For the case m=1 we omit the hypothesis concerning 6""'F. The con- 
clusion in this case follows immediately from the definition of variation. 
For m>1, we apply Taylor’s theorem with »=m-—1 to obtain the formula, 
valid for every fixed 6x in X, for every real value of ¢ sufficiently small, 


v(1 — 
+ = f S(r, t) 
0 (m — 2)! 
where 
(xo + (6x)ir, bx) — (x0, 5x) 
S(r, t) = 
tr 
— 6"F (x0, 6x) (tr # 0), 
S(r, t) = (tr = 0). 


By definition of mth variation, we have 

lim S(r, t) = Vx 

t=0 
uniformly on 0Sr<1. Then application of Theorem 2 yields the required 
result. 

Symmetry of differentials.j Symmetry has no meaning for variations 
as we have defined them. But for differentials of order higher than the 
first, as defined by Fréchet{ and by Hildebrandt and Graves in the paper 
previously cited, Part III, we do have a theorem on symmetry. This is a 


* In discussing these theorems for the case ¥=9) =, W. H. Young states, in the Proceedings of 
the London Mathematical Society, vol. 7 (1909), p. 158, that the existence of an expansion of F at 
x, in the form given in Theorem 6 is equivalent to the existence of an mth derivative of F at xo. 
That this is erroneous is shown by a simple example such as F(x) =x*sin(1/x), m=2. 

+ Cf. Fréchet, these Transactions, vol. 16 (1915), p. 233. 

t Annales de l’Ecole Normale Supérieure, vol. 42 (1925), p. 321. 


176 L. M. GRAVES | January 


generalization of the theorem on inversion of the order of partial differentia- 
tion for ordinary functions of several variables. For present purposes it is 
sufficient to define differentials as follows. We say that a function F on X, 
to 9) has a first differential at a point x» of Xo in case there exists a function 
dF (xo, dx) on X to ¥) with the following properties: 

(1) dF (xo, (dix )ay+ (dex (x0, dix)a,+dF (xo, dox)a2 for every pair 
d,\x, dx in and every pair of numbers a), a2; 

(2) for every e>O there exists a d>0 such that, for every Ax in X 
such that |Aw||<d we have 


F(xo + Ax) — — dF(xo, Ax)|| S |!Axlle. 


We say that F has an nth differential at xo in case F has an (wn —1)st differen- 
tial d""'F (x, dix, ---,d,.*) which is continuous in x in a neighborhood 
of xo,and the function d"-'F has a first differential at x9 for each dix, - 
in X---X. We note that a function which has an wth differential at a 
point certainly has an wth varation at that point, and that the ath dif- 
ferential if continuous satislies the requirements of Taylor’s theorem on the 
nth variation. The above definition requires less than the one given by 
Fréchet, but is sufficient to validate the following theorem on symmetry. 


THEOREM 8. [If the space Y) is complete, and the function F on Xo 
to has an nth differential at x» (n22), then d,F (xo, dyv,--- ,d,x) is sym- 
metric in each pair of differentials dix, djx, of the independent variable x. 

Consider first the case n=2. Since F has a continuous first differential 
on a neighborhood of x», we can apply Taylor’s theorem on such a neighbor- 
hood to obtain 

F(xo + (dix)a + (dox)a) — F(xo + (dox)a) 


H(a) — d*F(xo0, dix, dex) = 


a? 
F(xo + (dix)a) — F(xo) 
a? 
f [= xo + (d\x)ar+ (dex)a,d\x) — dF(xo,dix) 
0 a 


d°F (xo, dix, (dix)r + asx) 


a 


Xo + (dix)ar, dyx) — dF (xo, d\x) 
0 


— dF(xo, dix, (das) far. 
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Since dF has a first differential at 29, we can apply the second condition in 
the definition of first differential, and Theorem 2 to show that | H(a 
—d?F (xo, dix, d.x)|| approaches zero with a. Since H(a) is symmetric in 
the arguments d,x, dex, so is its limit dF. 

To complete the proof by induction, we suppose that the proposition 
is true for =m, and that F has an (m-+1)st differential at x). Then 
F has an (m—1)st differential d™—'F(x, and an mth 
differential d"F (x, dix, --- , dm), which are continuous on a neighborhood 
of xo. The differential is symmetric in the differentials djv,--- , dnx, 
and hence d”+!F (a, dix,- dm4ix) is also symmetric in the first m 
differentials. Since d”*'F is the second differential of d"—"F, d”*'F is 
symmetric in its last two arguments. Hence it is symmetric in all its 
differential arguments, and the induction is complete. 

Difference functions. Bliss, Barnett, and Lamson have made some use 
of the notion of difference function.* Taylor’s theorem shows that a func- 
tion F having continuous differentials up to order » has also continuous 
difference functions up to order x. The converse is true only for n=1. 
Other relations between different definitions of differentiability in abstract 
spaces are easily derived. 


* Cf. Bliss, these Transactions, vol. 21 (1920), p. 79; Barnett, American Journal of Mathematics, 
vol. 44 (1922), p. 172; Lamson, the same Journal, vol. 42 (1920), p. 243. 
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ALTERNATIVES TO ZERMELO’S ASSUMPTION* 


BY 
ALONZO CHURCH 


1. The axiom of choice. The object of this paper is to consider the 
possibility of setting up a logic in which the axiom of choice is false. The way 
of approach is through the second ordinal class, in connection with which 
there appear certain alternatives to the axiom of choice. But these alterna- 
tives have consequences not only with regard to the second ordinal class but 
also with regard to other classes, whose definitions do not involve the second 
ordinal class, in particular with regard to the continuum. And therefore it is 
possible to consider these alternatives as, in some sense, postulates of 
logic. In what follows we proceed, after certain introductory considerations, 
to state these postulates, to inquire into their character, and to derive as 
many as possible of their consequences. 

The axiom of choice, which is also known as Zermelo’s assumption,f and, 
in a weakened form, as the multiplicative axiom,{ is a postulate of logic 
which may be stated in the following way: 

Given any set X of classes which does not contain the null class, there exists 
a one-valued function, F, such that if x is any class of the set X then F(x) is a 
member of the class x. 

An equivalent statement is that there exists an assignment to every class 
x belonging to the set X of a unique element p such that p is contained in x. 

The important case is that in which the set X contains an infinite number 
of classes, because the assertion of the postulate is obviously capable of proof 
when the number of classes is finite. Accordingly a convenient, although not 
quite precise, characterization of the axiom of choice is obtained by saying 
that it is a postulate which justifies the employment of an infinite number of 
acts of arbitrary choice. 


* Presented to the Society, May 2, 1925; received by the editors in June, 1926. 

+ E. Zermelo. Beweis dass jede Menge wohlgeordnet werden kann, Mathematische Annalen, 
vol. 59 (1904), p. 514. See also Newer Beweis fiir die Méglichkeit einer Wohlordnung, Mathemati- 
sche Annalen, vol. 65 (1908), p. 110, and Untersuchungen tiber die Grundlagen der Mengenlehre, 
Mathematische Annalen, vol. 65 (1908), p. 266, where Zermelo states the weaker form of the axiom 
of choice which Russell has called the multiplicative axiom. 

t B. Russell, On some difficulties in the theory of transfinite numbers and order types, Proceed- 
ings of the London Mathematical Society, (2), vol. 4 (1907), p. 48; Whitehead and Russell, Principia 
Mathematica, vol. I, 1910, p. 561. 
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Instead of assuming that the function F exists in the case of every set X 
of classes, it is possible to assume only that the function F exists if the set X 
contains a denumerable infinity of classes.* Or we may assume that the 
function F exists if the set X contains either N; classes or some less number 
of classes. In this way we obtain a sequence of postulates, each stronger than 
those which precede it, all of them weakened forms of Zermelo’s assumption, 
which we may call, respectively, the axiom of choice for sets of No classes, 
the axiom of choice for sets of %; classes, and so on. 

For our present purpose we wish to exclude all forms of the axiom of 
choice from among the postulates of logic, so that in what follows no appeal 
to the axiom of choice is to be allowed. 

2. The second ordinal class. As defined by Cantor, the second ordinal 
class consists of all those ordinals a such that a well-ordered sequence of 
ordinal number @ has } as its cardinal number. Instead of this definition we 
prefer a definition in terms of order alone such as that given in the next 
paragraph. This definition probably cannot be proved equivalent to Cantor’s 
except with the aid of the axiom of choice for sets of No classes. The relation 
between the two definitions will appear more clearly in §$§ 8, 9, and 10 below. 

We shall, therefore, define the second ordinal class by means of the follow- 
ing set of postulates :f 


1. The second ordinal class is a simply ordered aggregate. 

2. There is a first ordinal w in the second ordinal class. 

3. If a is any ordinal of the second ordinal class, there is a first ordinal, 
a+1, of the set of ordinals of the second ordinal class which follow a. 

4. If the ordinals Bo, B:, Be, - - - of the second ordinal class are all distinct 
and form, in their natural order, an ordered sequence ordinally similar to the 
sequence 0, 1, 2, 3, - - - of positive integers, there is an ordinal B of the second 
ordinal class, the upper limit of the sequence Bo, B:, Be, + ~~ , which is the first 
ordinal in the set of ordinals which follow every ordinal 8; of this sequence. 

5. There is no proper subset of the second ordinu! class which contains 
the ordinal w and which has the property that if it contains the ordinal a it 
contains also a+1, and if it contains a sequence Bo, B:, Bo, +--+ of the kind 
described in Postulate 4 it contains also the upper limit B. 


* Cf. B. Russell, Introduction to Mathematical Philosophy, 1919, p. 129. 

+ G. Cantor, Beitriége zur Begriindung der transfiniten Mengenlehre, zweiter Artikel, Mathe- 
matische Annalen, vol. 49 (1897), p. 227. 

t A closely similar definition of the second ordinal class has been given by O. Veblen, Definition 


in terms of order alone in the linear continuum and in well-ordered sets, these Transactions, vol.6(1905), 
p. 170. 
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The fifth postulate makes possible the process of transfinite induction. 

The positive integers, including 0, are thought of as forming the first 
ordinal class and as preceding the ordinal w in their natural order, so that w 
is the upper limit of the sequence 0, 1, 2,3,---. 

The ordinal Q is the first ordinal which follows all the ordinals of the 
second ordinal class. It belongs to the third ordinal class, or would belong to 
this class if we chose to construct it, as could be done by means of a set of 
postulates analogous to Postulates 1-5. 

If an ordinal a precedes an ordinal 8 in the arrangement of the ordinals 
just described (which we shall call the natural order of the ordinals), we say 
that a is less than B and 8 is greater than a. 

An ordinal 8, other than 0, of the first or the second ordinal class is of 
the first kind or of the second kind according as there is or is not a greatest 
ordinal less than 8. 

The upper limit a of a sequence s of ordinals in their natural order such 
that s contains no greatest ordinal is the least ordinal greater than all the 
ordinals in s. This ordinal a always exists if s contains no greatest ordinal, 
but a may sometimes belong to a higher ordinal class than any ordinal in s. 

A sequence of distinct ordinals of the first and second ordinal classes, 


in their natural order, §o, 81, Bz, - - - , ordinally similar to the sequence 0, 1, 
2,3, - - - of positive integers, is said to be a fundamental sequence of its upper 
limit 8. 


A sequence ¢ of ordinals in their natural order is internally closed if it 
contains the upper limits of all its sub-sequences which have an upper limit 
different from the upper limit of ¢. 

We shall not prove explicitly as consequences of Postulates 1-5 all the 
theorems about the second ordinal class which we shall need, but we shall 
make use freely of known theorems whenever these theorems do not depend 
on the axiom of choice. 

The set of all ordinals which are less than a given ordinal a forms, when 
these ordinals are arranged in their natural order, a well-ordered sequence, 
which is called the seg#ent determined by a, and a is said to be the ordinal 
number of this sequence and of all well-ordered sequences ordinally similar 
to it. In particular, w is the ordinal number of the sequence of positive in- 
tegers in their natural order. 

The notions of addition, multiplication, and exponentiation of ordinals, 
of which we shall need to make some use, either may be defined* in terms of 


*G. Cantor, Beitrdge zur Begriindung der transfiniten M engenlehre, zweiter Artikel, Mathematische 
Annalen, vol. 49 (1897), pp. 207-218, and pp. 231-235. 
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the notion of the ordinal number of a well-ordered sequence or may be defined 
more directly from the postulates by means of a process of induction. 

3. Notations for cardinal numbers. The cardinal number of the segment 
determined by an ordinal a is called the cardinal number corresponding to 
a. Those cardinals which correspond to some ordinal greater than or equal 
to w are called aleph cardinals. When arranged in order of magnitude they 
form a well ordered sequence. The first of them is the cardinal number cor- 
responding to w, which we call* No. The remainder of them are denoted by 
the letter % (aleph) with an ordinal as a subscript, this ordinal indicating 
the position of the number in the well-ordered sequence of aleph cardinals. 

The cardinal number corresponding to Q is different? from No. The 
question whether or not it is Ni, the first aleph cardinal after No, is left open 
for discussion below. 

If the cardinal number of an aggregate S is N., the cardinal number >. 
of the aggregate of subsets of S is greater than N.. These cardinal numbers 
we call beth cardinals and denote them by the letter 3 (beth) with the same 
subscript as the corresponding aleph. Besides these we may define a set of 
beth cardinals with two subscripts as follows. If the cardinal number of an 
aggregate S is N., and Ng is an aleph cardinal less than N., then >,,s is the 
cardinal number of the aggregate of those subsets of S which have a cardinal 
number not greater thant Nz. 

The question of the distinctness of these cardinals from the aleph car- 
dinals and from one another must be left open. 

The cardinal number 2p is, by definition, the cardinal number of the class 
of all classes of positive integers. It is the cardinal number of the continuum 
of real numbers.§ It is also the cardinal number of the set of real numbers on 
a segment of the continuum, the cardinal number of the set of irrational 
numbers of the continuum, and the cardinal number of the set of irrational 


*G. Cantor Beitrige zur Begriindung der transfiniten Mengenlehre, erster Artikel, Mathe- 
matische Annalen, vol. 46 (1895), p. 492. 

+ G. Cantor, Beitrége zur Begriindung der transfiniten Mengenlehre, zweiter Artikel, Mathe- 
matische Annalen, vol. 49 (1897), p. 227. 

tThe cardinal numbers defined in this paragraph are all infinite both in the sense of being non- 
inductive and in the sense of being reflexive. We shall not be concerned with non-inductive non- 
reflexive cardinals, although the existence of these cardinals seems to be possible if we deny the axiom 
of choice. On this class of cardinals see Whitehead and Russell, Principia Mathematica, vol. II, 1912, 
p. 278 and p. 288. 


§G. Cantor, loc. cit., erster Artikel, p. 488. The class of subsets of a class of cardinal number 6 
evidently has the cardinal number 2’ as defined by Cantor. 
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numbers on a segment of the continuum. And by means of the expansion of 
an irrational number as a continued fraction it can be shown that 2p is the 
cardinal number of the class of sequences of positive integers of ordinal num- 
ber w. 

4. The cardinal number of the class of all well-ordered rearrangements 
of the positive integers. By a well-ordered rearrangement of the positive 
integers is to be understood a well-ordered sequence of positive integers such 
that in it every positive integer occurs once and but once. The well-ordered 
sequence may be of any possible ordinal number, but no positive integer may 
be repeated in the sequence and none may be omitted from it. With this 
understanding we shall prove the following theorem: 


THEOREM 1. The class of all well-ordered rearrangements of the positive 
integers has the cardinal number 3o of the continuum. 


For the class of all ordered pairs of positive integers is of cardinal number* 
No. Therefore the set P of all classes of ordered pairs of positive integers is 
of cardinal number 2p. 

Now to every well-ordered rearrangement W of the positive integers cor- 
responds a class Q of ordered pairs of positive integers such that the ordered 
pair (a, b) is contained in Q if and only if a precedes b} in W. And no such 
class Q of ordered pairs of positive integers corresponds in this way to more 
than one well-ordered rearrangement of the positive integers. Therefore the 
class of all well-ordered rearrangements of the positive integers can be put 
into one-to-one correspondence with a part of the set P and therefore with a 
part of the continuum (because P can be put into one-to-one correspondence 
with the continuum). 

But the class of all well-ordered rearrangements of the positive integers 
contains a part which can be put into one-to-one correspondence with the 
continuum, namely the class O of those well-ordered rearrangements of ordinal 
number w which have the property that in them the set of odd positive in- 
tegers and the set of even positive integers occur each in its natural order (so 
that O contains, for example, the sequence 0, 2, 1, 4, 6, 3, 8, 10, 5, 12, 14, 
7,:--). For to the well-ordered rearrangement do, a1, de, - - - contained in O 
can be correlated the irrational number (0)/2) + (b;/27) + (b2/2*)+ - - - where 
b; is equal to 0 or to 1 according as a; is even or odd. In this way can be set 
up a one-to-one correspondence between O and the set of irrational numbers 
between 0 and 1 and therefore between O and the continuum. 


*G. Cantor, loc. cit., erster Artikel, p. 494. 
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The theorem to be proved, therefore, follows by an appeal to the theorem 
of Schréder and Bernstein* which states that if each of two classes can be put 
into one-to-one correspondence with a part of the other, then the two classes 
can be put into one-to-one correspondence. 


CoroLiary 1. The continuum can be divided into S; mutually exclusive sub- 
sets, each of cardinal number} 3o. 


For the class of well-ordered rearrangements of the positive integers can 
be so divided by classifying the well-ordered rearrangements of the positive 
integers according to their ordinal number. 


Corotiary 2. The class of all well-ordered sequences of positive integers 
which contain no repetition of any integer is of cardinal number 2p. 


This corollary and the two following can be proved by the same argument 
as that used in proving Theorem 1. 


Corotiary 3. The class of all permutations of the positive integers is of 
cardinal number§ 30, where a permutation of the positive integers is restricted 
to be of ordinal number w. 


* E. Schréder, Uber zwei Definitionen der Endlichkeit und G. Cantor’sche Sdtze, Nova Acta 
Academiae Caesareae Leopoldino-Carolinae Germanicae Naturae Curiosorum, vol. 71 (1898), pp. 
336-340; E. Borel, Legons sur la Théorie des Fonctions, pp. 102-107; A. Korselt, Uber einen Beweis 
des Aquivalenzsatzes, Mathematische Annalen, vol. 70 (1911), pp. 294-296. 

A very neat proof is given by J. Kénig, Sur la thécrie des ensembles, Comptes Rendus, vol. 
143 (1906), pp. 110-112. 

tThe Schrider-Bernstein theorem can be proved in such a way that an explicit one-to-one 
correspondence between the classes in question is set up. Therefore we are able here actually to set 
up an explicit one-to-one correspondence between the continuum and the class of well-ordered rear- 
rangements of the positive integers. And this means, of course, that the sets of Corollary 1 are 
explicitly defined subsets of the continuum. 

When we have made explicit in this way the one-to-one correspondence between the continuum 
and the class of well-ordered rearrangements of the positive integers, it is not difficult to say in simple 
cases what well-ordered rearrangement of the positive integers corresponds to a given number a 
of the continuum. But in certain cases the answer to this question involves the solving of difficult 
(conceivably unsolvable) problems about the dual fractional expansion of a similar to that proposed 
by L. E. J. Brouwer, Mathematische Annalen, vol. 83 (1921), pp. 209-210, for the decimal expansion 
x, but more complicated in character. But the correspondence which we have set up is none the less 
explicit. 

t W. Sierpinski, in Bulletin International de l’Académie des Sciences de Cracovie, 1918, p. 110, 
gives another proof, independent of the axiom of choice, that the continuum can be divided into N, 
mutually exclusive subsets. The division of the continuum which he effects is actually a division 
into subsets each of cardinal number 3p, although he does not prove this. 

§ F. Bernstein, Untersuchungen aus der Mengenlehre, Mathematische Annalen, vol. 61 (1905), 
p. 142. 


184 ALONZO CHURCH [January 


Coroiiary 4. The class of all simply ordered sequences of positive integers 
which contain no repetition of any integer is of cardinal number* 3p. 


The preceding theorem and corollaries are independent of the axiom of 
choice. 

5. The categorical character of the set of postulates 1-5. Between any 
two aggregates J and J’ both of which satisfy Postulates 1-5 of §2 it is 
possible to set up in the following way a one-to-one correspondence which 
preserves order. Let the first element w of J correspond to the first element 
w’ of J’. Then make the requirement that if the element a of J correspond 
to the element a’ of J’ then the element a+1 of J shall correspond to the 
element a’+1 of J’ and to no other element of J’, and that if the elements 
of a fundamental sequence bo, §:1, 82, - - - in J correspond respectively to the 
elements of a fundamental sequence 8, B/, B/,--- in J’ then the upper 
limit 6 of the first sequence shall correspond to the upper limit 8’ of the 
second sequence and to no other element of J’. 

Now no element of either aggregate follows next after more than one 
element of the aggregate. And in either aggregate two fundamental se- 
quences have the same upper limit if and only if it is true that any given 
ordinal of either sequence precedes some ordinal of the other sequence. From 
this it follows that if a correspondence between J and J’ which satisfies the 
requirement just stated is one-to-one and preserves order in the case of every 
element which precedes a given element a of J, then it is one-to-one and 
preserves order in the case of a also. Therefore we can establish by trans- 
finite induction the existence of a one-to-one correspondence between J andJ’ 
which preserves order, the correspondence being constructed in a step by 
step fashion in accordance with the requirement of the preceding paragraph. 

If a is‘an element of the second kind in J, the corresponding element a’ 
in J’ is obtained by choosing a fundamental sequence ao, a1, a, +: for a. 
Then if ad, ai, a/,---in J’ correspond respectively to a, a1, a, ---in J, 
a’ is the upper limit of the fundamental sequence aj, a/, a/,---in J’. It 
is true, however, that no matter what fundamental sequence is chosen for @ 
the same corresponding element a’ in J’ is obtained. The construction of 
the one-to-one correspondence between J and J’ involves, accordingly, no 
appeal to the axiom of choice. 


* Cf. F. Bernstein, Untersuchungen aus der Mengenlehre, Mathematische Annalen, vol. 61 
(1905), pp. 140-145, where it is proved that 3o is the cardinal number of the class of all order types 
in which the set of positive integers can be arranged. Two proofs of this theorem are given, but in 
both of them it is necessary to use the axiom of choice. Nevertheless an obvious modification of the 
first of these proofs suffices to prove without the aid of the axiom of choice, not the theorem stated 
by Bernstein, but the related theorem stated in Corollary 4 above. 
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It will be convenient in this connection to use the following definition of 
categorical character. A set of postulates is categorical if, given any two 
systems both of which satisfy all the postulates of the set, there exists a one- 
to-one correspondence between these two systems which preserves all the 
relations among their elements which appear as undetined terms in the postu- 
lates. 

The only such relation which appears in the set of postulates 1-5 under 
discussion is the relation of order among the ordinals. Therefore we have 
proved that this set is categorical in the sense just defined. 

6. Nature of a categorical set. Suppose that a categorical set S of pos- 
tulates is given, and two contradictory statements A and L in the form of 
theorems about the system described by S. Then we are not at liberty to 
suppose that there exist two systems s; and s2, both of which satisfy S, in 
one of which XK is true, and in the other of which L is true, because, if this 
were the case, we could obtain a contradiction at once by means of the one- 
to-one correspondence between s; and sz. In a certain sense, therefore, a 
categorical set is a complete set, because it is impossible to employ simultane- 
ously two distinct systems which satisfy the same categorical set of postu- 
lates. 

It does not, however, follow that one of the statements K or L must be 
inconsistent with the set of postulates* S. It is quite conceivable that, 
although the coexistence of s; and sz lead to contradiction, nevertheless 
neither the existence of s; alone nor that of s2 alone should lead to contra- 
diction. 

It is clear that the completeness of the set of postulates at the basis of 
our logic is involved.| We might, not unnaturally, make it one of the re- 
quirements for completeness of a set of postulates for logic that, in all such 
cases as that described above, one of the statements K or L should lead to a 
contradiction when taken in conjunction with the set S. In the absence, 


* E. B. Wilson, Logic and the continuum, Bulletin of the American Mathematical Society, vol. 
14 (1908), pp. 432-443. See also E. V. Huntington, A set of postulates for ordinary complex algebra, 
these Transactions, vol. 6 (1905), p. 210 and the second footnote on that page. 

TIt is possible to demonstrate the completeness of a certain portion of the postulates of logic in 
the sense that no new independent and consistent postulate can be added to this portion without 
introducing a new undefined term. The portion in question consists of the postulates given by White- 
head and Russell in part I, section A, of the Principia Mathematica. The proof of the completeness 
of these postulates has been given by E. L. Post, Introduction to a general theory of elementary 
propositions, American Journal of Mathematics, vol. 43 (1921) , p. 163-185. But this does not imply 
the completeness in any sense of the full set of postulates for logic (as at present known), because 
this full set involves additional undefined terms. 
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however, of any demonstration that the set of postulates on which our logic 
is based satisfies this requirement, we must not infer from the fact that a set 
of postulates S is categorical that there do not exist one or more independent 
postulates which can be added to the set. 

It is not improbable that the set of postulates at the basis of our logic 
is not complete, even if the axiom of choice is included in the set, because if 
it were complete it ought to be possible, in the case of every set Y of classes 
which does not contain the null class, to construct a particular function F of 
the kind whose existence is required by the axiom of choice, a construction 
the possibility of which is, in many cases, doubtful. If the axiom of choice 
is excluded the probability of completeness is even more remote. 

The question whether the set of postulates at the basis of our logic is or 
is not complete is evidently equivalent to the question whether or not every 
mathematical problem can be solved.* On the other hand, since each of 
these questions is in the form of a theorem about the postulates of logic, into 
the truth of which theorem it is proposed to inquire, neither has a direct 
connection with the law of excluded middle,f which is itself a postulate of 
logic. Suppose, for example, that we have before us a certain consistent set 
W of postulates for logic among which is the law of excluded middle. There 
may be, if W is not complete, a postulate p such that either p or nol-p can 
be added to the set W without destroying the consistent character of the 
set. In this case there may be a universe of discourse U, in which p and the 
postulates of W are satisfied and also a universe of discourse U2 in which not-p 
and the postulates of W are satisfied. Then p would satisfy the law of 
excluded middle both in U,; and in U2, in U, by being true, and in U; by 
being false. Accordingly our inability to conclude on the basis of W whether 
p is true or false does not prevent our concluding on the basis of W that p 
is either true or false. 

7. Alternatives to Zermelo’s assumption. The foregoing discussion is 
intended to prepare the way for the suggestion that there may be one or more 
additional independent postulates which can be added to the set of postulates 
1-5 and to forestall the objection that this set is already categorical. 

With this possibility in mind we propose to examine the consequences of 
each of the following postulates when it is taken in conjunction with Postu- 
lates 1-5: 


* The latter question is proposed by D. Hilbert in Mathematische Probleme, Gittinger Nach- 
richten, 1900, pp. 261-262, and Archiv der Mathematik und Physik, (3), vol. 1 (1901), p. 52, and 
Mathematical Problems, Bulletin of the American Mathematical Society, vol. 8 (1902), pp. 444-445. 

t The opposite view is maintained by L. E. J. Brouwer. See for example, [ntuitionistische 
Mengenlehre, Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 28 (1920), pp. 203-208. 
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A. There exists an assignment of a unique fundamental sequence to every 
ordinal of the second kind in the second ordinal class. 


B. There exists no assignment of a unique fundamental sequence to every 
ordinal of the second kind in the second ordinal class; but given any ordinal a 
of the second ordinal class, there exists an assignment of a unique fundamental 
sequence to every ordinal of the-second kind less than a. 


C. There is an ordinal $ of the second ordinal class such that there exists 
no assignment of a unique fundamental sequence to every ordinal of the second 
kind less than 


It is an immediate consequence of Postulates 1-5 that there exist fun- 
damental sequences for any particular ordinal of the second kind in the 
second ordinal class. The preceding postulates A, B, and C are concerned 
with the possibility of assigning a particular fundamental sequence to every 
such ordinal in a simultaneous manner.* 

Postulate A can be derived as a consequence of the axiom of choice for 
sets of N, classes. Postulate B implies a denial of the axiom of choice for 
sets of N; classes but seems to be consistent with this axiom for sets of No 
classes. Postulate C implies a denial of the axiom of choice for sets of No 
classes. There is no reason, however, to suppose that Postulate B implies 
the axiom of choice for sets of No classes or that Postulate A implies this 
axiom for sets of N, classes. 

Postulates A, B, and C are mutually exclusive and it is clear that, to- 
gether, they exhaust the conceivable alternatives. There are, therefore, three 
conceivable kinds of second ordinal classes, one corresponding to each of 
these postulates. If any one of these involve a contradiction it is reasonable 
to expect that a systematic examination of its properties will ultimately 
reveal this contradiction. But if a considerable body of theory can be de- 
veloped on the basis of one of these postulates without obtaining inconsistent 
results, then this body of theory, when developed, could be used as pre- 
sumptive evidence that no contradiction existed. 

If there be two of these postulates neither of which leads to contradiction, 
then there are corresponding to them two distinct self-consistent second 
ordinal classes, just as euclidean geometry and Lobachevskian geometry are 
distinct self-consistent geometries, with, however, this difference, that the two 


*For a discussion of the problem of carrying out such an assignment of fundamental sequences 
see O. Veblen, Continuous increasing functions of finite and transfinite ordinals, these Transactions, 
vol. 9 (1908), pp. 280-292. 
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second ordinal classes are incapable of existing together in the same universe 
of discourse. 

It is not unlikely that no one of the three postulates A, B, C leads to any 
contradiction. 

8. Consequences of Postulate A. THEOREM A;. If a@ is any ordinal 
of the second ordinal class, the cardinal number corres ponding to a is* No. 

For assign to every ordinal 8 of the second kind which is less than or 
equal to a a fundamental sequence uw, (Postulate A). 

The ordinals which precede w form, when arranged in their natural order, 
a sequence of ordinal number w. With this as a starting point, we assign to 
the ordinals which follow w, one by one in order, an arrangement of all pre- 
ceding ordinals in a sequence of ordinal number w, in the following way. 

When we have assigned an arrangement in a sequence ¢ of ordinal number 
w of all ordinals which are less than an ordinal y, an arrangement in a se- 
quence of ordinal number w of all ordinals which are less than y+1 is obtained 
by placing y before ¢. 

When, to every ordinal ¢ which is less than an ordinal 8 of the second 
kind, we have assigned an arrangement in a sequence ¢, of ordinal number w 
of all ordinals which are less than ¢, the sequences ¢3,, - , where 
Bo, B:, B2,--- is the fundamental sequence us, may be written one below 
the other so as to obtain the following array: 


Soo, 4501, 45o2, 


where 5;,, - - is the sequence ¢3, and contains all the ordinals which 
are less than 6;. Then the ordinals 6;; may be arranged in a sequence of 
ordinal number w as follows: 


500, 601, 610, 601, 611, 620, 603, 612, 601, 630, 


By omitting from this sequence all occurrences of any ordinal after the first 
occurrence, so that a sequence without repetitions results, we obtain an ar- 
rangement in a sequence of ordinal number w of all ordinals less than 8. 


*See G. Cantor, loc. cit., zweiter Artikel, p. 221. As already explained, Cantor uses the property 
described in Theorem A, in defining the second ordinal class. He then proves, with the aid of the 
axiom of choice, that the second ordinal class has the properties expressed by the postulates of 
§2 above. 

The way in which the axiom of choice is involved is pointed out by Whitehead and Russell, 
Principia Mathematica, vol. 1913, p. 170. 


010; 611, *** 
620, 521, 622, 
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We may prove by induction that this process continues until we obtain 
an arrangement in a sequence of ordinal number w of all ordinals less than a. 
Therefore the cardinal number corresponding to a is No. 


CorOLiaRy 1. There exists an assignmert to every ordinal 8 in the second 
ordinal class of an arrangement in a sequence of ordinal number w of all ordinals 
less than B. 


For, under Postulate A, we may assign a fundamental sequence wu, to 
every ordinal of the second kind in the second ordinal class. The process 
just described then continues until we have assigned to every ordinal 6 of the 
second ordinal class an arrangement in a sequence of ordinal number w of all 
ordinals less than 8. 


Coro.iary 2. There exists an assignment to every ordinal B in the second 
ordinal class of a well-ordered rearrangement of the positive integers of ordinal 
number B. 

Because an arrangement in a sequence of ordinal number w of all ordinals 
less than 8 determines a one-to-one correspondence between the ordinals less 
than 8 and the positive integers, and this one-to-one correspondence de- 
termines in turn a well-ordered rearrangement of the positive integers of 
ordinal number 8. 


THEOREM Ao. If the class R consists of all well-ordered sequences of posttive 
integers (allowing any number of repetitions of the same integer) whose ordinal 
numbers belong to the second ordinal class, the cardinal number of R is 31,0. 


Let O be the class of ordinals less than 2. Then the cardinal number of O 
is N:. Let Q be the class of the subsets of O which have a cardinal number 
not greater than No. Then the cardinal number of Q is 21. 

The class Q can be put into one-to-one correspondence with a part of R 
as follows. To the subset S of O contained in Q correlate the sequence 
do, + dy, Of R, where a, is 1 or 0 according as yp is or is not con- 
tained in S, and the sequence consists of those a’s whose subscripts are less 
then 8, where 6 is the least ordinal greater than every ordinal in S and not 
less than w. 

The class R can be put into one-to-one correspondence with a part of Q 


as follows. To the sequence bo, bi, be, - - - , bu, - - - of R, of ordinal number y, 
correlate the subset of O consisting of the following ordinals: 0, 1, 2, ---, 
bo; wtb; 2w, 2w+1,---, 2wt+be;--- yw.* 


*We adopt Cantor’s earlier notation, placing the multiplier before the multiplicand. 
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Therefore, by the Schréder-Bernstein theorem,* Q and R can be put into 
one-to-one correspondence. 
Therefore the cardinal number of R is 53; 


THEOREM A;. The cardinal numbers 39 and 5,9 are identical. 


In accordance with Corollary 1 of Theorem A,, assign to every ordinal 8 
of the second ordinal class an arrangement in a sequence ¢; of ordinal number 
w of all ordinals less than 8. 

Let b be one of the sequences belonging to the class R of the preceding 
theorem, and let 8 be the ordinal number of b. Then, corresponding to b, we 
can determine a sequence c of positive integers of ordinal number w by the 
rule that if «x; is the ith ordinal of ¢s then the ith positive integer in c shall 
be the «;th positive integer of b. In this way we can set up a one-to-one 
correspondence between all the sequences b of R which have a fixed 
ordinal number @ and the class of sequences of positive integers of ordinal 
number w. And in exactly the same way we can set up a one-to-one 
correspondence between those well-ordered rearrangements of the positive 
integers which have a fixed ordinal number 6 and the class of permutations 
of the positive integers, where a permutation of the positive integers is 
restricted to be of ordinal number w. But the class of sequences of positive 
integers of ordinal number w and the class of permutations of the positive 
integers can be put into one-to-one correspondence, since each is of cardinal 
number 3». Therefore, choosing a particular such one-to-one correspondence 
C, we can set up a one-to-one correspondence Kg between the sequences 
of R which have a fixed ordinal number £ and the well-ordered rearrangements 
of the positive integers which have the ordinal number 8. Moreover, since 
C can be chosen once for all, we have a uniform method of setting up the 
one-to-one correspondences Kg, and therefore, without appeal to the axiom 
of choice, we can suppose them all set up, for every ordinal 8 of the second 
ordinal class. But as soon as this is done we have a one-to-one correspondence 
between R and the class of well-ordered rearrangements of the positive 
integers. And, in Theorems A; and 1, we have shown that these two classes 
have, respectively, the cardinal number 2,,9 and the cardinal number 3%o. 
Therefore these two cardinal numbers are identical. 


Corotrary. The class R of Theorem Az can be put into one-to-one cor- 
respondence with the continuum. 


* Loc. cit. 
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THEOREM Ay. The continuum contains a subset of cardinal number* &. 


For the class R, which has just been shown to have the cardinal number 
of the continuum, contains such a subset, namely the set of all those sequences 
belonging to R which consist entirely of 2’s. 

The same theorem can be proved by means of Corollary 2 of Theorem A, 
because, in accordance with that corollary, the class of well-ordered re- 
arrangements of the positive integers contains a subset of cardinal number Ni, 
and, by Theorem 1, this class can be put into one-to-one correspondence with 
the continuum. 

The fact that the set of postulates 1-5 and A, which are all statements 
about the second ordinal class, has consequences about an entirely different 
aggregate, namely the continuum, is evidently connected with the fact that 
these postulates contain more than is necessary to render them categorical. 

We have already observed that if we are to think of the three second 
ordinal classes, that corresponding to Postulate A, that corresponding to B, 
and that corresponding to C, as all existing we must think of them as each 
existing in a different universe of discourse. Therefore when we single out 
one of these second ordinal classes for consideration we thereby restrict the 
character of the universe of discourse within which we are working. In this 
way we may think of Postulate A as being indirectly a postulate of logic, 
although it is in form a statement about the second ordinal class. And the 
same remark applies to Postulates B and C. 

9. Consequences of Postulate B. THEOREM B:. If a is any ordinal 
of the second ordinal class, the cardinal number corresponding to a is Xo. 


The proof of Theorem A, applies without change. 


THEOREM B>. There exists no assignment to every ordinal B in the second 
ordinal class of an arrangement in a sequence of ordinal number w of all ordinals 
less than B. 


For, given an arrangement in a sequence ?¢, of ordinal number w», of all 
ordinals less than 8, we could obtain a fundamental sequence for 8 by omit- 
ting from ¢ all the ordinals a which did not have the property that every 
ordinal which preceded a@ in ¢ also preceded a in the natural order of the 
ordinals. Therefore if there existed an assignment to every ordinal @ in the 
second ordinal class of an arrangement in a sequence of ordinal number w 


* A proof of this theorem has been given by G. H. Hardy, A theorem concerning the infinite 
cardinal numbers, Quarterly Journal of Pure and Applied Mathematics, vol. 35 (1903), pp. 87-94. 
The use of a simultaneous assignment of a fundamental sequence to every ordinal of the second 
kind in the second ordinal class is essential to Hardy’s proof, as it is to the proof given above. 


— 
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of all ordinals less than 6, there would exist an assignment of a fundamental 
sequence to every ordinal 8 in the second ordinal class, contrary to Postulate 
B. 


CorROLLARY. There exists no assignment to every ordinal B in the second 
ordinal class of a well-ordered rearrangement of the positive integers of ordinal 
number 


THEOREM B;. The continuum cannot be well-ordered. 


For it follows from Theorem 1 that, if the continuum could be well- 
ordered, the set of all well-ordered rearrangements of the positive integers 
could be arranged in a well-ordered sequence u. And it would then be possible 
to assign to every ordinal 8 in the second ordinal class a well-ordered re- 
arrangement of the positive integers of ordinal number 6, because we could 
choose, for every 8, the first rearrangement of ordinal number £ that occurred 
in #. This, however, is contrary to the corollary of the preceding theorem. 


THEOREM By. [f the class R consists of all well-ordered sequences of positive 
integers (allowing any number of repetitions of the same integer) whose ordinal 
numbers belong to the second ordinal class, the cardinal number of R is 315. 


The proof of Theorem A, applies without change. 

DEFINITION. Let ¢ be an internally closed sequence of ordinals of the first 
and second ordinal classes, all distinct, and arranged in their natural order. 
Then there is one and only one way in which ¢ can be put into one-to-one 
correspondence (preserving order) with the sequence of ordinals less than 2 
or a segment of this sequence. The ordinals of the first and second ordinal 
classes which are correlated to themselves in this correspondence form, when 
arranged in their natural order, an internally closed sequence ¢’, the first 
derived sequence* of t. The first derived sequence of t’ is the second derived 
seguence of t and so on. If v is an ordinal of the second kind in the second 
ordinal class, the vth derived sequence t” of t consists of those ordinals which 
are contained in all previous derived sequences. If uw is an ordinal of the first 
or second ordinal class the (u+1)th derived sequence t’*' of tis the first derived 
sequence of t’. 

if w is an ordinal of the first or second class, the wth derived sequence 
t« of Lis, like ¢, an internally closed sequence of ordinals of the first and second 

*The sequence ¢ determines by its correspondence with the sequence of ordinals less than Q 
or a segment thereof a continuous increasing function. The sequence ¢’ consists of the set of values 


of the first derived function. See O. Veblen, Continuous increasing functions of finite and transfinite 
ordinals, these Transactions, vol. 9 (1908), p. 281. 
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ordinal classes, all distinct, and arranged in their natural order. And if the 
ordinal number of ¢ is 2 that of ¢* is also* Q. 

If the first term of ¢ is greater than 0 the sequence formed by taking the 
first term of each of the derived sequences of ¢ in order is an internally closed 
sequence of distinct ordinals in their natural order. 


DEFINITION. An internally closed sequence r of ordinals of the second 
kind of the second ordinal class, all distinct and arranged in their natural 
order, is a reduction sequence if there exists an assignment to every ordinal x 
of the second kind in the second ordinal class of a sequence », of distinct 
ordinals arranged in their natural order, such that the upper limit of 2, is x 
and the ordinal number of 2, is either w or one of the ordinals of r. 

It follows at once from Postulate B that the ordinal number of a reduction 
sequence must be 2. 

The sequence of self-residualf ordinals of the second ordinal class in their 
natural order is a reduction sequence. Its first derived sequence, the sequence 
of enumbers,f{ is also a reduction sequence. 


THEOREM B;. [If the first derived sequence of a reduction sequence r is a 
reduction sequence, then all the successive derived sequences of r are reduction 
sequences. 


For let 7’ be the vth derived sequence of r. Assign a fundamental sequence 
to every ordinal of the second kind less than »v (Postulate B). And to every 
ordinal of the second kind in the second ordinal class assign a sequence 2, of 
distinct ordinals arranged in their natural order such that the upper limit of 
2, is x and the ordinal number of 2, is either w or one of the ordinals of 7’. 
This is possible since, by hypothesis, r’ is a reduction sequence. 

Let p be an ordinal of the second kind which occurs in r’ but not in 7’. 
Then there is a last ordinal u, which is less than v, such that p occurs in r+. 
Let a be the ordinal which corresponds to p in a one-to-one correspondence 
(preserving order) between r# and the sequence of all ordinals less than 2. 

If u is of the second kind, let po, u1, we, - - - be the fundamental sequence 
which we have assigned to uy. 

If uw is of the second kind and a is equal to 0, so that p stands in the first 
place in r*, the ordinals po, pi, p2, - - - which stand in the first place in ro, 
r“1, y4#2,--+-+ , respectively, constitute a fundamental sequence for p. 


*O. Veblen, loc. cit., pp. 283-285. 
tO. Veblen, loc. cit., p. 285. 
tFor definitions see G. Cantor, loc. cit., zweiter Artikel 
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If uw is of the second kind and a is of the first kind, let o be the ordinal 
which next precedes p in r*, and let p; be the ordinal which next follows ¢ in 
r*i, The ordinals po, pi, p2, - - - are in their natural order, because if pi,; were 
less than p; it would follow that p;,; did not occur in r#‘, contrary to the 
definition of derived sequences, which requires that all the terms of r#‘+1 shall 
be ordinals of r+‘. And po, p1, p2, « - « are all distinct, because if pi: were equal 
to p; it would follow that both were equal to 6+1, where 6 was the ordinal 
which corresponded to o in a one-to-one correspondence (preserving order) 
between r*‘ and the sequence of all ordinals less than 2, contrary to the re- 
quirement that all the ordinals of r, and therefore all those of r#‘, shall be 
ordinals of the second kind. The upper limit of the sequence po, pi, p2,---, 
since it is also the upper limit of the sequence pi, pi+1, piz2, - - - , necessarily 
occurs in r#‘, and, since it occurs in every r“‘, it occurs also in r*. This upper 
limit cannot be greater than p, because, if it were, some p;, say pn, would be 
greater than p, and it would follow that p did not occur in r#". But the upper 


limit of po, p1, p2, - - - is greater than o, because each term is greater than o. 
Therefore the upper limit is p, so that po, pi, p2, - - - is a fundamental sequence 
for p. 


If u is of the first kind (so that u=A+1) and a is equal to 0, let po be the 
first ordinal of r*, p; the poth ordinal of r*, ps the p;th ordinal of r*, and so on. 
Then the sequence po, pi, p2, - - - is an increasing sequence, because pi+1<p; 
is impossible on account of the increasing character of r*, and pi41=p; would 
imply p1=po, a situation which is impossible because po cannot be equal to 0 
and p; is the poth ordinal of r*. And the upper limit of po, pi, po, - - - is p. 

If uw is of the first kind (so that u~=A+1) and ais also of the first kind, let 
o be the ordinal which next precedes p in r#. Let po be the (+1)th ordinal 
of r*, p; the poth ordinal of r*, pe the pith ordinal of r*, and so on. Then the 
Sequence po, is an increasing sequence, because pi+1<p; is im- 
possible on account of the increasing character of r*, and piz1=p; would 
imply po=o+1, whereas po must be an ordinal of the second kind. And the 
upper limit of po, p1, p2, is p. 

The case y= 1 is taken account of in each of the two preceding paragraphs, 
for in that case \=0 and 7’ is the sequence r itself. 

If a is of the second kind, we have assigned to a a sequence v4 whose 
upper limit is a and whose ordinal number is an ordinal 7 of r’. If y is any 
ordinal less than 7, let a, be the yth term of v,, and let p, be the a,th term 
of Then the sequence po, ps, p4, Pw, Pw41, * IS a Sequence of ordinal 
number 7 whose upper limit is p. And a, and therefore 7, is less than p. The 
problem of finding an increasing sequence whose upper limit is p and whose 
ordinal number is either w or an ordinal of r’ is, therefore, reduced to the 
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corresponding problem for the smaller ordinal 7, and this reduction continues 
until we obtain such a sequence or until one of the cases already considered 
arises. 

We can now conclude that it is possible to assign to every ordinal p in r’ 
an increasing sequence of ordinals whose upper limit is p and whose ordinal 
number is either w or an ordinal of r’, because we have just described a 
systematic method of making such an assignment. But we have assigned to 
every ordinal « of the second kind in the second ordinal class an increasing 
sequence v, of ordinals whose upper limit is x and whose ordinal number is 
either w or an ordinal of r’. Therefore we can assign to every ordinal x of 
the second kind in the second ordinal class an increasing sequence of ordinals 
whose upper limit is x and whose ordinal number is either w or an ordinal of 
r’. Therefore r’ is a reduction sequence. 


Coro.iary 1. The sequence 7 of those ordinals which occur in the first place 
in the sequences r°, where 6 takes on all values which make it an ordinal of the 
second kind, ts a reduction sequence. 


For, by the method just given, we can assign to every ordinal p of r’ an 
increasing sequence of ordinals whose upper limit is p and whose ordinal num- 
ber is an ordinal of 7. 

If p occurs in one of the sequences r’ in such a way that it has an im- 
mediate predecessor ¢ in r’, let p. be the ordinal which next follows o in r-, 
where @ is any ordinal less than 6. Then the ordinals p. form an increasing 
sequence of ordinal number @ whose upper limit is p. From this, by means of 
the sequence ve, we obtain an increasing sequence whose upper limit is p and 
whose ordinal number is an ordinal p’ of r’ less than p. The problem of 
finding an increasing sequence of ordinals whose upper limit is p and whose 
ordinal number is an ordinal of 7 therefore reduces to the corresponding 
problem for the smaller ordinal p’.. And this reduction continues until we 
obtain such a sequence or one of the other possible cases arises. 

In all other cases we proceed exactly as we did in proving Theorem Bs. 


Coro.iary 2. The sequence f of those ordinals which occur in the first place 
in the successive derived sequences of r is a reduction sequence. 


For 7 contains 7. 


Coro.iary 3. The first derived sequence 7’ of 7, and therefore all the derived 
sequences of 7, are reduction sequences. 


Since 7 is a reduction sequence, we can assign to every ordinal x of the 
second kind in the second ordinal class an increasing sequence 2, of ordinals 
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whose upper limit is x and whose ordinal number a is either w or an ordinal 
of 7. If a@ is not an ordinal of 7’, it occurs in the x’th place in 7, where x’ is 
an ordinal of the second kind less than x. The problem of finding an increas- 
ing sequence of ordinals whose upper limit is x and whose ordinal number is 
either w or an ordinal of 7’ therefore reduces to the corresponding problem 
for the smaller ordinal x’, and this reduction continues until an ordinal x 
is obtained which is either w or an ordinal of 7’. 


Coro.iary 4. The first derived sequence 7’ of *, and therefore all the derived 
sequences of *, are reduction sequences. 


For 7 contains 7’, and therefore 7’ contains 7’’. 

It is possible that it can be proved that every internally closed sequence 
of ordinal number Q and consisting of ordinals of the second kind is a re- 
duction sequence. At any rate, we are not able to show the contrary. 

In particular, the question naturally arises in this connection whether 
there exists a reduction sequence whose first derived sequence is not a re- 
duction sequence. It is clear, in view of Theorem Bs, that if such a reduction 
sequence existed, it could not be the first derived sequence of any sequence. 
But it does not follow from this alone that such reduction sequences do not 
exist. In fact it is possible to find internally closed sequences of ordinal 
number Qin the second ordinal class which are not first derived sequences of 
other sequences. In constructing an example we have only to choose 2w as 
the first ordinal of the sequence, because, in any order preserving one-to-one 
correspondence between the set of ordinals less than 2 and a subset of them, 
the ordinal w necessarily corresponds to itself. As an example of as equence 
which not only is not the first derived sequence of any sequence but retains 
that property no matter how many ordinals are omitted from the beginning 
of it, we may take the sequence s of the ordinals (2w)* arranged in order of 
magnitude, where a takes on all values less than Q except the value 0. The 
sequence s and its first derived sequence (namely the sequence of e-numbers) 
are, however, both reduction sequences. 

10. Consequences of Postulate C. DeEFiniTION. Under Postulate C 
there is an ordinal @ of the second ordinal class such that there exists no as- 
signment of a unique fundamental sequence to every ordinal of the second 
kind less than ¢. The ordinal v; is the least such ordinal ¢ in the second 
ordinal class. 


THEOREM C;. The ordinal v, is an ordinal of the second kind. 


For if v; were an ordinal of the first kind, there would be an ordinal a 
which next preceded vi, and there would exist an assignment of a unique 
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fundamental sequence to every ordinal of the second kind less than a. Then, 
in order to obtain an assignment of a unique fundamental sequence to every 
ordinal of the second kind less than v;, we would have to make at most one 
arbitrary choice, namely a choice of a fundamental sequence for a if a were 
of the second kind. Since a single arbitrary choice is always permissible, this 
would lead to a contradiction with the definition of vi. Therefore v; is an ordi- 
nal of the second kind. 

The way in which Postulate C involves a denial of the axiom of choice 
for sets of No classes can be made clear in this connection by proposing the 
following argument which purports to show that Postulate C leads to a 
contradiction. Let ao, a1, a2, - - - bea fundamental sequence for v;. Since ao 
is less than v; it follows at once from the definition of v; that there exists an 
assignment A» of a unique fundamental sequence to every ordinal of the 
second kind less than apo, and similarly that there exists an assignment A, of 
a unique fundamental sequence to every ordinal of the second kind less than 
a;, an assignment A, of a unique fundamental sequence to every ordinal of 
the second kind less than ag, and so on. Then, in order to obtain an assign- 
ment of a unique fundamental sequence to every ordinal of the second kind 
less than vi, we may use A, for ordinals less than ao, A; for ordinals less than 
a, and not less than ao, Ae for ordinals less than a2 and not less than a;, and 


so on. 
This argument fails to obtain a contradiction from Postulate C because 
the assignments Ao, Ai, As,--- are each of them only one of the many 


existing assignments of the required character, so that there is an element of 
arbitrary choice involved in fixing upon the particular assignment A 9, another 
in fixing upon A,, and soon. The use of all the assignments, Ao, Ai, A2,---, 
simultaneously, therefore, involves an appeal to Zermelo’s assumption, and 
this is, of course, inadmissible in this connection. 


THEOREM C2. If a is an ordinal of the second ordinal class less than v,, the 
cardinal number corres ponding to a is No. 


Since a is less than v; it is possible to assign to every ordinal 8 of the second 
kind less than or equal to a a fundamental sequence wu. The proof of Theorem 
A, can, therefore, be used here without change. 


THEOREM C;. The cardinal number corresponding to v, is not No. 


For suppose that the set of ordinals less than v; could be arranged in a 
sequence ¢ of ordinal number w. Then for any ordinal x less than v; we could 
obtain a fundamental sequence by omitting from /, first all ordinals which were 
not less than «x, then all ordinals which did not have the property of being 
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greater than every ordinal less than x which preceded them in ¢. This would 
enable us to assign a fundamental sequence to every ordinal «x of the second 
kind less than vu, contrary to the definition of v1. 


Corotitary. The cardinal number corresponding to v; is Ni. 


We have pointed out in §2 above that the definition of the second ordinal 
class which we are using differs from Cantor’s definition. Under the latter 
the second ordinal class consists of all those ordinals to which the correspond- 
ing cardinal number is No. In connection with Postulate C, these would be 
the ordinals less than v; and not less than w, whereas, under the definition 
which we are using, the second ordinal class contains ordinals greater than v. 

The convenience of a definition in terms of order, such as the one which 
we are using, lies in the fact that it enables us to use unchanged many known 
theorems about the second ordinal class which have been proved by means 
of order properties and therefore apply to the more extensive class of ordinals 
rather than to the ordinals between w and v;. An example is the theorem that 
if f is a continuousincreasing function* defined for the set of ordinals less than 
Q and its value is always an ordinal less than 2 then the first derived function* 
of f exists.t The truth of this theorem is not afiected by our choice among the 
postulates A, B, C, if we adhere to the definition of 2 which we have given. 
But, as we shall prove in Theorem C; below, Postulate C implies the false- 
hood of the theorem just stated if we take Q to be the ordinal which we have 
called v;, as we should have to if we used Cantor’s definition of the second 
ordinal class. Another example is the theorem, to which we shall refer below, 
that every ordinal of the second ordinal class can be expressed in Cantor’s 
normal form. This theorem is true not only of ordinals of the second ordinal 
class less than v; but of all the ordinals of the second ordinal class as we have 
defined it, because Cantor’s proof is equally applicable to ordinals less than 
uv; and to ordinals of the second ordinal class greater than v1. 

Nevertheless it is true that, in many ways, the ordinal v; plays, in con- 
nection with Postulate C, a rdéle similar to that played by Q in connection 
with Postulates A and B. 


THEOREM Cy. There exists a denumerable set of subsets So, S:1, S2, +--+ - of 
the continuum such that there is no choice of one element out of each of the sets 


So, Si, 


*For definitions, see below. 
TO. Veblen, loc. cit., p. 283. 
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By Theorem 1, there exists a one-to-one correspondence between the 
continuum and the set of well-ordered rearrangements of the positive in- 
tegers. Let K be such a one-to-one correspondence. Let a, ai, a@2,--- bea 
fundamental sequence for ui. And let S; be the set of those numbers of the 
continuum which correspond under K to well-ordered rearrangements of the 
positive integers of ordinal number a;. Then there is no choice of one element 
out of each of the sets S;, because, if there were, this would lead to a choice, 
for each ordinal a;, of a well-ordered rearrangement of the positive integers 
of ordinal number a;, and this would lead in turn to a choice, for each ordinal 
a;, of an arrangement of the ordinals less than a; in a sequence of ordinal 
number w, and then, by the method of Theorem Ai, we could obtain an 
arrangement of the ordinals less than v; in a sequence of ordinal number w, 
contrary to Theorem C;. 


CoROLLARY. The continuum cannot be well-ordered. 


THEOREM C;. There exists a set T of points of the continuum and a set I of 
intervals which covers T such that no denumerable subset of I covers* T. 


On account of the possibility of setting up a one-to-one correspondence 
between the continuum and the segment (0, 1/2) of the continuum, the sets 
S; of the preceding theorem can be so chosen that all their elements lie 
between 0 and 1/2. Let the sets S; be chosen in this way, and let T consist 
of the points 0, 1, 2, 3,---. Let J; consist of all intervals (i—s;, i+5;), 
where s; is an element of S;. Then there is a one-to-one correspondence 
between J; and S;. Let J be the sum of all the sets J;, so that J contains 
every interval which occurs in any one of the sets J;. 

It is clear that J covers T. Suppose that some denumerable subset J of 
I covered T. Then J would contain at least one interval in common with 


*The contrary of this theorem has been proved by W. H. Young with the aid of the axiom of 
choice. See Proceedings of the London Mathematical Society, vol. 35 (1902), pp. 384-388, and also 
W. H. Young and G. C. Young, The Theory of Sets of Points, 1906, pp. 38-40. 

See also E. Lindeléf, Sur quelques points de la théorie des ensembles, Comptes Rendus, vol. 
137 (1903), pp. 697-700, and Remarques sur un théoréme fondamental de la théorie des ensembles, 
Acta Mathematica, vol. 29 (1905), pp. 187-189. Lindeléf’s theorem is stronger than that given by 
Young in that it applies to space of any finite number of dimensions and weaker in that there must 
be a one-to-one correspondence between the points of J and the intervals (or n-spheres) of T, each 
point being at the center of the corresponding interval (or m-sphere). The axiom of choice is necessary 
to the proof. 

The falsity of Lindeléf’s theorem for one dimension can be proved as a consequence of Postulate 
C by means of the following modification of the proof of Theorem Cs. Let T consist of all points 
i+(1/2)s;, i=0, 1, 2,3,---+ , and to the point i+(1/2)s; let correspond the interval (7, i+5;), J; con- 
sisting of all intervals (7, i+-s;) fora fixed value of 7, and J being the sum of the sets J;. 
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each of the sets 7;. And J could be arranged in a sequence of ordinal number 
w, and for each set J; could be chosen the first interval of J which belonged 
also to J;. And this would effect a choice of one interval out of each of the 
sets J;, corresponding to which there would be a choice of one element out 
of each of the sets S;, contrary to the preceding theorem. 


CoroLiaryY. No subset of I which can be well-ordered covers T. 


DEFINITION. An internally closed sequence r of ordinals of the second 
kind less than v, all distinct and arranged in their natural order is a reduction 
sequence if there exists an assignment to every ordinal « of the second kind 
less than v; of a sequence 2, of distinct ordinals arranged in their natural 
order, such that the upper limit of v, is « and the ordinal number 2, is either 
w or one of the ordinals of r. 

We shall use the same definition of a derived sequence as that given in 
the preceding section. 

Derinition. A function f defined for all ordinals less than a certain 
ordinal =, the value of f being always an ordinal, is a continuous increasing 
function,* if, for every pair of ordinals £, and £2, both less than =, such that 
£, is less than £2, it is true that f(&,) is less than f(&), and the set ¢ of all 
ordinals f(£), where & takes on all values less than =, forms an internally 
closed sequence when the ordinals are arranged in their natural order. The 
ath derived function* of f is the continuous increasing function of &, f(E, a), 
determined by the one-to-one correspondence between the ath derived se- 
quence /¢ of ¢ and the whole or a segment of the sequence of all ordinals less 
than =. 


THEOREM Cy. The ordinal v, is an e-number and occupies the vith place in 
the sequence of ¢-numbers arranged in their natural order. 


Since w‘ is a continuous increasing function of £, we know that w" is greater 
than or equal to ui. 

Suppose that w” is greater than v;. Then, since the sequence of ordinals 
w in their natural order is internally closed, there is a greatest ordinal a 
such that w* is not greater than v;. And a is less than v;. Assign to every 
ordinal 8 of the second kind less than or equal to a a fundamental sequence 
Bo, 8:1, B2,- Since the ordinals w* are the self-residual ordinals, every 
ordinal x of the second kind less than v; can be written in a unique way in 
the form y+w*, where vy has its least possible value, which may be 0, and 8 
is not greater than a. If 8 is of the first kind it has an immediate predecessor 


*O. Veblen, loc. cit. 
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¢, and a fundamental sequence for x is y+2w!, y - - - (iff is equal 
to 0, w is to be taken equal to 1). If 6 is of the second kind, the sequence 
y+w*:, - - - is a fundamental sequence for x. In this way we 


are able to assign a fundamental sequence to every ordinal x of the second 
kind less than v;, contrary to the definition of v;. 

Therefore w" is equal to v;. Therefore v; is an e-number. 

In the sequence of e-numbers in their natural order let the ath place be 
the place occupied by v;. Then a@ is less than or equal to u:. 

Suppose that a is less than v;. To every ordinal @ of the second kind less 
than @ assign a fundamental sequence 61, 42, - . Every ordinal x of the 
second kind less than v; can be written in a unique way in the form y+w"’, 
where y has its least possible value, which may be 0, and x’ is not greater 
than x. 

If x’ is an e-number, so that x’=w*’=e, then @ is less than a. If @ is of 
the second kind, a fundamental sequence for k is y+€90, y+¢€o1, Y+€02, °° 
If 6 is of the first kind it has an immediate predecessor 6, and a funda- 
mental sequence for « is* 


€ 
ytetl, 


If x’ is of the first kind it has an immediate predecessor £, and a funda- 
mental sequence for x is y+o!, y+2o!, - 

If x’ is of the second kind but is not an e-number, then the problem of 
finding a fundamental sequence for x reduces to that of finding a fundamental 
sequence for the ordinal x’, less than x, and this reduction continues in the 
same way until an ordinal x‘* is obtained which either is of the first kind 
or is an e-number. 

In this way we are able to assign a fundamental sequence to every ordinal 
« of the second kind less than v;, contrary to the definition of v;. 

Therefore a@ is equal to v1. 


Coro.tuaRy 1. The ordinal v, is a self-residual ordinal. 


CoroLiaRy 2. The sequence of self-residual ordinals less than v; arranged 
in their natural order, and its first derived sequence, the sequence of e-numbers 
less than v, arranged tn their natural order, are reduction sequences. 


THEOREM C;. If the first derived sequence of a reduction sequence r is a 
reduction sequence, then the ordinal number of r is uv, and the first v, derived 
sequences of r exist and are reduction sequences of ordinal number v. 


*G. Cantor, loc. cit., zweiter Artikel, p. 243. 
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If v is an ordinal less than v; we can prove by the same argument as that 
used in proving Theorem B,; that r’ is a reduction sequence, and this argu- 
ment applies even if we suppose 7’ empty. And then, as soon as we have 
proved that 7’ is a reduction sequence, it follows from Postulate C that 7’ is 
not empty. Therefore the first v; derived sequences of r exist and are re- 
duction sequences. 

It remains to prove that r and its first vu; derived sequences are all of 
ordinal number vy. 

The ordinal number a of r’ cannot be greater than v; because 7’ consists 
entirely of ordinals less than v;. Suppose that @ is less than y;. Then r’*! con- 
tains no ordinal greater than or equal to a. Therefore we can assign a funda- 
mental sequence po, p1, p2, - - - to every ordinal pin r’*'. But to every ordinal 
x of the second kind less than v; we can assign an increasing sequence ko, k:, 
ke, * ** Ky, * * + Of ordinals whose upper limit is x and whose ordinal number 
is either w or an ordinal p of r°**. If the ordinal number of this increasing 
sequence is not w, a fundamental sequence for k is k,,, Kp,, Kp,,°** + Therefore 
we can assign a fundamental sequence to every ordinal x of the second kind 
less than v:, contrary to the definition of uv. 

Therefore the ordinal number a of r’ is vy... And in the same way we can 
prove that the ordinal number of r is uv. 


1. Let f(E)=w'. Then, if a is less than w, f(ui, a) 
2. If =, then f(0, vi) =u. 


CoroLiary 3. The sequence 7 of those ordinals which occur in the first place 
in the successive derived sequences of r is a reduction sequence of ordinal number 
ui,and the first v, derived sequences of 7 are reduction sequences of ordinal number 
U1. 


The proof of this is the same as that of the corollaries to Theorem Bs. 


4. Let f(&)=wt and o(&)=f(0, &). Then if a is less than 
a) =U, and (0, U1) 


THEOREM Cs. There exists a continuous increasing function defined for the 
set of ordinals less than vw, the value of which is always an ordinal less than w, 
and the first derived function of which does not exist. 


Since v; is of the second kind, there exists a fundamental sequence ao, 
for vy. Let =, and let 6;=f(0, a;+1) for 7=0, 1, 2,---. 
Then the upper limit of the sequence Bo, 61, B2, - - - is vi. And @; is the least 
value of & such that a,;) =&. 
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Let a function F be defined as follows. If OSE<o, F(E)=f(E, ai), and 
if B:<ESBis1, P(E) =f(E, aise). Then F is a continuous increasing function 
defined for the set of ordinals less than uv, and its value is always an ordinal 
less than v, but there is no ordinal é less than v; such that F(£) = &, and there- 
fore the first derived function of F does not exist. 

11. Properties of v-numbers. DEFINITION. The v-numbers are those or- 
dinals x of the second ordinal class, greater than w, which have the property 
that the cardinal number corresponding to x is greater than that correspond- 
ing to any ordinal less than x. 

If Postulate C is denied, it follows that v-numbers do not exist (Theorems 
A, and 

If Postulate C is accepted, we are assured of the existence of at least one 
v-number, namely v;. Postponing the question how many v-numbers the 
second ordinal class contains, we are able to say that, in any case, the v- 
numbers arranged in order of magnitude form a well-ordered sequence, so 
that the ath ordinal of this sequence, counting from v; as the first ordinal of 
the sequence, may be indicated by the symbol vz. 

The following theorems are consequences of Postulates 1-5 alone, but 
since they become vacuous if Postulate A or Postulate B is accepted, we 
think of them as belonging with Postulate C. 


THEOREM Cy. The v-numbers are ordinals of the second kind. 


For let a+1 be any ordinal of the first kind in the second ordinal class. 
Then the set of ordinals of the second ordinal class less than a+1 can be 
arranged in a sequence of ordinal number a by placing a first and letting the 
remaining ordinals follow in their natural order, thus, a, 0, 1, 2, 3,---, 
w,w+1,---. Butifa+1 were a v-number, the set of ordinals of the second 
ordinal class less than a+1 could not be arranged in a sequence of ordinal 
number less than a+1. Therefore a+1 is not a v-number. 


THEOREM Cio. Given any increasing sequence s of v-numbers,Va,)Va,;Vay) ** *s 
of ordinal number w, the upper limit va of s is a v-number. 


The cardinal number corresponding to ve cannot be equal to that cor- 
responding to any ordinal v., of s, because, if it were, it would be less than 
that corresponding to va;,,. Therefore the cardinal number corresponding to 
va is greater than that corresponding to any ordinal of s. Therefore the 
cardinal number corresponding to va is greater than that corresponding to 
any less ordinal. Therefore v, is a v-number. 


THEOREM C,;. The v-numbers are e-numbers. 
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We have already shown that v; is an e-number. We shall show by trans- 
finite induction that the remaining v-numbers (if any other v-numbers exist) 
are also e-numbers. 

If v. is a v-number which is also an e-number, then the next following 
v-number va+, (if it exist) is also an e-number. For suppose vay, is not an 
e-number. Then it can be written in Cantor’s normal form* : 


aow’® + dwt +--- +4," 


where vas; >>> --- >vn, the coefficients a; are finite ordinals, and the 
sum contains a finite number of terms in all. Since vq is an e-number, w’e = v,. 
Therefore vo is greater than ve. Therefore »»+1 is greater than ve. And, 
since vo is less than va+1, ¥o +1 is also less than va+,, by Theorem Cy. Con- 
sequently, since va; is the next v-number after va, the set of ordinals less 
than vo» +1 can be put into one-to-one correspondence with the set of ordinals 
less than vg. Let such a one-to-one correspondence be set up, and if « is any 
ordinal of the set of ordinals less than »» +1, let x’ be the corresponding ordinal 
of the set of ordinals less than ve. Now every ordinal less than than va4; can 
be written in Cantor’s normal form, >> :biw%, where »+1>po>m>---, 
the coefficients b; are finite ordinals, and the sum contains a finite number of 
termsin all. The understanding is that one of the exponents wu; may have the 
value 0, and that w® is to be taken equal to 1. To the ordinal >> ,bw, less 
than va4:1, let correspond the ordinal >> biw**’, where the terms of the sum 
are to be arranged in order of magnitude, the greatest first. Then >> id’ 
is less than ve, because va=w", and all the exponents uj are less than va. 
We have, accordingly, set up in this way a one-to-one correspondence between 
the set of all ordinals less than v.,; and a certain set of ordinals less than ug. 
But this is impossible, because the cardinal number corresponding to ve+1 
is greater than that corresponding to vz. Therefore the supposition that va+: 
was not an e-number was incorrect. 

If every ordinal of the increasing sequence of v-numbers vgo, vg,, 
is an e-number, the upper limit vs of the sequence is an e-number, because 
the e-numbers form in order of magnitude an internally closed sequence. 

Therefore, by transfinite induction, every v-number is an e-number. 


Coroiiary. If a is any ordinal of the second ordinal class, the cardinal 
number corresponding to a* is the same as that corresponding toa. And, there- 
fore, if 8 is any ordinal greater than a and less than a*, the cardinal number 
corresponding to B is the same as that corresponding to a. 


*G. Cantor, loc. cit., zweiter Artikel, p. 237. 
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For the least e-number ¢3; greater than a is the upper limit of the se- 
guence* a+1, - -andis, therefore, greater than w**™, or (w*")*. 
And w** is greater than or equal to a. Therefore ¢3 is greater than a*. But 
the least v-number greater than a is greater than or equal to es and therefore 
greater than a*. Therefore the cardinal number corresponding to a* is the 
same as that corresponding to a. 

12. Postulates F and G. In connection with Postulate C there appear 
two possibilities, which we shall state as Postulates F and G, inconsistent 
with each other, but each apparently consistent with Postulates 1-5 and C. 
These possibilities are the following : 


atl 
w 


F. If y is any ordinal of the second ordinal class, there is some ordinal a 
of the second ordinal class, such that there exists no assignment to every ordinal 
x of the second kind less than a of an increasing sequence v, of ordinals such that 
the upper limit of v, is x and the ordinal number of v, is less than y. 


G. There is an ordinal p of the second ordinal class such that, given any 
ordinal a of the second ordinal class, there exists an assignment to every ordinal 
x of the second kind less than a of an increasing sequence v, of ordinals such that 
the upper limit of v, is x and the ordinal number of v, is less than yp. 


Postulate F is stated in such a way that it implies Postulate C, but 
Postulate G does not. 

We shall examine briefly the consequences of each of the postulates just 
stated when taken in conjunction with Postulates 1-5 and C, taking the 
same experimental attitude as that which we took in the case of Postulates 
A, B, and C. 

13. Consequences of Postulate F. THeorem F;. [f v, is any v-number, 
there exists a v-number greater than vy. 

For suppose the contrary. Then there exists a greatest v-number, vg. Let 
y be the ordinal vs+1 and let a be any ordinal of the second ordinal class. 
Then the set of all ordinals less than a can be arranged in a sequence f, of 
ordinal number less than y. Then there exists an assignment to every ordinal 
x of the second kind less than a of an increasing sequence 2, of ordinals such 
that the upper limit of v, is x and the ordinal number of 2, is less than y. 
For we could choose v, to be the sequence obtained by omitting from fg, first 
all ordinals not less than x, and than all ordinals which do not have the 
property of being greater than every ordinal less than x which precedes them 
in ta. 

This, however, is contrary to Postulate F. Therefore if v, is any v-number, 
there exists a v-number greater than uy. 


*G. Cantor, loc. cit., zweiter Artikel, p. 243. 
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THEOREM F,. The sequence of the v-numbers of the second ordinal class 
arranged in order of magnitude is an internally closed sequence of ordinal number 
2. 

This follows at once from the preceding theorem and Theorem Cp. 


CoroLiary. The cardinal number corresponding to Q is No. 


14. Consequences of Postulate G. Turning now to the consequences of 
Postulates C and G taken together, we recall that, in accordance with Postu- 
late G, there exist ordinals y in the second ordinal class such that, given any 
ordinal a of the second ordinal class, there exists an assignment to every 
ordinal x of the second kind less than a of an increasing sequence 2, of ordinals 
such that the upper limit of v, is x and the ordinal number of 2, is less than y. 
Let T be the least such ordinal y. Then 


THEOREM CG. The ordinal T is an ordinal of the second kind. 


For suppose that T is an ordinal of the first kind. Then there exists an 
ordinal 8 such that T is equal to 8+1. 

In accordance with the definition of T, given any ordinal a of the second 
ordinal class, there exists an assignment to every ordinal « of the second 
kind less than a of an increasing sequence », of ordinals such that the upper 
limit of v, is x and the ordinal number of 2, is less than T and therefore less 
than or equal to 8. 

If 8 is an ordinal of the first kind the ordinal number 2, cannot be equal 
to 8, because only those sequences in which there is no greatest ordinal have 
an upper limit. Therefore in this case the ordinal number of », is always less 
than 8, contrary to the definition of T. 

If 6 is an ordinal of the second kind it has a fundamental sequence fo, 
B,, Bz, - ++. Those sequences 2, which are of ordinal number 6 can then be 
replaced by sequences 2/ of ordinal number w obtained by omitting from 2, 
all ordinals except those in the positions fo, 81, B2,---. And in this way we 
obtain again a contradiction of the definition of T. 

Therefore T is an ordinal of the second kind. 


THEOREM CGs. The ordinal T is a v-number. 


Suppose that to some ordinal 6 less than T corresponds the same cardinal 
number as to T. Then the set of ordinals less than T can be rearranged in a 
sequence of ordinal number 8. Choosing a particular such rearrangement ¢ of 
the set of ordinals less than T, we have a uniform method of rearranging any 
given well-ordered sequence s of ordinal number greater than 8 but not 
greater than T in a well-ordered sequence of ordinal number less than or equal 
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to 8, because there is a one-to-one correspondence between s and the whole 
or a segment of the sequence w of ordinals less than T arranged in order of 
magnitude, so that the rearrangment ¢ of « determines the desired rearrange- 
ment of s. 

Now in accordance with the definition of T, given any ordinal a of the 
second ordinal class, there exists an assignment to every ordinal x of the 
second kind less than a of an increasing sequence 7, of ordinals such that the 
upper limit of v, is x and the ordinal number of 2, is less than T. In accordance 
with the preceding paragraph we can rearrange 2, as a well-ordered sequence 
of ordinal number less than or equal to 8, and by omitting from the rearranged 
sequence all ordinals which do not have the property of being greater than 
every ordinal which precedes them in the sequence we obtain an increasing 
sequence w, of ordinals such that the upper linit of w, is x and the ordinal 
number of w, is less than or equal to # and therefore less than 6+1. 

Since, by hypothesis, 6 is less than T so that T cannot be less than 8+1, 
it follows, in view of the definition of T, that T is equal to8+1. This, however, 
is contrary to Theorem CGy. 

Therefore there is no ordinal 6 less than T such that the same cardinal 
number corresponds to £ as to T. 

But it follows at once from Postulate C that T is greater than w. There- 
fore T is a v-number. 


THEOREM CG;. The ordinal T is the greatest v-number. 


Let a be an ordinal of the second ordinal class, greater than T. Assign 
to every ordinal «x of the second kind which is less than or equal to @ an 
increasing sequence v, of ordinals such that the upper limit of v, is x and the 
ordinal number of 2, is less than T. 

The set of ordinals which precede T form, when arranged in their natural 
order, a sequence of ordinal number T. With this as a starting point assign 
to the ordinals which follow T, one by one in order, an arrangement of all 
preceding ordinals in a sequence of ordinal number T, in the following way. 

When we have assigned an arrangement in a sequence ¢ of ordinal number 
T of all ordinals which are less than an ordinal y, an arrangement in a sequence 
of ordinal number T of all ordinals which are less than y+1 is obtained by 
placing before 

When we have assigned to every ordinal £ which is less than an ordinal 
8 of the second kind an arrangement in a sequence ¢; of ordinal number T of 
all ordinals which are less than ¢, the sequences fg, ts,, tau, 
where 85, 61, B2,---, Bu, +++ is the sequence vg, may be written one after 
the other so as to obtain a sequence wg of ordinal number not greater than 
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T?. In accordance with the corollary of Theorem C,, the set of ordinals less 
than T? can be rearranged in a sequence of ordinal number T. Choosing a 
particular such rearrangement s of the set of ordinals less than T?, we have 
a uniform method of rearranging any sequence wg, ina well-ordered sequence 
wg of ordinal number T, because there is 4 one-to-one correspondence between 
ug and the whole or a segment of the sequence 2 of ordinals less than T? 
arranged in their natural order, so that the rearrangement s of » determines 
the desired rearrangement wy of ug (the ordinal number of wg cannot be less 
than T on account of the fact that T is a v-number). By omitting from ws 
all occurrences of any ordinal after the first occurrence, so that a sequence 
without repetition results, we obtain an arrangement in a sequence of ordinal 
number T of all ordinals less than £. 

We may prove by induction that this process continues until we obtain 
an arrangement in a sequence of ordinal number T of all ordinals less than a. 
Therefore the cardinal number corresponding to @ is the same as that cor- 
responding to T. But @ was any ordinal of the second ordinal class greater 
than fT. Therefore T is the greatest v-number. 


CoroLtarY. The sequence of the v-numbers of the second ordinal class 
arranged in order of magnitude is an internally closed sequence whose ordinal 
number ts an ordinal of the first kind less than Q. 


It should be noted that there is nothing in the preceding to preclude the 
possibility that v, and T are the same ordinal, in which case uv; would be the 
only v-number. 
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ON A GENERAL THEOREM CONCERNING THE DIS- 
TRIBUTION OF THE RESIDUES AND 
NON-RESIDUES OF POWERS* 


BY 
J. M. VINOGRADOV 


In the present paper I offer a new method for solving some questions 
regarding the distribution of residues and non-residues of powers. 

The difference between the presert method and the methods developed 
in my papers of 1916-18 lies in its entirely elementary character. 

The chief idea of this method consists of two different ways of calculating 
the number of numbers of the form a(ax+b), where a ranges over all the 
different least positive residues of numbers congruent to Ax" (mod /p) and 
where x independently of a assumes all values 0, 1, -- - , h—1(h<p). 

I shall deal here with the demonstration of the chief formula only, 
which gives for the prime / the number of numbers congruent to Ax"(mod ) 
in the progression ax+b; x=0,1,---,—1, with an approximation of 
order < v/p log p. 

Other results, such as the law of distribution of the primitive roots, 
the upper bound p'/**(log p)?, k=e”-, for the least positive non-residues 
of degree n, modulo » (p—1=nd), and others, follow from this theorem 
in the same way as in my previous researches on these questions. 

In the near future I hope to publish further applications of this method 
to the demonstration of the chief theorem and to some other important 
questions of the asymptotic theory of numbers. 


Lemma I. I[f p be a prime number >2, a an integer prime to p, and k a 
positive integer, then there exist relatively prime integers x and y which satisfy 
the conditions 


ax = y (mod p); 0<x<k; 0 <|y| < p/k. 


Proof. Let us consider the system of congruences 
ar = B, (mod p) (y = 1,2,---,&), 


the right hand members of which are least positive residues of the left hand 
ones. Arranging these congruences in such a way that the §, are ascending, 


* Presented to the Society, September 9, 1926; received by the editors in July, 1925. 
209 
We must also assume kop. The lemma holds also for 
pe2. 


(Xt is actually 
proved that 
O<lyi« 
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and adjoining to them the obvious congruence a -0= (mod ), we obtain 
the following system: 
ayi =A (mod 9), 


aye Ae (mod ?), 


avn = rz (mod p), 
a0 =p. (mod 


Subtracting one congruence from the other as shown we come to the fol- 
lowing system: 

ay=M (mod 9), 

a(y2— v1) (mod 

a(ys — Y2) = — Az (mod 


a(— yi) (mod p). 


Among the numbers \;, A2—A1, As—A2, , there is certain to be at 
least one = p(k+1)~', for the number of these numbers is equal to k+1, 
every one of them is greater than 0, and their sum is . Among the congru- 
ences of the last system there must therefore be at least one of the form 

ax, = yi (mod p); m Sh; ly| S p(k + 


Hence, observing that the numbers 2; and 4; can always be reduced to be 
relatively prime by dividing by their common divisor, we arrive at the con- 
clusion that the lemma is true. 


Lemna* II. Let k be any number =1, q a positive integer <k, c an integer, 

m @ positive integer <kgq~', B an arbitrary number and A a number of the form 
‘ t 4 6 
q 


where t is an integer prime to q, and \6|<1. Then, denoting in general by the 
symbol {z} the fractional part of 2 we have 


c+ 


1 
S= {Ax = mg + olm+1); <1. 


z=c 


* The same lemma somewhat differently formulated is proved in my paper A new method 
for obtaining asymptotical expressions of arithmetical functions, Bulletin of the Russian Academy of 
Sciences, 1917. 
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Proof. (i) Let us assume that g>1. We have then 


tx Ox tx + f(x) 
q kg 
The set of values of the function f(x) for x=c, c+1,---,¢+mq-—1 forms 
an arithmetical progression. We shall consider only the case 620. The case 
@<0 can be investigated in a similar way. Let n=[f(c)]. Two cases are 
possible: 
(a) All values of the function f(x) are less than »+1. 
(8) One of them at least = n+1. 
(a) Expanding the sum S in the form of a series of sums 


Ox 
; f(x) = Bat+ 


e+q-1 e+2q-1 c+mq-1 
(1) , 
z=c z=c+@ z=—c+mq—g 
let us consider one of these sums 


z=ct+sq q 


I, 


where A(x) =f(x)—u. Replacing the numbers éx+n by their least positive 
residues r, modulo g (which is permissible since {z} does not alter by adding 
to z an integer), and putting A(x) =v(r) we get 


> _ r+ v(r) 


q 


Therefore 
—q--t+— rh =—q-— ;0<s 
= 


1 
lel 


1 
mq + —mp ; | 


which proves the case (a) of our lemma. 

Let us now consider the case (8). Leto be the greatest integer that satis- 
fies the condition f(c+oq)<n+1; then, putting in the sums J, of the series 
(1) where s<o, A(x) =f(x)—m, and in those where s>o, A(x) =f(x)—n—1, 
and considering any sum J,, szo, we shall get 0<A(x) <1 and therefore, 


non- negative 


211 
Hence 
S=— 


212 J. M. VINOGRADOV [January 


where s Sa, we shall have as before the equation (2). Equation (2) holds 
good also when s =a, if \(c+oqg+q—1) <1. 

There remains consequently to consider the sum J, under the following 
conditions: A(c+o0q) <1<X(c+oqg+q—1)<2. We have 


Reducing as in case (a) the sum J, to the form 
(r+ v(r) 
we may write down the equation 


r+ v(r) 


only when r=0,1,---,q—2 (for now the case 1<»(r)<2 is possible), 
but when r=qg—1 this equation must be replaced by 


r+ 


5, 
\ q q 


where 6 may be equal to 0 or 1. Thus we get 


1 e+ oq+q-1 
| 


1 1 — 


q oq 


Substituting this expression for /, and expression (2) for J,, s So, in 
the equation (1), the validity of the lemma becomes obvious. 
(ii) Now putting g = 1, it is evident that 


1 1 1 
2 


The lemma is thus completely proved. 


* 
Lemma III. Let p be a prime number > 2, a an integer not divisible by p, 
h a positive integral number < p and 8, any integer which depends on a. 


Further let 
1 
2 


then the sum > |L.| extended over all numbers of the set 


(3) 1, 2, p-1 2 


* Lemma IT also holds for p22, as may be verified directly. 


1 1 eteste-! 3 
—< —s— A(x) << —- 
a 2° 2 
eae" 
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is less than 
h pz-l 


> 


y=1 


where for every x the summation for y extends only over the numbers prime to x. 


Proof. As a first step let us consider any single sum S,. Supposing in 
Lemma I that k = / we can then find two relatively prime numbers xo, ys 
which satisfy the conditions 


axo = yo(mod p) ;0< 0< | yo! <=. 


Hence we find ax» = yo + /o p, where ¢, is an integer. Moreover 


Xo 
Supposing m = [hx,~'], = — mxo, we get 
x- math-l (ay + 
p 
Hence, applying Lemma II, we find 
1 1 


1 1 h 
Sa = + elm +1)+S,’= (h — hy) + — 1) + S,' : 


Xo 


| Po | < 1. 
Putting k; = /, and applying to the sum S,,’ the same treatment as used in 
the case of the sum S., we obtain 


1 1 h 
= — he) + + 1) + So"; <1;0Sh<h, 


where the sum S,”’ consists of 42 terms. In the same manner we find 


he 
+1) $5"; <<1;05h3 < he, 


Xe 


( 
2 


and so on, until we reach some /,,; = 0. Thus we find finally 


1 1 h hy hn 
= +(=+1)]; lo | <2. 
2 Xo x1 Xn 
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The lemma will be proved if we can show that 


1 h hy hy 
2 Xo Xn 
where the summation extends over all numbers of the set (3). It is necessary 
to notice that the number as well asthe numbers - , 
x,, depends on the value attributed to a, and for a given a the numbers 
Xo, %1,°°**,%, are different. In order to estimate the sum 2 we shall 
first determine an upper bound of the sum of those terms k/x+1 which 
correspond to the same value of x. The given x can correspond only to those 
values of a which satisfy the congruence ax = y (mod ), where y is an integer 
prime to x and |y| < pk-! and therefore also |y| < pa-!. Hence for a given 
x,y can take only the values + 1, + 2,---, + [px] prime to x. For 
every such y we shall find a corresponding value of a. To every admissible 
system of numbers x,y,a corresponds some k, which satisfies the condition 
ly| < pk, or k < p|y|-". Therefore the sum of all the terms in the sum Q 
which correspond to a given x will be less than 

pz? 

1), 

y=1 xy 
where y ranges over numbers prime to x. From this Lemma III follows 
immediately. 


Lemma IV. Let p be a prime number > 2, B or B. an integer which may 
depend on a, and h and ¥ integers which satisfy the conditions0 <h < p; 
neg ati ve O0<y<p. Let us denote by the symbol R. the number of least positwe residues of 


ax + Ba (x=0,1,---,4—1) 


which are less than a given number y, and let us suppose 
Ra = hyp + Ha; 
then extending the summation over all a = 1,2,---, p — 1 we shall get 
> | Ha| < 27. 
Proof. According to Lemma III and putting 


h—1 1 h-1 1 
Sa’ =—h + j Sa = > =—h + La, 
p 2 p 


z=0 
we have 
|e’ |< <7; — < 27. 


can be verted directly that Lemma holds for alse. 
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It is easy to see that 


(i) if et ex, 
p p 


= +1-——; 


then 


Therefore 


which proves the lemma since >> |S.’ — S.| < 2T. 


THEOREM. Let p be a prime number > 2" a factor of p — 1, a an integer 
not divisible by p and b any given integer. Distributing all the numbers 1,2,---, 
p — 1 into e classes and referring to the 2th class all those, the indices of which 
are congruent to i (mod e), the number of numbers of any class, which belong 
(mod to an arithmetical progression ax +b;x =0,1,:--,h -10<h 

< p) can be represented in the form 


h 1 
—+A;A°*<T+ —>. 
2 


Proof. Let (p — 1)e~! = f and let us consider a set of fh numbers of the 
form 


(4) a(ax + b), 


where a ranges over all the numbers of the ith class, while x, independently of 
a, ranges over all the numbers 0,1, ---, — 1. To every number of the 
set (4) we can find one and only one number u, which satisfies the conditions 


au+b=a(ax+b) (modp); 0<u<p, 


and where the number ~, after introduction of a’ by means of the congruence 
aa’ = 1 (mod p), can be determined by the following conditions: 


(5) u =ax+ (mod p); = aba’ — ba’; OSUuK<p. 


¥ The theorem can be verified directly for p=2., 
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then 
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p 
O¢us<p 
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Let D be the number of numbers u, which are < h, obtained in this way. 
The idea of the following proof consists in evaluating the number D by two 


different methods. 
(i) If we leave a constant, then 6. also does not vary, and therefore, in 


view of congruence (5), the number of values of u less than h, which corre- 
spond to all the numbers of the set 


a(ax + b) (x = 0,1,---, &— 1) 
may be represented in accordance with Lemma IV in the form 


h? 
— + H,, 


where on extending the summation not only over numbers a of the ith 
class, but over all a=1, 2, - - -, p—1, we shall obtain 


(6) >>| Ha| < 27; 


and since the number of numbers a of the 7th class is f, 
h* 
D= + 


where >_; denotes the sum extended over all numbers of the ith class. 
(ii) Let there be in the set 


(7) ax +b (e = 0,1,---,&— 1) 


¢)o numbers of class 0, c, numbers of class 1, --~- , ¢..; numbers of class 
e—1. The symbol c, we shall later use also, when s2e, denoting by it the 
number of numbers of the class, the index of which is the lowest positive 
residue of number s, modulo e. Multiplying one of the numbers of the jth 
class of the set (7) by all numbers of the zth class, and putting instead of 
these products the numbers au+b, OSu<p, congruent to them modulo 
p, we shall obtain f numbers au+b which evidently belong to the class i+/. 
Among these numbers au+0 there will obviously be c;,; numbers for 
which «<h. Therefore taking into consideration that 7 can take only the 
values 0,1, -- -,e—1 we find 


D = C1 H Co H Coun 


Comparing this value of D with that obtained before, we get 


h? 


FE This definition of D is incorrect for the subsequent 
werk, What the author réally means if to let D be the 
number of pairs Such that (index a)eilmade), Osxeh-l, 
and O¢u<h, where Satifies G). In(i), D is calculated by 
Fixing Finding the number of corresponding And then Summing 
over a, In Gr), the Same procedure is Followed with a and x inter- 
Changed, (Here = if and only and x=x’) 


THis should read Ds where YF if 
there is an with and otherwise. 


| 
ith 
class 
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Let 
h 
é 


then, since ¢o+c:+ --- may be represented in the form h—o, ¢=0, 
or 1(because one of the numbers (7) may be divisible by ~), we shall have 
--- +6..1.= whence we obtain 

h? 2he 


h? 


é 
From this, extending the summation over all i=1, 2,--- , e—1, we find 


h?(e — 1) 
— — 2ho ——- + o? — 62? — 67? —--- — 8? 
e 


f( h2 e—1 
Di 
i=1 


and hence 
e—1 e—1 e- 1 


s=0 i=1 


Also putting 7=0 in (8) we get 
e—1 p 
> 6 <| |+—. 
s=0 é 


Adding the two last inequalities, and dividing by 2, we obtain 
e—1 1 
Ls 


s=0 


and, in particular, for each r 


1 h\? 1 
2 e 2 


which proves the theorem. 


_Note. Evident transformations give an upper bound of |A| less than 
V log p. 


LENINGRAD, RUSSIA 


+2. % 
where Oo 
According aS 
T=Oor l. 
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ON THE BOUND OF THE LEAST NON- 
RESIDUE OF nth POWERS* 


BY 
J. M. VINOGRADOV 


1. In my paper On the distribution of residues and non-residues of 
powers (Journal of the Physico-Mathematical Society of Perm, 1919) I demon- 
strated that the least quadratic non-residue of a prime ? is less than 


(log p) 2 


for all sufficiently great values of p. 
Using the same method one can establish a more general theorem: 


THEorREM I. [If p is a prime and n a divisor of the number p—1 distinct 
from 1, the least non-residue of nth powers modulo p is less than 


p'/2*(log p)? ; k = 
for all sufficiently great values of p. 


This bound may be considerably lowered, by means of very simple 
changes in our method. For example one can demonstrate the following 
theorems: 


THeorEM II. If pis a prime and n a divisor of the number p—1 greater 
than 20, the least non-residue of nth powers modulo p is less than p*!® for all 
sufficiently great values of p. 


THEOREM III. If pis a prime and n a divisor of the number p—1 greater 
than 204, the least non-residue of nth powers modulo p is less than p*!® for all 
sufficiently great values of p. 


We prove finally the general theorem: 


THEOREM IV. If pis a prime and n a divisor of the number p—1 greater 
than m™, where m is an integer =8, the least non-residue of nth powers modulo p 
is less than p*!™ for all sufficiently great values of p. 


2. First we shall demonstrate Theorem I. We use the notations 


P = p'/%(log p)? ; T = p'/?*(log p)?; 


*Presented to the Society, September 9, 1926; received by the editors in January, 1926. 
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and assume that there are no non-residues of mth powers modulo # less 
than J. Then only numbers divisible by integers greater than T and less 
than P can be non-residues of mth powers less than P. But evidently, 
of such numbers, there are not more than 


where g runs only over primes. Using the known law of distribution of 
primes, we may bring this expression to the form 


4 4 log log p 
logP P n—1 log p P 
P log +0/( )=? — + log +0/( ) 
logT log p n 1+ 4k log log p log p 
log p 


—1 (4 — 4k) log] P 
n log p log p 


On the other hand, according to my previous work, the number of resi- 
dues of mth powers modulo ? in the range 


1,2, [P] 
may be given as follows: 


[P] 
+4; | Al < pi? log p. 
n 


Thus the number of non-residues in the same range may be expressed by 
the formula 
n—1 


+0; |p| < p¥?log p +1. 


n 


-1 -1 4 —4k) log] P 
n n log p log p 


which brings us to the inequality 


Hence 


(4k — 4) log log p < O(1), 


which is impossible for sufficiently great p. This proves Theorem I. 


q<P P 

lq 
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3. To prove Theorem II, let 
P = p'%(log p)?; T = 


and assume that there are no non-residues of mth powers modulo # less 
than 7. Then only numbers divisible by primes greater than T and less 
than P can be non-residues less than P. The number of such numbers is 
evidently equal to 


q<P P P gi<(P/q)1/2 P 
or lp q>T qi>@ qq q>T @2>q1 
where g, 91, g2 run over primes. 


But, according to the law of the distribution of primes, the first sum 
may be written 


logP 
P log +O ( 
logT log p 


which for sufficiently great p is less than 
P - 1.0987. 


The second double sum may be put into the form 


4 log (P/ P log 
- log : O ( ) 
a>p!* log g 


or log p 
P log! 
log p 


But applying the law of distribution of primes we have 


P log log ‘) 


) = Plog 3 +0 ( 
log p 


dz P log lo 
Pie log z z log z log p 
1—u du P log lo 
=P f log 
1/3 u u log p 


which, for p sufficiently great, is greater than 
P - 0.147. 


The last triple sum evidently is a quantity of the order 


log lo 


og p 
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so that the expression (1) for sufficiently great p is less than 
P(1.0988 — 0.147) = P- 0.9518. 


On the other hand, the number of non-residues of nth powers modulo p 
in the series 


1,2, [P], 
as seen in § 2, is equal to 


1 P 
p(1--)+0(—). 
n log p 


So, for p sufficiently great, we have the inequality 


1 
-) < P - 0.952. 


n 
The impossibility of this inequality for »>20 proves Theorem II. 
4. To prove Theorem III we let 
P = p'/*(log p)?; T = p'8, 


and assume that there are no non-residues of mth powers, modulo #, less 
than 7. It is easy to show that the number of such numbers is less than 


q<P P q<Pll2 gi<P/q P g2<Plaa P 
@ 
q>T q q>T q@i>@ qn q>T qi>@ 99192 


where 4g, 91, gz run over primes only. 
Applying the known laws of distribution of primes, we can put this 
expression into the form 


a>a 741 q>pi/8 qi>q 99192 
P log log p 
+0(————). 
log p 


The first sum may be put into the form 


Pi 4+0/( ) 
7” log p 


which for sufficiently great p is less than 


P - 1.3863. 
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Then as in the proof of Theorem II the second double sum may be given 


in the form 
1/2 u du P 
Pf “+0/( ), 
1/4 u log p 


which for sufficiently great p is less than 
P - 0.40609. 


It remains to estimate the third triple sum. We have 


P 3 log p — logg — log qi 
= —- log ( 


q2>%1 192 log 41 log 


Noting this, it is easy to obtain 


pl/4gi/2 > (2 / 


=f log p — log q — log y 
ai>a q y log y log y 


1/4—v 2 dz 3 —v-—z P lo 


The third triple sum may be given in the form 


1/6 dy dz 1 
Pf loe( 5 ) — logz — 
2 


v — v)? 


P 
log p 
— 2(4 — do 
Pf log’ ) ( (3 ) do 
v8 v v v 


v6 /1 1 1 1 dv 
vs \2 44 89 16°16 


P 


2 


Introducing in the first integral the substitution 


p 
—— = 4, 
v 


to 
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and in the third the substitution 


v 


we easily obtain 


og —log 2u!/2——— — P| } log- 
J 2 1+ u 2 44 8-9 


are 1 1 du P 
+Pf -+0(—). 
1/3 4 9 1+ u log p 


But this expression for sufficiently great p is less than 


P - 0.01489. 


Comparing this result with those obtained for simple and double sums 
we find that the expression (2) for sufficiently great p is less than 


1 
P(1.38631 — 0.40609 + 0.01489) < 


whence, reasoning as in Theorem II, we prove Theorem III. 
5. Passing to the demonstration of Theorem IV let us prove first the 


following lemma: 


Lemma. [f k be a positive number increasing indefinitely, and s an integer 
=2, then the number T of numbers less than t, and not divisible by primes 
greater than k, where t, is any number satisfying the condition 


is greater than 


te 
+ 2) 
for all sufficiently great values of k. 
Demonstration. Let 


(i) Taking any number ¢, such that 
< k?-*, 
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we find a lower bound of the number 7; of numbers which are < 4, and 
divisible at least by one prime greater than k'-* and < k. Evidently 


ti 
q>ki-e L g 
where g runs over primes only. Considering certain laws of distribution 
of primes, this number may be written in the form 


log ty ty 
t, log ——————_- + O[ 
(1 — «) logk log k 
But this last expression is greater than 


+0(.) 
log 


which for sufficiently great k is greater than e€ h,. 
So for sufficiently great k we have 


Ti 
(ii) Taking any number fs, 
< to < 


we find a lower bound of the number 7, of numbers which are S ¢, and 

divisible by the product of any two primes, greater than k'-* and S k. 

Products differing in the order of divisors, we shall consider as different. 
Let g be a prime greater than k'-tand <k. The numbers not surpassing 


fg and divisible by g are 
to 
q 


Consequently, we must find how many numbers of the series 


to 
q 


are still divisible by primes greater than k'-‘ and <k. Since 
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then, according to (i), we find that this number for sufficiently great k 


is greater than 
to 
gums 


q 
Hence, as in (i), we find that 


> ete 
for all sufficiently great values of k. 
(iii) Arguing thus, we finally find that, if ¢, is any number satisfying 
the condition 
kt< t, 
and T, denotes the number of numbers < #¢, and divisible by the product 


of s primes greater than k'~* and < k (considering as different the products 
with different order of divisors), then for sufficiently great k 


ty 
(s + 2)* 


T,>c¢t,= 


Noting that 
s! 
we prove the lemma. 
Demonstration of Theorem IV. We have seen that, if » is a divisor 
of p—1 differing from 1, the number R of residues of nth powers modulo p 
less than p'/*(log p)? can be written in the form 


P**(log p)? 


(3) — + O (p*/? log p). 


nN 


Taking any integer m2=8, and letting k=p'/™; s=m/2 for m even; 
s=(m+1)/2 for m odd, according to the lemma the number of numbers 
less than p'/*(log p)?, divisible only by primes less than p'/™, is for » suffi- 
ciently great, greater than 

p)? 

+ 2) 
Assuming that among the numbers less than p'/™ there are no non-residues 
of mth powers modulo p, we have 

p*!*(log p)? 

+ 2) 
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Comparing this inequality with equation (3) we have 

(1/n) + O (1/log p) > 1/(s!(s + 2)*) whence m < s!(s + 2)*+ 6, where 6 

goes to 0 with increasing ». But applying the formula of Stirling, we have 

s!(s + 2)* < _m™, from which it follows that, for sufficiently great values of 

p, n <m™, which is impossible for n>m™. This proves the Theorem IV. 
Remark. Evidently the bound ~>m™ is very rough. Thus, with 

m=8, we get here the inequality »>16777216 instead of the inequality 


n> 204 found above. 
6. We know that to find a primitive root of a prime p it is enough, 


having found different primitive divisors 2, g2, -- of the number 
p—1, to find one further non-residue , 1, - - - , v, of each of the powers 
2,9:,°°*,9 By means of the numbers - - - , it is quite easy to 
find the primitive root. Applying the established theorems it is easy to 
prove that 

(i) If p is sufficiently great, all the numbers , , --- v, are found 
in the range 
(4) 1,2,---, p)?]. 


(ii) If p is not of the form 8N+1, and the numbers qi, qo, - - - , 9, 
are sufficiently large, then instead of the range (4) we can take shorter 
ranges, depending on the lowest bound Q of the numbers g. For example, 
if Q>20, we take the range 


(5) —1,1,2,---, 
if Q>204, then 

(6) — 1,1,2,---, [p**], 

and finally if Q>m™, when m is an integer 28, 


(7) 1,1,2,---, [pm]. 


These results can be formulated in a different manner. 

(i) If pis a sufficiently great prime, then a complete system of residues 
modulo ~ can be got by multiplying the powers of the numbers of the 
range (4). 

(ii) If p is not of the form 8N +1, and all the numbers qi, go, - - - , g- 
are not less than Q, then instead of the range (4) we can take the range (5) 
for Q>20, the range (6) for Q> 204, and finally the range (7) for Q=m™;m28. 
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ON CONVERGENCE FACTORS IN 
MULTIPLE SERIES* 


BY 
CHARLES N. MOORE 


1. Introduction. Convergence factors may be defined as a set of 
functions of one or more parameters which, when introduced as factors 
of the terms of a series, cause a divergent series to converge or a series 
which is already convergent to converge more rapidly throughout a given 
range of values of the parameters. In the case of the convergence factors 
generally used in practice it is further true that each factor approaches 
unity as the parameters approach certain limit-values. Furthermore the 
function defined by the series for the given range of values of the para- 
meters approaches a definite limit as the parameters approach the limit- 
values, this limit being the value of the series for convergent series and a 
value we find it useful to ascribe to the series in the case of a divergent 
series. In the following discussion we shall find it convenient to distinguish 
between the cases where convergence factors merely have the property 
of reducing a series to convergence for a certain range of values of their 
parameters and the case where they have the additional property of ob- 
taining a value for the series by the process of allowing the parameters to 
approach certain limit-values. We will refer to convergence factors that 
are only known to have the first property as being of type I, and convergence 
factors that have both properties as being of type II. 

Several sets of sufficient conditions for convergence factors of type IT 
in single series that are summable by Cesaro’s method have been obtained 
by various writers.| The most general of these sets is that due to Brom- 
wich. Hurwitz has obtained a set of necessary and sufficient conditions 
for this case,f which are quite similar in form to Bromwich’s conditions, 


*Presented to the Society, December 28, 1923 and September 11, 1925; received by the editors 
before October, 1925. 

tCf. for example L. Fejér, Mathematische Annalen, vol. 58 (1904), p. 51; G. H. Hardy, Proceed- 
ings of the London Mathematical Society, (2), vol. 4 (1906), p. 247; Mathematische Annalen, 
vol. 64 (1907), p. 77; C. N. Moore, these Transactions, vol. 8 (1907), p. 299; T. J. Bromwich, 
Mathematische Annalen, vol. 65 (1908), p. 350; S. Chapman, Proceedings of the London Mathe- 
matical Society, (2), vol. 9 (1911), p. 369. 

tCf. abstract, Bulletin of the American Mathematical Society, vol. 25 (1922), p. 156. For 
a statement of Hurwitz’s conditions in the case of integral orders of summability see D. S. Morse, 
Relative inclusiveness of certain definitions of summability, American Journal of Mathematics, vol. 45 
(1923), pp. 263, 264. 
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only a slight increase of generality in one of these being needed in order to 
make them both necessary and sufficient. Necessary and sufficient con- 
ditions for convergence factors of type I in single series have been given 
by Kojima.* These conditions, as might be expected, may be obtained from 
Hurwitz’s conditions by dropping the requirement that the convergence 
factors approach unity as the parameter approaches a certain limit-value. 
This condition is obviously without significance in the case of convergence 
factors of type I. 

Sufficient conditions for convergence factors of type I in double series 
summable (Ck), where k is a positive integer or zero, have been given by 
the present writer,t and an analogous theorem for triple series summable 
(C1) has been obtained by Bess M. Eversull.{ The discussion of convergence 
factors of type II in double series in my paper of 1913 contains an error, 
and as a result the conditions there given§ are not in themselves sufficient. 
They can be made so by the addition of conditions (D,) and (Dz) of Theorem 
III of this paper. 

The purpose of the present paper is to obtain necessary and sufficient 
conditions for convergence factors of both types in the case of multiple 
series that are summable (Ck), where & is any positive integer or zero. 
The theorems will be stated both for double series and for multiple series 
of order x. For the sake of simplicity in writing, the proofs will be carried 
through for the case of double series, the proper changes for the analogous 
proofs in the case of multiple series of higher order being indicated where 
this seems desirable. || 

For the applications of convergence factor theorems that arise in problems 
in mathematical physics, most of the various sets of sufficient conditions 
that have been given are adequate. For such applications, however, as 
the study of the general theory of series and the relationship between 
various methods for summing divergent series it seems highly important 
to have sets of conditions that are both necessary and sufficient. 


*Kojima, On generalized Toeplitz’s theorems on limit and their applications, Toshoku Mathemat- 
ical Journal, vol. 12 (1917), pp. 291-326. See in particular §§7, 8. References to previous sets 
of sufficient conditions for this case may be found in this paper. 

+Cf. On convergence factors in double series and the double Fourier’s series, these Transactions, 
vol. 14 (1913), pp. 73-104. See in particular Lemma 4. 

tCf. Lemma 8 of her paper, On convergence factors in triple series and the triple Fourier’s series, 
Annals of Mathematics, (2), vol. 24 (1922-23). For sufficient conditions for convergence 
factors of type II in triple series summable (C1) see Theorem II of this paper. 

§Loc. cit., Theorem III; and for the special case of series summable (C1), Theorem II. 

||The reader will of course readily see how to adapt the proof to the case of single series. 


| 
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2. Definitions and fundamental identities. The general term in a multi- 
ple series of order may be identified by a set of subscripts (i, Zz, - - - , tn). 
By way of abbreviation, we shall use the symbol [7] to denote this set of 


subscripts. The series may then be represented by the notation data. 


Using [m] similarly in place of the set of symbols (1, mz, - - - , Min), we set 
my 
ipn=1 
(k) = mm +m — ih) T'(k + mz — 


(1) Sim = 


— + 1) (mz — i2 + 1) 
T(k + myn — in) 
— in + 1) 


Sti, 


4 (k) T'(m,; + k) T'(mo + k) T(m, + k) 


If the quotient approaches a limit S as mi, m2, - + be- 
come infinite, we say that the series is summable (Ck)* to the value S. 

Corresponding to the rth differences of single sequences, we introduce 
the following definition of the rth difference of a multiple sequence of 
order 2: 


si=0 S— 


where it is understood that the subscript 7 is repeated m times, and that 
[i+s] stands for the set of numbers 7;+51, 72+52,-++,in+5n. For dif- 
ferences of this type with certain terms missing we use the notation} de- 
fined by 


T—Pn r 


8i=0 sn=0 


r 
f tits) 
Sn 


*The above definition may be used for any value of k except negative integers. In this paper 
we shall confine ourselves to the case where & is a positive integer or zero. It is apparent that the defi- 
nition could be generalized even for this case by introducing m different indices instead of the single 
index k. The appropriate changes to make in the various convergence factor theorems in order to 
have them apply to this more general case are fairly obvious. 

tFor the sake of simplicity in writing, a subscript of A of the form (r, r) will be replaced by 
0 in subsequent formulas. 


| 

= 
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In the case of double series there was obtained in my paper of 1913 a 
certain fundamental identity,* involving the terms of the series with con- 
vergence factors, the expressions (1), and the differences (3) and (4). In 
our present notation this identity may be writtenf 


(m1) 
(5) iif ij > + > Aver, afi 
i=1 i=1 j=l i=1 j=l 
1) 
i=l j=l t=1 j=l 


The analogous identity for multiple series of order m is as follows: 


m +r (r-1) 
in=1 ti=1 in=1 
my, 1) 
m, ™Mn—k 
in-k=1 in—kt+1=1 tn=1 
,(r—1) 
ij=1 in=1 : 
where the small bracket symbol [i, k, m], for k=1, 2, ---,m, stands for 
the set of indices %, + , Mnt+in, and the large 


brackets inclosing an expression indicate the sum of the whole group of 
terms of similar form, obtained by permutation of indices. 

3. Theorems on convergence factors of type I. In this section we 
shall state the theorems of this nature for the case of double series and of 
multiple series of order n>2. 


THEOREM I. The necessary and sufficient conditions that the double 
series do aisfis(a, 8) converge for all values of a and B included in a set E(a, 8), 
whenever the series >.a;; is summable (C, r—1) and satisfies the condition 


(r—1) 


(7) |<C (i,j = 1,2, --- , C a constant) 


are that the convergence factors f;; (a, 8) satisfy the following conditions: 


* Loc. cit., pp. 88, 89. 
t The use of the index (r—1) instead of & is for the purpose of simplifying the writing of the 
identity. 
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(A) > | file, B)| < K(a, 8) (E(a, B)) ; 


i=1 j=l 


lim jr B)| = 0 
t=1 

(Bz) lim B)| = 0 (E(a, 8); = 1,2,---); 
j=l 

(C) | fila, 6) | < M (a, B) (E(a, B) i, j 1,2, 


where K(a,B) and M(a,B) are finite for each pair of values of (a,B) in E(a,8). 


THEOREM II. The necessary and sufficient conditions that the multiple 
series > ata fia (a1, @2,°- +, converge for all values of (a1,---,@n,) in- 
cluded in a set E(a, - ~~ , a,), whenever the series >-ata is summable (C, r—1) 
and satisfies the condition 


(r-1) (r-D 


(8) /Atw |<C (i1, , tn = 1,2, 3; Ca constant), 
are that the convergence factors (a1, - , &n) satisfy the following conditions : 
in=1 
< K(ai, , Gn) (E(ai, , 
n conditions (B,) of the type 
Pi Pn-1 
in-1=1 


(E(ai, , Qa); P1,°°* Pat @1,2,°--); 
(;) conditions (B,“) of the type 


(in—k+1,°°* ) 


Pn—k 


where the first n—k subscripts of A have the value r, and the k remaining sub- 
scripts are equal to 0, k ranging from 2 to n—1 inclusive; 
(C) | (in + (an, | < Mar, an) 
, Ge); t1,°°*, 21,2, ---); 


where K(a, --+,@n) and M(a,--+,n) are finite and positive for each 
set of values of (a1, +++, Qn) in E(ay, Gn). 


— 
Pp 
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4. Sufficiency of the conditions. We represent by S the value to 
which is summable, and we introduce the series where =a —S 
and the other 4’s are identical with the corresponding a’s. If we form 
S‘,~» from the series >4;; in the same way that S{j~” was formed from 
><a;;, we have an identity of the form (5) between the 4;; and the [fin 
Since Sy / Gj) remains finite for all values of (7,7) and approaches 
zero as i and 7 become infinite, it follows from conditions (A), (B:), (Bz), 
and (C) respectively that the first, second, third, and fourth terms* on the 
right hand side of (5) approach limits as p and q become infinite. Hence 
the left hand side of (5) approaches a limit under the same conditions, and 
the sufficiency of our conditions is established. 

If we allow p and g to become infinite in the identity of the form (5), 
we obtain the following identity :t 
(9) > di B) = B) (E(a, 

j=l t=] j=l 

5. Necessity of the conditions. We consider first condition (C). 
If (C) were not satisfied for a certain choice of a and 8, we could find a set 
of values of i and 7, (Po, gz), (Puy Yn), Such that Pasi— pn 
and gn4i1—Qn are greater than or equal to (r+1) for every nm, and for which 
|(ij)"-! fi; (a, B)| =M;; becomes infinite as i and 7 become infinite by taking 
on these values successively. We then consider the series for which 
other values of 7 andj. For this series 


(r—1) 


ai; = = (ij) (i= pi, 53 G2, °° 
Hence |ai; fi;| =Mi? (t=pi, Po, G2, and therefore fi; 
does not approach a limit asi andj become infinite. Thus we have a contra- 
diction, since the series }°a,; fi; was supposed to be convergent. 

We pass next to condition (A). If (A) does not hold for a certain choice 
of a and 8, (ai, we can select a set of values of ~, pi, po, +, 
such that if we define 


i=1 


*In the case of multiple series of order n>2 the additional terms on the right hand side of the 
identity (6) are taken care of by means of the additional conditions of the form B,“. 

tIt should be noted that an identity of this form holds for any series )a;; summable (C, r-1) to 
zero, if the factors f;; satisfy conditions (A), (B,), (Bz), and (C). 


p 
— 
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we shall have 
Spatr > 1 (xn = 


We may then obtain a contradiction from the identity (5) by using the special 
series for which 
(ij) 


nN 


Si = [sgn 
< pus 1545 prin =1,2,--9, 


S\~” =0 for all other values of (i, 7). For this series is summable (C, r—1) 
to the value zero and satisfies condition (7). Therefore }°a;; fi; (a1, 81) 
is convergent, or the left hand side of (5) approaches a limit for a=a, 
B=, as pand gq become infinite. But it is readily seen that with the above 
choice of S\{~” the right hand side of (5) becomes infinite when p and q 
become infinite by taking on the special set of values (pe, ge), (ps, gs), °° * 5 
(Pn, Qn), ** *. From this contradiction the necessity of (A) follows at once. 

Since the proofs for the necessity of (B,) and (B:) are entirely analogous, 
we shall deal only with (B,). In the case of multiple series of order n>2, 
the proof of the necessity of each of the (2"—2) conditions (By”) is analo- 
gous to the proof here given for condition (B,) of Theorem I. 

If (B,) does not hold for a certain choice of a and 6, (a, 6:1), we can find 
an e€>O and an m such that 


t=1 
for an infinite number of choices of g, 91, Qn) °° each one of 
which exceeds the preceding one by at least r. 
We then consider the series for which 


=(- 1)"(ig,)’— [sgn | 
(r—1) 
Si; = 0 (all other i, j). 


This series is summable (C, r—1) to the value zero and satisfies condition (7). 
If we allow p and g to become infinite in such a manner that q takes on the 
successive values g,—r (w=1, 2,--- ), the second term on the right hand 
side of (5) will oscillate between values >e and <—e. The other terms 
on the right hand side, and the left hand side, will approach definite limits. 
Thus we shall have a contradiction, and the necessity of (B:) is established. 


m 
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Since, as we have already pointed out, the necessity of (B,) may be 
proved in analogous fashion, it follows that all four of the conditions (A), 
(B,), (Be), and (C) are necessary in order that every series summable 
(C, r—1) and satisfying condition (7) may be reduced to convergence by 
the introduction of the convergence factors fi; (a, 8). 

6. Theorems on convergence factors of type II. We will now state 
the two theorems of this kind for the case of double series and of multiple 
series of order n>2. 


THEOREM III. The necessary and sufficient conditions that the double 
series >-a:; fi; (a, B) should converge in E(a, 8) and should approach S as 
(a, B)—>(ao, Bo), a limit point of E(a, B) not included in that set, whenever 
the series >-a;; is summable (C, r—1) to the value S and satisfies condition (7), 
are that the convergence factors f;;(a, 8) satisfy the conditions of Theorem I 
and the following further conditions : 


(A’) > Dd | Anfila, B)| < K (E'(e, B)), 
j=l 

lim > Anfi(a, B)| = 0 (i,g=1,2,---), 

(D2) lim Dd iv | Anfi(a, B) | = 0 (P,j= 1,2, 
imp 

(E) lim fia, B) =1 =1,2,---), 


(@,B)— Bo) 


where K is a positive constant and E’(a, B) includes all points of E(a, B) 
lying in a certain neighborhood of (ao, Bo). 


THEOREM IV. The necessary and sufficient conditions that the multiple 
series > ari fi (a1, should converge in and 
should approach S as an), a limit point of 
E(a, +, @n,) not included in that set, whenever the series is summable 
(C,r—1) to the value S and satisfies condition (8), are that the convergence 
factors fii, (a1, + + + , &n) satisfy the conditions of Theorem II and the following 
further conditions : 


ino l 


Qn)) 
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n conditions (D,) of the type 


(41 an) (@ ) 12=492 
(11, 2,°°*, Qn = 1,2,-->*), 
and 
(E) lim =1 (4:,°°:, % 
eee 
where K is a positive constant and E'(a,, -++,a,) includes all points o 
+++, Qn) lying in a certain neighborhood of , an“). 


7. Sufficiency of the conditions. If we introduce the notation 4;; 
and §;; with the same ‘significance as in the proof of Theorem I, the identity 
(9) follows from conditions (A), (B,), (Bz), and (C). We will show that 
under conditions (A’), (D,), (Dz), and (£) the right hand side of (9) ap- 
proaches zero as (a, 8)—>(ao, Bo). It will follow that the left hand side 
of (9) approaches zero under similar circumstances, and that therefore 
>ai; fiz; (a, 8) approaches S as (a, B)—(ao, Bo). Thus the sufficiency of 
our conditions will be established. In the case of multiple series of order 
n>2 the proof follows similar lines, conditions (D,) (s=1,2,---,), 
being used in a manner analogous to the use of conditions (D,;) and (Dz). 

Given an arbitrary positive e, we choose (pf, g) so that 


Si < 249). 


It then follows from (A’) that 


(10) 


Si; B)| < (E'(a, B)). 


In view of (D,) and (D2) and condition (7), it follows that there is a certain 
neighborhood of (ao, 8o) such that for the set E’’(a, B) of E(a, 8), lying 
in this neighborhood, 


A, fila, B) | 


(11) E'(a, B)). 


| | < 


i=p 


236 C. N. MOORE [January 


From (£) it follows that a set £’’’(a, 8), lying in E(a, 8), may be found 
such that 
| 


(12) | < (E’""(a, B)). 


j=l 


If we represent by E(a, 8) the set of points that is common to E’, E”’, 
and E’’’, we have from (10), (11), and (12), 


jad 
Hence fi; (a, as (a, B)—(a0, Bo) over values included 
in E(a, 8), and as pointed out above, the sufficiency of our conditions is 
established. 

8. Necessity of the conditions. We consider first condition (£). 
Choose a double series }>a;; which is summable (C, r—1) to a value $0, 
and represent by the series for which dnn=dnn—S, being any 
term of >> 4:3, and the other terms d;; are identical with the terms a;;. 
It then follows that the series }\a;; is summable (C, r—1) to zero, and hence 
by our hypothesis the series }0a;; fi; (a, 8) and >°4;; fi; (a, B) are each 
convergent in E(a, 8). We have obviously 


B) + Sfimnla, B) B) (E(a, B)). 


If we let (a, 8)—>(ao, Bo), it follows from our hypothesis that the first 
term on the left hand side of this equation approaches zero and that the 
right hand side approaches S. Hence the second term on the left hand 
side approaches S as a limit as (a, 8)—(ao, Bo), and consequently 

lim IS mn(a, B) = 1 (m,n =1,2,-->). 
(@,B)— ,Bo) 
Thus the necessity of (£) is established. 
Consider next (A’). For a double series which is summable (C, r—1) 


to zero, we have the identity 


F(a, 8B) = B)= B), 

j=l t=1 j=1 
whenever the series in the second member converges in E(a, 8) and condi- 
tion (7) is satisfied. For by Theorem I conditions (A), (B,), (Bz), and (C) 
are necessarily satisfied under the hypotheses stated, and therefore the 
above identity holds.* If (A’) is not satisfied for a certain set E’(a, 8), 


*Cf. the second footnote, §4. 
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having (ao, Bo) as a limit point, we can select from E(a@, 8) a sequence of 
(a, B)’s, (a’™, B'™), approaching (ao, Bo) and such that 


Pp Pp 
(13) Dd (if) | Anfila™, | > m (m = 
i=] j=l 
for a proper choice of p. Choose m,23, and let (a1, 6:) and ~, be the 
corresponding values of (a, 8) and p. Take s;>/,, and define 
(r-1) i 
Sij | sgn |(ij)"" (1 < $1). 
J 


Now choose (a2, 62) from the sequence (a‘™, B™) such that* 


1 


ind 4 log 


and let mz and pf. be the corresponding values of m and p for which the 
inequality (13) holds. Take and such that 


o 8 1 


i=1 j=1 i=1 j=l 4 log m, 
We then define 


tase 


(r—1) < *) 
Si; = sgn Bus (ae, Be) 
| f i < & < j < Se 


~~ log my 1 


IA A 
IIA 


Continuing in this fashion, we define a series which is summable (C, r—1) 
F (an, Bn)| >(m,/4 log m,-1) (n=2, 3,-- +), 
so that F(a, B) does not tend to a limit as (a, B)—(ao, Bo) over any set 
in E(a, 8). Thus we have a contradiction and the necessity of (A’) is 


to zero, while at the same time 


established. 

The proofs of the necessity of (D,) and (D2) are entirely analogous, and 
we will therefore consider only the case of (D;). In the case of multiple 
series of order n>2 the proof for each of the various conditions (D,) is 
analogous to the proof for (D,) here given. 

If (D,) does not hold, we can find an e, an m, and a q such that 


Anfmila, 8) | 


I=@ 


*That such an (az, B2) exists follows from the necessity of (£), already established. 
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exceeds ¢ for an infinite set of values of (a, 8) lying in E(a, 8) and having 
(ao, Bo) as a limit point. Choose one pair of values (a:, 6:) from this se- 
quence and determine s; such that 


3e 


ima 4 
Then take 
= [sgn Ayfmj(a1, 81) 
Now find (a2, 2) such that 


and choose s2 so that 


8 3e ~ 


€ 
+ j=s2+1 8 


j=ai+1 


Then take 


(r—1) 


Send = [ sgn mj(a2; Bo) (si < j Se). 


Continue this process for the choice of S“%7”(j=q), and choose all other 


S{-” =0. Thus we shall obtain a series which is summable (C, r—1) 
to zero, whereas F(a,,8,,)>3¢ (n=1,2,--+). This contradiction of our 
hypothesis establishes the necessity of (Di), and as stated above the ne- 
cessity of (D2) can be proved in a manner entirely analogous. 
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